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Abstract

The dissertation concerns the simple exclusion and Ginzburg-Landau type

models on the periodic integer lattice Z/nZ. The symmetric simple exclusion

process and Ginzburg-Landau type models are reversible and we study them

under diffusive (parabolic) scaling of time and space. The corresponding con-

servation laws describing the behavior of the limiting macroscopic densities

are the heat equation and a non-linear diffusion equation respectively. They

are known to have unique smooth solutions. Asymmetric simple exclusion

models are non-reversible and require hyperbolic scaling. It leads to inviscid

Burgers type equations. Solutions of such equations are not unique and may

develop shocks. Relevant solutions are known to be entropic solutions of

these equations.

We study the behavior of the microscopic entropy relative to local Gibbs

measures and to the invariant measure. A version of main results obtained for

simple exclusion and Ginzburg-Landau type models can be stated as follows:

Let initial configurations be deterministic and possess a macroscopic pro-

file. Then under appropriate scaling of time and space for any positive macro-

scopic time the specific microscopic entropy converges to the macroscopic

entropy as the scaling parameter N goes to infinity.

The logarithmic Sobolev inequality plays an important role in the proofs.

Other tools include martingale decomposition, large deviation theorems for

local Gibbs states, convex analysis and the theory of multidimensional diffu-

sion processes (for Ginzburg-Landau model).
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Introduction

Systems with a large number of interacting components (molecules, electric

charges, etc.) arise naturally in physics. Classical mechanics provides us

with the microscopic (at the particle level) equations of evolution of such

systems. Since the particles are moving very rapidly it is impossible to follow

the motion in the prevailing time scale. Introduction of a suitably scaled

version of the original system allows one to describe its evolution by a few

slowly changing macroscopic parameters. (As an example of such a parameter

we can consider the density of particles at macroscopic level. Its dynamics

is described by a partial differential equation which is referred to as the

hydrodynamic equation, or conservation law.) The rigorous mathematical

justification of such a simplified description is still largely an open problem.

Since about 1970 several examples with stochastic dynamics have been

worked out (see, for instance, reviews [3], [17]). These examples are mostly

one dimensional and rely to a very large extent on the specifics of the model.

In the last decade entropy methods were developed (see, for example, [7],

[20]) which appear to be both flexible and general. The advantage of the en-

tropy method introduced in [7] is that it can be effectively applied to a rather

large class of reversible models under very mild conditions on initial data for
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a microscopic distribution and no a priori assumptions about the regular-

ity of the solutions of the limiting hydrodynamic equation. The method of

relative entropy used in [20] works also for non-reversible models (such as,

for example, asymmetric simple exclusion) and gives more information about

the behavior of microscopic distributions in the scaling limit. The price one

needs to pay for this extra information is that a priori assumptions on the

smoothness of the solutions of the hydrodynamic equation are required and

only local Gibbs states are allowed as initial data. The focus of research

conducted in the present work is the behavior of the microscopic distribu-

tions with general initial data and without regularity assumptions about the

solutions of the hydrodynamic equation.
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Chapter 1

Simple exclusion processes

1.1 Preliminaries

Consider indistinguishable particles moving from site to site of the periodic

integer lattice ΛN = Z/NZ according to the following rules. Each particle

waits a random time distributed exponentially with mean 1 then chooses

one of the two neighboring sites of ΛN with probabilities p and q, p ∈ [0, 1],

q = 1−p, and jumps to the chosen site if that site is not occupied. Otherwise

it suppresses the jump and stays at the same place. The state of the system

at any time τ is described by a random vector η(τ) ∈ XN = {0, 1}N . Each

component of η is equal to the occupation number of the corresponding site:

ηx = 1 if site x is occupied and ηx = 0 if it is vacant. Vector η(τ) is called

the configuration of particles at time τ . Define the operator Lp which acts

on functions f : XN → R by the following formula
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Lpf(η) =
∑

x∈ΛN

{pηx(1− ηx+1) + qηx+1(1− ηx)}(f(ηx,x+1)− f(η)), (1.1)

where the configuration ηx,x+1 is obtained from η by exchanging x-th and

(x+ 1)-th coordinates:

ηx,x+1
y =


ηy if y 6= x, x+ 1

ηx+1 if y = x,

ηx if y = x+ 1.

This operator is the infinitesimal generator of the simple exclusion process

described above. Here p is the probability to jump to the right and q is the

probability to jump to the left. The terms ηx(1 − ηx+1) and ηx+1(1 − ηx)

describe the exclusion mechanism: no jump is permitted if the chosen site is

occupied. Since the notion of a “particle” (occupied site) and a “hole”(empty

site) are interchangeable (this is often referred as the particle-hole duality)

from now on we assume that p ∈ [1
2
, 1]. Noticing that

ηxηx+1(f(ηx,x+1)− f(η)) = 0 (1.2)

and

(ηx + ηx+1)(f(ηx,x+1)− f(η)) = (f(ηx,x+1)− f(η)) (1.3)
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we can write Lpf as

Lpf =
∑

x∈ΛN

(pηx + qηx+1)(f(ηx,x+1)− f(η))

=
∑

x∈ΛN

{q(ηx + ηx+1)(f(ηx,x+1)− f(η)) + (p− q)ηx(f(ηx,x+1)− f(η))}

= q
∑

x∈ΛN

(f(ηx,x+1)− f(η)) + (p− q)
∑

x∈ΛN

ηx(f(ηx,x+1)− f(η))

= 2qL 1
2
f + (p− q)L1f. (1.4)

Another observation is that the number of particles is preserved in time.

This implies a natural decomposition of the configuration space XN = {0, 1}N

into “hyperplanes”

XN,n =
{
η ∈ XN

∣∣ ∑
x∈ΛN

ηx = n
}
, n = 0, 1, . . . , N,

each of which consists of all configurations with a fixed number of particles.

If the process starts from η(0) ∈ XN,n then for all τ it stays in XN,n: η(τ) ∈

XN,n.

Let µρ
N be the product of N Bernoulli measures with density ρ ∈ (0, 1):

µρ
N(η) =

∏
x∈ΛN

(
ρηx +

(
1− ρ

)(
1− ηx

))
, η ∈ XN . (1.5)

Define

µN,n(η) = µρ
N

(
η
∣∣∣ ∑

x∈ΛN

ηx = n
)

=

(
N

n

)−1

, η ∈ XN,n

Conditional measures µN,n are uniform and do not depend on ρ. The notation

“µ(η), η ∈ X” below can be understood either as “µρ
N(η), η ∈ XN” or as

“µN,n(η), η ∈ XN,n”.
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For functions f, g: X → R define their inner product in L2(X, µ) by

〈f, g〉µ =
∑
η∈X

f(η)g(η)µ(η). (1.6)

Let L∗p be the operator which is formally adjoint to Lp, that is

〈L∗pf, g〉 = 〈f,Lpg〉 for any f, g : X → R.

Lemma 1.1. L∗p = Lq.

Proof. In view of (1.4) it is enough to show that L∗1
2

= L 1
2

and L∗1 = L0.

Since µ(η) = µ(ηx,x+1) we have

〈L 1
2
f, g〉µ =

1

2

∑
η∈X

∑
x∈ΛN

(f(ηx,x+1)− f(η))g(η)µ(η)

=
1

2

∑
η∈X

∑
x∈ΛN

f(ηx,x+1)g(η)µ(η)− 1

2

∑
η∈X

∑
x∈ΛN

f(η)g(η)µ(η)

=
1

2

∑
η∈X

∑
x∈ΛN

f(η)(g(η)− g(ηx,x+1))µ(η) = 〈f,L 1
2
g〉µ

and also by (1.2)

〈L1f, g〉µ =
∑
η∈X

∑
x∈ΛN

ηx(1− ηx+1)(f(ηx,x+1)− f(η))g(η)µ(η)

=
∑
η∈X

∑
x∈ΛN

ηx(f(ηx,x+1)− f(η))g(η)µ(η)

=
∑
η∈X

∑
x∈ΛN

ηxf(ηx,x+1)g(η)µ(η)−
∑
η∈X

( ∑
x∈ΛN

ηx

)
f(η)g(η)µ(η)

=
∑
η∈X

∑
x∈ΛN

ηx+1f(η)g(ηx,x+1)µ(η)−
∑
η∈X

( ∑
x∈ΛN

ηx+1

)
f(η)g(η)µ(η)

=
∑
η∈X

∑
x∈ΛN

ηx+1(g(η
x,x+1)− g(η))f(η)µ(η) = 〈f,L0g〉µ.
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Lemma 1.2. For any function f : X → R we have that 〈L∗pf, 1〉µ = 0, i.e.

µ is an invariant measure for the simple exclusion process with the generator

Lp.

Proof. Lemma 1.1 and the definition of Lq imply that

〈L∗pf, 1〉µ = 〈f,Lq1〉µ = 0.

For a function f : X → R define the Dirichlét form D(f) by

D(f) = −〈Lpf, f〉µ.

Let us point out that D(f) does not depend on p. Indeed, noticing that

L∗1
2

= L 1
2

and (Lp−Lq)
∗ = −(Lp−Lq) we can decompose Lp into symmetric

and antisymmetric parts as follows:

Lp =
1

2
(Lp + L∗p) +

1

2
(Lp − L∗p) =

1

2
(Lp + Lq) +

1

2
(Lp − Lq)

= L 1
2

+
1

2
(Lp − Lq),

Denoting 1
2
(Lp − Lq) by La we obtain

〈Lpf, f〉µ = 〈(L 1
2

+ La)f, f〉µ

= 〈L 1
2
f, f〉µ =

1

2

∑
η∈X

∑
x∈ΛN

(f(ηx,x+1)− f(η))f(η)µ(η)

=
1

4

∑
η∈X

∑
x∈ΛN

(
2f(η)f(ηx,x+1)− f 2(η)− f 2(ηx,x+1)

)
µ(η)

= −1

4

∑
η∈X

∑
x∈ΛN

(
f(ηx,x+1)− f(η)

)2

µ(η).
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This computation shows that the Dirichlét form (being a quadratic form)

depends only on the symmetric part of the generator and therefore is the

same for all simple exclusion processes introduced above:

D(f) =
1

4

∑
η∈X

∑
x∈ΛN

(
f(ηx,x+1)− f(η)

)2

µ(η) ≥ 0. (1.7)

Let ν be an arbitrary probability measure on the configuration space X

and f(η)
def
= ν(η)

µ(η)
. The relative entropy of measure ν with respect to the

reference measure µ is given by

H(f) ≡ H(ν |µ) =
∑
η∈X

f(η) log f(η)µ(η)

At all points where f(η) = 0 we agree to set f(η) log f(η) to zero.

Lemma 1.3. Let f τ (η) : [0, T ]× X → [0,+∞) be a solution of the forward

equation
df τ

dτ
= L∗pf τ

with initial data f0 ≥ 0 which satisfies the normalization condition∑
η∈X f0(η)µ(η) = 1. Then for any τ ∈ [0, T ]

dH(f τ )

dτ
≤ −2D(

√
f τ ).

Proof. A direct computation yields:

dH(f τ )

dτ
=
∑
η∈X

(
df τ

dτ

)
(log f τ )µ(η) +

∑
η∈X

df τ

dτ
µ(η)

=
∑
η∈X

(
L∗pf τ

)
(log f τ )µ(η) +

∑
η∈X

(
L∗pf τ

)
µ(η)

= 〈L∗pf τ , log f τ 〉µ = 〈f τ ,Lp log f τ 〉µ = 2〈f τ ,Lp log
√
f τ 〉µ

≤ 2〈f τ ,
1√
f τ
Lp

√
f τ 〉µ = 2〈

√
f τ ,Lp

√
f τ (η)〉µ = −2D(

√
f τ (η) )
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The only inequality in this chain is an application of Jensen’s inequality and

is a consequence of the concavity of the logarithm (see also Lemma 5.3 in

[8]). We have:

Lp log
√
f τ (η) =

∑
x∈ΛN

(pηx + qηx+1)
(

log
√
f τ (ηx,x+1)− log

√
f τ (η)

)
≤ 1√

f τ (η)

∑
x∈ΛN

(pηx + qηx+1)

(√
f τ (ηx,x+1)−

√
f τ (η)

)
=

1√
f τ (η)

Lp

√
f τ (η).

1.2 Symmetric simple exclusion (p = q)

1.2.1 Notation and main results

We study the symmetric simple exclusion process under the diffusive scaling

of time and space. For every N ∈ N the mapping (τ, x) 7→ (τ/N2, x/N) takes

a point x of the periodic lattice ΛN to the point x
N

of the circle S = R/Z. It

also changes the waiting time rate from 1 to 1/N2. We denote macroscopic

time by t, t = τ/N2. Below we consider the scaled process on the lattice

x
N
∈ S, x ∈ ΛN .

The following definition will be used throughout the paper:

Definition 1.1. Let η(N), N = 1, 2, . . . , be a set of random configura-

tions and ν(N) be the corresponding probability measures on XN : ν(N)(A) =

Prob (η(N) ∈ A) for any A ⊂ XN . We shall say that this set possesses an

asymptotic profile m ∈ L1(S) as N →∞ and denote this by η(N) ∼ m if for
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any test function J ∈ C(S) and any δ > 0

lim
N→∞

ν(N)

{
η ∈ XN :

∣∣∣∣ 1

N

∑
x∈ΛN

J
( x
N

)
ηx −

∫
S

J(θ)m(θ) dθ

∣∣∣∣ > δ

}
= 0.

Remark. In the case when configurations η(N) are deterministic the

relation η(N) ∼ m0 simply means that for any J ∈ C(S)

lim
N→∞

1

N

∑
x∈ΛN

J
( x
N

)
η(N)

x =

∫
S

J(θ)m(θ) dθ.

Let νt
N be a probability measure on the configuration space XN which

describes the distribution of η(N)(t) given that at t = 0 the process started

from deterministic configuration η(N)(0). Due to the conservation law it is

supported on XN,nN
, where nN =

∑
x∈ΛN

η
(N)
x (0). Restricting νt

N to XN,nN

we obtain a measure νt
N,nN

. Its density f t
N,nN

with respect to the invariant

measure µN,nN
is found from the solution of the following problem:

∂f

∂t
= N2L 1

2
f

f |t=0 = δη(N)(0)

This problem has a unique solution f t
N which is supported on XN,nN

and

f t
N,nN

=
(

N
nN

)
f t

N

∣∣
XN,nN

.

Let M1(S) be the space of measures on S with total variation bounded

by 1. Being endowed with weak-∗ topology, the space M1(S) is a separable

metrizable complete topological space. Given a stochastic process η(N)(t),

t ∈ [0, T ], such that η(N)(0) ∼ m0 as for some m0 ∈ L1(S), we can construct

a process χ(N)(t, ·), t ∈ [0, T ], with values in M1(S) by setting

χ(N)(t) =
1

N

∑
x∈ΛN

η(N)
x (t)δ x

N
.
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The random measure χ(N)(t) is called the empirical measure. It describes

the distribution of particles on S at time t and at the scaling level N . The

trajectories of χ(N)(t) belong to the Skorokhod space D([0, T ],M1(S)) of

measure-valued paths with discontinuities of the first kind only. Consider

the corresponding measures QN on D([0, T ],M1(S)). If η(N)(0) ∼ m0 then

(see, for example, [16]) the family QN is tight and all its limit points are

supported on C([0, T ],M1(S)). Moreover if Q is any limit point then for

Q-almost all χ ∈ D([0, T ],M1(S)) the measure χ(t, dθ) has a density m(t, θ)

with respect to Lebesgue measure on S for all 0 ≤ t ≤ T . This density

satisfies the heat equation on S with the initial condition m0. Uniqueness

theorem for the heat equation implies that Q has to be the only limit point, it

is supported on a single trajectory m(t, θ)dθ and Q(N) ⇒ δm(·,θ)dθ as N →∞.

We state a version of these results for future reference:

Theorem 1.1. Let η(N)(0) ∼ m0 for some m0 ∈ L1(S) and η(N)(t) be the

symmetric simple exclusion process with initial data η(N)(0). Let m be the

solution of the heat equation

∂m

∂t
=

1

2

∂2m

∂θ2
, (t, θ) ∈ (0,+∞)× S, (1.8)

which satisfies the condition m
∣∣
t=0

= m0. Then η(N)(t) ∼ m(t, ·) uniformly

in t.

Let m(t, θ) be a solution of (1.8) for some t > 0. We define a family of

local Gibbs measures γmt
N on XN by

γmt
N (η) =

∏
x∈ΛN

(
m
(
t, x

N

)
ηx +

(
1−m(t, x

N

))(
1− ηx

))
, η ∈ XN . (1.9)

11



In other words γmt
N is a product measure on {0, 1}N whose i-th marginal is

a Bernoulli measure with probability of “success” given by the macroscopic

particle densitym(t, x
N

): γmt
N (ηx = 1) = m(t, x

N
). Since for each N the process

“lives” on XN,nN
we are interested in the conditionals

γmt
N,nN

(·) = γmt
N (· |

∑
x∈ΛN

η(N)
x = nN). (1.10)

Denote by gmt
N,nN

the density of γmt
N,nN

with respect to the invariant measure

µN,nN
, i. e.

gmt
N,nN

(η) =
γmt

N,nN
(η)

µN,nN
(η)

, η ∈ XN,nN
. (1.11)

The main result of this section is the following theorem.

Theorem 1.2. Let η(N)(0), N = 1, 2, . . ., be a sequence of determinis-

tic configurations such that η(N)(0) ∼ m0 for some m0 ∈ L1(S) and

nN =
∑

x∈ΛN

η
(N)
x (0). Then for any t > 0 the specific relative entropy

1

N
H(νt

N,nN
| γmt

N,nN
) =

1

N

∑
η∈XN

f t
N,nN

(η) log
f t

N,nN
(η)

gmt
N,nN

(η)
µN,nN

(η)

approaches zero as N →∞.

Define

h(y)
def
=

 y log y + (1− y) log(1− y), y ∈ (0, 1);

0, y = 0, 1.
(1.12)

Clearly h ∈ C([0, 1]) and convex. Taking into account Lemma 1.4 below we

immediately obtain

Corollary. Under assumptions of Theorem 1.2

lim
N→∞

1

N
H(νt

N,nN
|µN,nN

) =

∫
S

h(m(t, θ)) dθ − h(m̄). (1.13)
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This corollary states that for any positive macroscopic time the specific

microscopic entropy converges to the macroscopic entropy defined by the

right hand side of (1.13).

1.2.2 Proof of Theorem 1.2

At first notice that

1

N
H(νt

N,nN
| γmt

N,nN
) =

1

N
H(νt

N,nN
|µN,nN

)− 1

N
Eνt

N,nN
log gmt

N,nN
(η).

Since the relative entropy is always non-negative it is enough to show that the

upper limit as N →∞ of the right hand side is non-positive. The statement

of the Theorem 1.2 will follow from the next two lemmas.

Lemma 1.4. Under assumptions of Theorem 1.2

lim
N→∞

(
− 1

N
Eνt

N,nN
log gmt

N,nN
(η)

)
= −

∫
S

h(m(t, θ)) dθ + h(

∫
S

m(t, θ) dθ),
where h is given by (1.12).

Notice that the “total mass” m̄ =
∫
S

m(t, θ) dθ is a conserved quantity.

This can be easily verified using (1.8).

Lemma 1.5. Under assumptions of Theorem 1.2

lim
N→∞

1

N
H(νt

N,nN
|µN,nN

) ≤
∫
S

h(m(t, θ)) dθ − h(

∫
S

m(t, θ) dθ), (1.14)

Proof of Lemma 1.4. This lemma is a consequence of the existence of the

hydrodynamic scaling limit and the choice of reference measures γmt
N,nN

.

Since

gmt
N,nN

(η) =
γmt

N (η)

µN,nN
(η)

∑
η∈XN,nN

γmt
N (η)

, η ∈ XN,nN
,

13



we have that

− 1

N
log gmt

N,nN
(η) = − 1

N
log

(
N

nN

)
− 1

N
log γmt

N (η)

+
1

N
log

∑
η∈XN,nN

γmt
N (η). (1.15)

The first term is easily computed to be h(m̄) using Stirling’s formula and the

assumption η(N)(0) ∼ m0. The latter implies, in particular, that

lim
N→∞

nN

N
=

∫
S

m0(θ) dθ = m̄.

Hence

− lim
N→∞

1

N
log

(
N

nN

)
= − lim

N→∞

1

N
log

NN

nnN
N (N − nN)N−nN

= lim
N→∞

(
nN

N
log

nN

N
+
(
1− nN

N

)
log
(
1− nN

N

))
= h(m̄) (1.16)

Next we show that

lim
N→∞

1

N
Eνt

N,nN
log γmt

N (η) =

∫
S

h(m(t, θ)).

At first we rewrite log γmt
N (η) as

log
∏

x∈ΛN

(
m(t, x

N
)
)

ηx
(
1−m(t, x

N
)
)1−ηx

=
∑

x∈ΛN

[
ηx logm(t, x

N
) + (1− ηx) log(1−m(t, x

N
))
]

=
∑

x∈ΛN

J(t, x
N

)ηx +
∑

x∈ΛN

log(1−m(t, x
N

)),

where

J(t, θ) = logm(t, θ)− log(1−m(t, θ)). (1.17)
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The function J is continuous on (0,+∞) × S since m is continuous and

bounded away from 0 and 1 for each fixed t > 0. The last assertion follows

from the inequalities 0 ≤ m0(θ) ≤ 1 and the strong maximum principle for

solutions of the heat equation. By Theorem 1.1 we have that η(N)(t) ∼ m(t, ·)

and therefore

lim
N→∞

Eνt
N,nN

∣∣∣∣∣∣ 1

N

∑
x∈ΛN

J(t,
x

N
)ηx −

∫
S

J(t, θ)m(t, θ) dθ

∣∣∣∣∣∣ = 0. (1.18)

As a consequence we obtain

lim
N→∞

1

N
Eνt

N,nN
log gmt

N,nN
(η) =

∫
S

J(t, θ)m(t, θ) dθ +

∫
S

log(1−m(t, θ)) dθ

(1.19)

=

∫
S

h(m(t, θ)) dθ. (1.20)

Finally by Lemma A.1 we find that

lim
N→∞

1

N
log

∑
η∈XN,nN

γmt
N (η) = 0.

This together with (1.16) and (1.19) completes the proof of Lemma 1.4.

Proof of Lemma 1.5. As a preliminary step we prove a simple proposition

which we call (following [21]) the martingale decomposition. Throughout the

paper we agree to set 0 log 0 to zero.

Proposition 1.1. Let (Ω,G0, P ) be a probability space and G0 ⊃ G1 ⊃ . . . ⊃

Gk be a decreasing sequence of σ-algebras. For a non-negative random vari-

able X0, EX0 <∞, define Xi = E (X0| Gi) , i = 0, 1, . . . , k. Then

EX0 logX0 =
k∑

i=1

E E

(
Xi−1 log

Xi−1

Xi

∣∣ Gi

)
+ EXk logXk.
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Proof. We have

EX0 logX0 =
k∑

i=1

E (Xi−1 logXi−1 −Xi logXi) + EXk logXk.

Taking conditional expectations we find that

k∑
i=1

E (Xi−1 logXi−1 −Xi logXi)

=
k∑

i=1

E E (Xi−1 logXi−1 −Xi logXi | Gi)

=
k∑

i=1

E E (Xi−1 logXi−1 −Xi−1 logXi | Gi)

=
k∑

i=1

E E

(
Xi−1 log

Xi−1

Xi

∣∣ Gi

)
.

We apply the above proposition in the following context. Let Ω = XN,nN

and P = µN,nN
. Fix any k ∈ N and divide the circle S into k equal “arcs”

∆i, i = 1, 2, . . . , k, of length ε = 1
k
. Each “arc”will contain [εN ] or [εN ] + 1

sites. To simplify the notation we shall disregard this difference and shall

assume that each “arc”has the same number of sites l = εN ∈ N. Define

n̄i =
il∑

j=(i−1)l+1

ηj, i = 1, 2, . . . , k, (number of particles in the i-th “arc”)

Gi = {σ-algebra generated by coordinate functions ηil+1, . . . , ηN

and by n̄1, . . . , n̄i subject to the restriction∑i
j=1n̄i +

∑N
j=il+1 ηx = nN} , i = 0, . . . , k.

Fix an arbitrary positive t and consider f t
N,nN

as a random variable on

(XN,nN
, µN,nN

). We have EµN,nN
f t

N,nN
= 1. Let f t

i = EµN,nN

(
f t

N,nN
| Gi

)
.

16



Whenever it does not lead to a confusion the dependence of Gi and f t
i on N

and nN will not be reflected in the notation.

By Proposition 1.1 we have

1

N
H(νt

N,nN
|µN,nN

) =
1

N
EµN,nN

f t
N,nN

log f t
N,nN

=
1

N

k∑
i=1

EµN,nN
EµN,nN

(
f t

i−1 log
f t

i−1

f t
i

∣∣ Gi

)
+

1

N
EµN,nN

f t
k log f t

k. (1.21)

We are going to show that for sufficiently large k the sum of the first k terms

on the right hand side of (1.21) can be made arbitrarily small as N →∞ by

making use of the logarithmic Sobolev inequality. The entropy bound (1.14)

then comes from the last term of (1.21).

Step 1. At first we state the logarithmic Sobolev inequality. It was proven

in [21] (see also [10] for a simpler proof).

Theorem 1.3. Let µl,n be the uniform measure on Xl,n = {η ∈ {0, 1}l :
l∑

x=1

ηx = n}, i.e. µl,n(η) =
(

l
n

)−1
for any η ∈ Xl,n. For a function f on Xl,n

define

D̄l,n(f) = Eµl,n

l−1∑
x=1

[f(ηx,x+1)− f(η)]2.

Then there is a constant C independent of n and l such that the inequality

Eµl,n
f log f ≤ Cl2D̄l,n(

√
f).

holds for any f which is non-negative and satisfies the normalization condi-

tion Eµl,n
f = 1.

Let µN,nN
(· | Gi) = µi. It is a measure on the first i “arcs”. Denote by µ̄i

its marginal on the i-th “arc”. It is easy to see that µ̄i is a uniform measure.

17



The function f t
i depends only on nN , the last N−il coordinates, and averages

n̄1, . . . , n̄i. Therefore it can be treated as a constant relative to µ̄i. The ratio

f̄i = f t
i−1/f

t
i is µ̄i-measurable and satisfies the condition Eµ̄i

f̄i = 1. By the

logarithmic Sobolev inequality

Eµ̄i
(f̄i log f̄i) ≤ Cl2Eµ̄i

il−1∑
x=(i−1)l+1

(√
f̄i(ηx,x+1)−

√
f̄i(η)

)2

≤ Cl2
1

f t
i

Eµ̄i

il−1∑
x=(i−1)l+1

(√
f t

i−1(η
x,x+1)−

√
f t

i−1(η)

)2

. (1.22)

Notice that by the definition of fi−1 and the Hölder inequality, for each x

between (i− 1)l + 1 and il − 1 we have that(√
f t

i−1(η
x,x+1)−

√
f t

i−1(η)
)2

=
(√

Eµi−1
f t

N,nN
(ηx,x+1)−

√
Eµi−1

f t
N,nN

(η)
)2

= Eµi−1

(√
f t

N,nN
(ηx,x+1)−

√
f t

N,nN
(η)
)2

+2
(
Eµi−1

√
f t

N,nN
(ηx,x+1)f t

N,nN
(η)−

√
Eµi−1

f t
N,nN

(ηx,x+1)
√
Eµi−1

f t
N,nN

(η)
)

≤ Eµi−1

(√
f t

N,nN
(ηx,x+1)−

√
f t

N,nN
(η)
)2

. (1.23)

Here we also used the fact that even though µi−1 depends on the last N −

(i− 1)l coordinates of η it is invariant under the transformation which takes

η to ηx,x+1 for all x ≥ (i − 1)l + 1. Substituting (1.23) into (1.22), taking

summation over i, and averaging with respect to µN,yN
we obtain

k∑
i=1

EµN,nN
EµN,nN

(
f t

i−1 log
f t

i−1

f t
i

∣∣ Gi

)

≤ Cl2EµN,nN

N−1∑
x=1

[√
f t

N,nN
(ηx,x+1)−

√
f t

N,nN
(η)
]2

≤ 4Cε2DN,nN
(
√
f t

N,nN
). (1.24)
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Step 2. We now estimate the Dirichlét form. Since by Lemma 1.3

d

d t
H(νt

N,nN
| µN,nN

) ≤ −2DN,nN
(
√
f t

N,nN
) < 0, (1.25)

for all k which satisfy 1/k ≤ t we find

1

ε

∫ t

t−ε

DN,nN
(
√
f τ

N,nN
) dτ ≤ 1

2ε
H(ν0

N,nN
| µN,nN

), ε =
1

k
.

This implies that for each N there exists tN ∈ (t− ε, t) such that

DN,nN
(
√
f tN

N,nN
) ≤ 1

2ε
H(ν0

N,nN
| µN,nN

) ≤ 1

2ε
log

(
N

nN

)
. (1.26)

The last inequality follows from the obvious Proposition 1.2 stated below.

Proposition 1.2. Let P be the space of probability measures on

Ω = {1, 2, . . . ,M}. Then for any P, Q ∈ P with P (i) = pi, Q(i) = qi,

i = 1, . . . ,M ,

H(P |Q) =
M∑
i=1

pi log
pi

qi
≤ max

1≤i≤M
log

1

qi
.

In our case qi ≡ q =
(

N
nN

)−1
. From (1.21), (1.23), (1.25), and (1.26) we

conclude that

1

N
H(νt

N,nN
| µN,nN

) ≤ 1

N
H(νtN

N,nN
| µN,nN

)

≤ 2Cε

N
log

(
N

nN

)
+

1

N
EµN,nN

f tN
k log f tN

k . (1.27)

In the proof of Lemma 1.4 we have already shown that

lim
N→∞

1

N
log

(
N

nN

)
= −h(m̄).

From the definition of h (see (1.12) it is easy to see that 0 ≤ −h(y) ≤ log 2

for all y ∈ [0, 1]. Now we only need to obtain a bound on the last term of

(1.27).
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Step 3. The function f tN
k depends only on n̄1, . . . , n̄k. Let µ(k) be the

joint distribution of n̄1, . . . , n̄k under µN,nN
. Taking summation over the set

{η ∈ XN,nN
:

il∑
j=(i−1)l+1

ηj = n̄i, i = 1, . . . , k} we see that

1

N
EµN,nN

f tN
k log f tN

k =
1

N
Eµ(k)f

tN
k log f tN

k

=
1

N

∑
n̄1+···+n̄k=nN

(f tN
k µ(k))(n̄1, . . . , n̄k) log

(
f tN

k µ(k)(n̄1, . . . , n̄k)
)

− 1

N
EµN,nN

f tN
k log µ(k)(n̄1, . . . , n̄k) (1.28)

Let µ(k) be the joint distribution of n̄1, . . . , n̄k under µN,nN
. The first term

in the right hand side of (1.28) is non-positive and we concentrate on the

second one. We have

µ(k)(n̄1, . . . , n̄k) =

(
N

nN

)−1 k∏
i=1

(
l

n̄i

)
and therefore

1

N
log µ(k)(n̄1, . . . , n̄k) = − 1

N
log

(
N

nN

)
+

1

k

k∑
i=1

1

l
log

(
l

n̄i

)
,

Returning to (1.28) we can compute

lim
N→∞

(
− 1

N
EµN,nN

f tN
k log µ(k)(n̄1, . . . , n̄k)

)
=

=− h(m̄) +
1

k

k∑
i=1

lim
N→∞

(
− 1

Nε
E

ν
tN
N,nN

log

(
Nε

n̄i

))
(1.29)

=− h(m̄) +
1

k

k∑
i=1

h(k

∫
∆i

m(tε, θ) dθ)

for some tε ∈ [t − ε, t]. The last equality is the consequence of the Theo-

rem 1.1. Indeed, Theorem 1.1 implies that for any δ > 0

lim
N→∞

νt
N,nN

(η ∈ XN,nN
:
∣∣∣ n̄i

εN
− k

∫
∆i

m(t, θ) dθ
∣∣∣ > δ) = 0
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uniformly in t. From here we proceed similarly to (1.16) understanding

the convergence as convergence in probability relative to νt
N,nN

and using

continuity and boundedness of h.

Conclusion. Combining (1.27) and (1.29) we see that

lim sup
N→∞

1

N
H(νt

N,nN
| µN,nN

) ≤ 1

k
C log 2− h(m̄) +

1

k

k∑
i=1

h(k

∫
∆i

m(tε, θ) dθ)

with tε ∈ [t− 1
k
, t]. Notice that |∆i| = 1

k
and k

∫
∆i
m(tε, θ) dθ = m(tε, θi) for

some θi ∈ ∆i. Finally we let k go to infinity and obtain the statement of the

lemma.

1.3 Asymmetric simple exclusion (p 6= q)

1.3.1 Main results

The appropriate scaling for asymmetric simple exclusion processes is hyper-

bolic. It is given by the mapping (τ, x) 7→ (τ/N, x/N) which shrinks the

distance between sites of ΛN by N and speeds up the time by the same factor

therefore changing the expected waiting time between jumps from 1 to 1/N .

The macroscopic time t is now related to the microscopic time τ by the equa-

tion t = τ/N . We consider the scaled process on the lattice x
N
∈ S, x ∈ ΛN

which starts from deterministic initial conditions η(N)(0). We adopt the no-

tations introduced in Section 1.2 for the symmetric simple exclusion model.

The following result is well-known for asymmetric simple exclusion processes

on the circle (and also on the line) (see, for example, [12], [19], and [14]) and

it will serve us as the starting point.
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Theorem 1.4. Let η(N)(0) ∼ m0 for some measurable m0, 0 ≤ m0 ≤ 1, and

η(N)(t) be the asymmetric simple exclusion process with initial data η(N)(0).

Let m be the entropic solution of the inviscid Burgers’ equation

∂m

∂t
+ (p− q)

∂m(1−m)

∂θ
= 0, (t, θ) ∈ (0,+∞)× S, (1.30)

which satisfies the condition m
∣∣
t=0

= m0. Then η(N)(t) ∼ m(t, ·) uniformly

in t.

Define a family of local Gibbs measures γmt
N on XN by (1.9) where m now

is the entropic solution of (1.30). Introduce γmt
N,nN

and gmt
N,nN

by relations

(1.10) and (1.11) respectively.

The main result of this section is

Theorem 1.5. Let η(N)(0), N = 1, 2, . . ., be a sequence of deterministic con-

figurations such that η(N)(0) ∼ m0 for some measurable m0: S → [δ, 1 − δ],

where 0 < δ < 1
2
. Denote

∑
x∈ΛN

η
(N)
x (0) by nN . Then for any t > 0 the specific

relative entropy

1

N
H(νt

N,nN
| γmt

N,nN
) =

1

N

∑
η∈E(N)

f t
N,nN

(η) log
f t

N,nN
(η)

gmt
N,nN

(η)
µN,nN

(η)

approaches zero as N →∞.

The proof of Theorem 1.5 is given in the next three subsections.

This theorem can be slightly modified to produce the following version:

Theorem 1.6. Let η(N)(0), N = 1, 2, . . ., be a sequence of deterministic

configurations such that η(N)(0) ∼ m0 for some measurable m0, 0 ≤ m0 ≤ 1.

Then for any t > 0

lim
N→∞

1

N
H(νt

N,nN
|µN,nN

) =

∫
S

h(m(t, θ)) dθ − h(m̄), (1.31)
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where h is defined by (1.12)

This result states that for any positive macroscopic time the specific mi-

croscopic entropy converges to the macroscopic entropy defined by the right

hand side of (1.31).

We would like to point out that under assumptions of Theorem 1.5 the

relation (1.31) is an immediate consequence of Theorem 1.5 and Lemma 1.6

below. We need a separate argument to include functions m0 which are not

bounded away from 0 or 1. To this end we notice that the upper bound on the

relative entropy can be proved (see Lemma 1.7) under relaxed assumptions

of Theorem 1.6. Therefore we need only a lower bound which is not hard to

obtain. We prove this in Subsection 1.3.5.

1.3.2 Proof of Theorem 1.5

The general framework of the proof coincides with the one for the symmetric

simple exclusion process. But due to the difference in the scaling, details of

this proof are very different from the symmetric case.

We have

1

N
H(νt

N,nN
| γmt

N,nN
) =

1

N
H(νt

N,nN
|µN,nN

)− 1

N
Eνt

N,nN
log gmt

N,nN
.

Since the relative entropy is always non-negative the following two lemmas

imply the statement of Theorem 1.5.

Lemma 1.6. Under assumptions of Theorem 1.5

lim
N→∞

1

N
Eνt

N,nN
log gmt

N,nN
=

∫
S

h(m(t, θ)) dθ − h(m̄),
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where h is defined by (1.12) and

m̄ =

∫
S

m(t, θ) dθ.

Notice that the “total mass” m̄ is a conserved quantity. This is easily

verified using the hydrodynamic equation.

Proof of Lemma 1.6. The proof just repeats the proof of the cor-

responding lemma for the symmetric case. The only difference is that the

function J(t, θ) = logm(t, θ)− log(1−m(t, θ)) (see (1.17)) might not be con-

tinuous. But it is bounded in θ for any t > 0 since we assumed that m0 was

bounded away from 0 and 1. Moreover J(t, ·) is of bounded variation. This

follows from the fact that m(t, ·) is of bounded variation on S (see [15], p.

267, discussion below Theorem 16.1). We claim that the convergence (1.18)

also takes place for any function J = J(θ) of bounded variation on S. At

first observe that if J is the indicator function of an interval, then (1.18)

holds. Clearly we can take a finite linear combination of indicator functions

of intervals. Any function of bounded variation can be decomposed into the

sum of a continuous function and a jump function. We need only to prove

(1.18) for the jump function. Recall (see [9]) that for each jump function f

on S there is a finite or countable set of points θ1, θ2, . . . and corresponding

numbers a1, a2, . . . and b1, b2, . . . such that∑
n

(|an|+ |bn|) <∞

and

f(θ) =
∑
θn≤θ

an +
∑
θn<θ

bn.
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For any ε > 0 and all n ≥ nε we have that∑
n≥nε

(|an|+ |bn|) < ε.

Define

fε(θ) =
∑

n≥nε : θn≤θ

an +
∑

n≥nε : θn<θ

bn;

f̃(θ) = f(θ)− fε(θ).

Then∣∣∣∣ 1

N

∑
x∈ΛN

f
( x
N

)
ηx −

∫ 1

0

f(θ)m(t, θ) dθ

∣∣∣∣ ≤
≤
∣∣∣∣ 1

N

∑
x∈ΛN

fε

( x
N

)
ηx −

∫ 1

0

fε(θ)m(t, θ) dθ

∣∣∣∣+
+

∣∣∣∣ 1

N

∑
x∈ΛN

f̃
( x
N

)
ηx −

∫ 1

0

f̃(θ)m(t, θ) dθ

∣∣∣∣ ≤
≤ 2ε+

∣∣∣∣ 1

N

∑
x∈ΛN

f̃
( x
N

)
ηx −

∫ 1

0

f̃(θ)m(t, θ) dθ

∣∣∣∣.
Since f̃ is a finite linear combination of indicator functions of intervals, the

proof is now complete.

Lemma 1.7. Under assumptions of Theorem 1.6

lim
N→∞

1

N
H(νt

N,nN
|µN,nN

) ≤
∫
S

h(m(t, θ)) dθ − h(m̄),

Proof of Lemma 1.7. Repeat the proof of Lemma 1.5 through (1.28)

with k, l replaced by kN =
1

ε

√
N, lN = ε

√
N respectively for some small
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fixed ε > 0. We need to obtain an estimate from above on

1

ε

∫ t

t−ε

Eνs
N,nN

(
− 1

N
log µkN

(n̄1, . . . , n̄kN
)
)
ds.

Proceeding as in Lemma 1.5 (see (1.29)) we obtain for any s > 0

lim
N→∞

(
− 1

N
EµN,nN

f s
kN

log µkN
(n̄1, . . . , n̄kN

)

)
= −h(m̄) + lim

N→∞

1

kN

kN∑
i=1

Eνs
N,nN

(
− 1

lN
log

(
lN
n̄i

))
. (1.32)

We use the following consequence of Stirling’s formula:

Lemma 1.8. Let h be defined by (1.12). There exist positive constants c1

and c2 such that for all n ∈ N and k ∈ {0, 1, . . . , n}

−c1
n

log n ≤ 1

n
log

(
n

k

)
+ h

(
k

n

)
≤ c2
n
. (1.33)

Corollary. For any sequence {kn}∞n=1, kn ∈ {0, 1, . . . , n},

lim
n→∞

(
1

n
log

(
n

kn

)
+ h

(
kn

n

))
= 0.

Proof of Lemma 1.8. The case when k = 0 or k = n is trivial and we

assume that n ≥ 2 and k ∈ {1, 2, . . . , n − 1}. By Stirling’s formula (see, for

example, [6], p. 73) for any l ∈ N we have

1

12l + 1
< log l!− 1

2
log(2π)−

(
l +

1

2

)
log l <

1

12l
.

Applying this inequalities with l = n, (n−k), k after elementary computation

we obtain:

1

n

(
1

12n+ 1
− 1

12

n

k(n− k)

)
<

1

n
log

(
n

k

)
− 1

2n
log(2π) + h

(
k

n

)
− 1

2n
log

n

k(n− k)

<
1

n

(
1

12n
− 1

12k + 1
− 1

12(n− k) + 1

)
,
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which immediately implies (1.33) upon noticing that

4

n
≤ n

k(n− k)
≤ n

n− 1
.

By the corollary to Lemma 1.8 we can replace − 1
lN

log
(

lN
n̄i

)
with h( n̄i

lN
) in

(1.32). Therefore we have shown that

lim
N→∞

1

N
HN(νt

N,nN
| µN,nN

) ≤ Cε+ lim sup
N→∞

Eνs
N,nN

1

kN

kN∑
i=1

h
( n̄i

lN

)
− h(m̄).

For any x ∈ ΛN define the translation operator τx acting on functions

f : XN → R by the formula τxf(η) = f(τxη) where (τxη)y = ηx+y, y ∈ ΛN .

The left hand side of the above inequality does not depend on the way we

divide the circle into “arcs” of length 1
kN

: we need not have the first lN sites

in the first “arc”. Notice also that the entropy HN(νt
N,nN

| µN,nN
) is a non-

increasing function of time (see Lemma 1.3). Taking this into account we

arrive at the following inequality

lim
N→∞

1

N
HN(νt

N,nN
| µN,nN

) ≤ Cε− h(m̄)

+ lim
l→∞

lim
N→∞

1

ε

∫ t

t−ε

1

2l + 1

∑
|x|≤l

Eνs
N,nN

1

kN

kN∑
i=1

τxh
( n̄i

lN

)
ds. (1.34)

The next lemma is the key step in the proof of Lemma 1.7.

Lemma 1.9. Let t0 > 0 and kN →∞ in such a way that
kN

N
→ 0 as N →∞

and lNkN = N . Then

lim
l→∞

lim
N→∞

∫ t

t0

 1

2l + 1

∑
|x|≤l

Eνs
N,nN

1

kN

kN∑
i=1

τxh
( n̄i

lN

)

−
∫
S

h(m(s, θ)) dθ

 ds ≤ 0.
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Proof of Lemma 1.9 This lemma is the consequence of the convexity

of h and the two-block estimate which is the content of Lemma 1.10. For

any configuration η define the average over a block of size 2l+ 1 centered at

x ∈ ΛN by

η̄x,l
def
=

1

2l + 1

∑
|y|≤l

ηx+y. (1.35)

Lemma 1.10. For any t > 0

lim
ε↓0

lim
l↑∞

lim
N↑∞

EN

∫ t

0

1

N

∑
x∈ΛN

|η̄x,l − η̄x,εN | ds = 0

The proof of Lemma 1.10 is postponed till the next subsection.

Now we continue with the proof of Lemma 1.9.

Step 1. Consider the i-th “arc” of size lN and divide it into “sub-arcs” of

size (2l + 1). Denote the center of the j-th “sub-arc” by x
(j)
i . By convexity

of h

h

(
n̄i

lN

)
= h

(
2l + 1

lN

lN
2l+1∑
j=1

η̄
x
(j)
i ,l

)
≤ 2l + 1

lN

lN
2l+1∑
j=1

h(η̄
x
(j)
i ,l

).

Fix an arbitrary ε > 0. Then

1

2l + 1

∑
|x|≤l

1

kN

kN∑
i=1

τxh
( n̄i

lN

)
−
∫
S

h(m(s, θ)) dθ

≤ 1

2l + 1

∑
|x|≤l

1

kN

kN∑
i=1

2l + 1

lN

lN
2l+1∑
j=1

h(τxη̄x
(j)
i ,l

)−
∫
S

h(m(s, θ)) dθ

=
1

N

∑
x∈ΛN

(h(η̄x,l)− h(η̄x,εN))

+
1

N

∑
x∈ΛN

h(η̄x,εN)−
∫
S

h(m(s, θ)) dθ. (1.36)
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Step 2. We apply the two-block estimate to the expectation of the first

term in the right hand side of (1.36). Function h is uniformly continuous on

[0, 1], i.e. for any ε̃ > 0 there exists δ > 0 such that

|h(y1)− h(y2)| < ε̃ as soon as |y1 − y2| < δ.

Since sup |h| ≤ log 2 we obtain

0 ≤
∫ t

t0

Eνs
N,nN

1

N

∑
x∈ΛN

(h(η̄x,l)− h(η̄x,εN)) ds

≤ ε̃(t− t0) +
2 log 2

δ

∫ t

t0

Eνs
N,nN

1

N

∑
x∈ΛN

|η̄x,l − η̄x,εN | ds.

Applying Lemma 1.10 to the last term we see that

lim
ε↓0

lim
l↑∞

lim
N↑∞

∫ t

t0

Eνs
N,nN

1

N

∑
x∈ΛN

(h(η̄x,l)− h(η̄x,εN)) ds ≤ ε̃(t− t0).

Since ε̃ was arbitrary we conclude that the limit above is equal to zero.

Step 3. To finish the proof of Lemma 1.9 it is enough to show that

lim
ε↓0

lim
N↑∞

Eνs
N,nN

1

N

∑
x∈ΛN

h(η̄x,εN) =

∫
S

h(m(s, θ)) dθ. (1.37)

This is a consequence of the existence of the scaling limit. Indeed, let

mε(s, u) =
1

2ε

u+ε∫
u−ε

m(s, θ) dθ.

For any u ∈ S and any δ > 0

νs
N,nN

(
|η̄[uN ],εN −mε(s, u)| > δ

)
→ 0 as N →∞.

Therefore

lim
N→∞

Eνs
N,nN

1

N

∑
x∈ΛN

[
h(η̄x,εN)− h

(
mε

(
s, x

N

))]
= 0,
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and we need only to prove that

lim
ε↓0

lim
N↑∞

1

N

∑
x∈ΛN

h
(
mε

(
s, x

N

))
=

∫
S

h(m(s, θ)) dθ.

Since mε(s, u) is a continuous function of u for any fixed s, we have that

lim
N→∞

1

N

∑
x∈ΛN

h(mε(s,
x
N

)) =

∫
S

h(mε(s, u)) du.

By continuity of h and Proposition 1.3 (see the next subsection)

lim
ε↓0

∫
S

h(mε(s, u)) du =

∫
S

h(m(s, θ)) dθ.

The proof of Lemma 1.9 is now complete.

We proceed with the proof of Lemma 1.7. Applying Lemma 1.9 to (1.34)

we obtain

lim
N→∞

1

N
H(νt

N,nN
| µN,nN

) ≤ Cε− h(m̄) +
1

ε

∫ t

t−ε

∫
S

h(m(s, θ)) dθ ds.

We show below (see Lemma 1.11) that the function
∫
S

h(m(s, θ)) dθ is contin-

uous in s. By letting ε go to zero we obtain the statement of Lemma 1.7.

Lemma 1.11. Let m be the entropic solution of (1.30) with measurable initial

data m0, 0 ≤ m0 ≤ 1. Then the function
∫

S
h(m(s, θ) dθ is continuous in

s ∈ [0,∞).

Proof of Lemma 1.11 At first we notice that if F ∈ C1(S) then∫
S

F (m(s, θ)) dθ
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is continuous in s, s ≥ 0. Let s, t ≥ 0 then∣∣∣∣ ∫
S

F (m(t, θ)) dθ −
∫
S

F (m(s, θ)) dθ

∣∣∣∣
≤ max

y∈S
|F ′(y)|

∫
S

|m(t, θ)−m(s, θ)| dθ

≤ C

∫
S

|m(|t− s|, θ)−m0(θ)| dθ → 0 as |t− s| ↓ 0.

See, for example, Ch. 7 (relations (20.1) and (10.4)) of [4] or Ch. 16 of [15].

Function h is continuously differentiable on any set [δ, 1 − δ], δ > 0.

Therefore if m0 is bounded away from 0 and 1 then the proof is complete.

For the general case we use the fact that h is continuous on [0, 1] and

h(0) = h(1) = 0. This implies that the contribution of those θ for which

m(t, θ) is close to 0 or 1 can be made arbitrarily small. Namely, choose an

ε > 0 and δ = δ(ε) > 0 such that |h(y)| ≤ ε for any y ∈ [0, 2δ] ∪ [1 − 2δ, 1].

Let ψδ be a function with the following properties:

ψδ ∈ C∞([0, 1]), 0 ≤ ψδ(y) ≤ 1,

ψδ(y) = 1 for y ∈ [0, δ] ∪ [1− δ, 1],

ψδ(y) = 0 for y ∈ [2δ, 1− 2δ].

We have ∫
S

h(m(s, θ)) dθ =

∫
S

h(m(s, θ))
(
1− ψδ(m(s, θ))

)
dθ

+

∫
S

h(m(s, θ))ψδ(m(s, θ)) dθ.

Observe that by our choice of δ∫
S

|h(m(s, θ))ψδ(m(s, θ))| dθ ≤ ε
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independently of s. Denote the function h(y)(1 − ϕδ(y)) by Fδ. Then Fδ ∈

C1(S) and our previous reasoning applies.

1.3.3 Proof of the two-block estimate

Proof of Lemma 1.10. The proof is based on a number of lemmas. Let

j(N)(t) be the difference between the total number of jumps to the right and

the total number of jumps to the left up to time t. The first lemma gives us

a “microscopic” description of the behavior of jN as N →∞ for a fixed t.

Lemma 1.12. For any δ > 0

lim
N→∞

PN

(∣∣∣j(N)(t)

N2
− (p− q)

N

∫ t

0

∑
x∈ΛN

ηx(s)(1−ηx+1(s)) ds
∣∣∣ > δ

)
= 0. (1.38)

Proof. Consider a process (η(N)(t), j(N)(t)) with the state space

XN × (N ∪ {0}) and the generator

L̃pf(η, j) = N
∑

x∈ΛN

[
pηx(1− ηx+1)(f(ηx,x+1, j + 1)− f(η, j))

+ qηx+1(1− ηx)(f(ηx,x+1, j − 1)− f(η, j))
]
.

Assume that at time t = 0 the process starts from (η(N)(0), 0). Choose

f(η, j) = j then

L̃pj
(N) = (p− q)N

∑
x∈ΛN

η(N)
x (1− η

(N)
x+1), (1.39)

dj(N)(t) = L̃pj
(N)(t) dt+ dM1(t), (1.40)

and

dM2
1 (t) =

[
L̃p

(
j(N)(t)

)2 − 2j(N)(t)L̃pj
(N)(t)

]
dt+ dM2(t), (1.41)
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where M1(t) and M2(t) are martingales. Since

L̃p

(
j(N)(t)

)2 − 2j(N)(t)L̃pj
(N)(t) = N

∑
x∈ΛN

η(N)
x (t)(1− η

(N)
x+1),

we obtain from (1.41) that for any t ≥ 0

ENM
2
1 (t) = O(N2). (1.42)

Therefore by (1.40), (1.39) and (1.42) we conclude that

PN

(∣∣∣j(N)(t)

N2
− (p− q)

N

∫ t

0

∑
x∈ΛN

ηx(s)(1− ηx+1(s)) ds
∣∣∣ > δ

)
= PN

(
|M1(t)−M1(0)| > δN2

)
≤ 1

δ2N4
EN |M1(t)−M1(0)|2

≤ C(t)

δ2N2
→ 0 as N →∞.

We use the following one-block estimate to calculate the same quantity

as above but now in terms of large microscopic blocks:

Lemma 1.13. Let f be a local function on the configuration space. Then for

any test function J ∈ C(S) and any δ > 0

lim
l→∞

lim
N→∞

PN

(
1

N

∫ t

0

∣∣∣∣ ∑
x∈ΛN

J
( x
N

) (
τxf(η(s))− f̄(η̄x,l(s))

) ∣∣∣∣ ds > δ

)
= 0,

where (assuming that f depends on n coordinates) we set

f̄(u) = Eµu
n
f

def
=

∑
(α1,...,αn)∈{0,1}n

f(α1, . . . , αn)u
∑

αi(1− u)n−
∑

αi .

For the proof see, for example, [8].
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Apply this lemma with f(η) = η0(1− η1). Then f̄(u) = u(1− u) and

lim
l→∞

lim
N→∞

PN

(
1

N

∫ t

0

∣∣∣ ∑
x∈ΛN

ηx(1− ηx+1)−
∑

x∈ΛN

η̄x,l(1− η̄x,l)
∣∣∣ ds > δ

)
= 0.

(1.43)

From (1.38) and (1.43) we obtain

lim
l→∞

lim
N→∞

PN

(∣∣∣∣j(N)(t)

N2
− (p− q)

N

∫ t

0

∑
x∈ΛN

η̄x,l(s)(1− η̄x,l(s)) ds

∣∣∣∣ > δ

)
= 0.

(1.44)

The next lemma is the key step of the proof. Combined with the exis-

tence of the scaling limit it would allow us to substitute averages over small

macroscopic blocks for the averages over large microscopic blocks in (1.44)

and would essentially imply the two-block estimate.

Lemma 1.14. Let m be the entropic solution of the hydrodynamic equation

with the initial condition m0. Then for any positive t and δ

lim
N→∞

PN

(∣∣∣∣j(N)(t)

N2
− (p− q)

∫ t

0

∫
S

m(s, θ)(1−m(s, θ)) dθ ds

∣∣∣∣ > δ

)
= 0.

The proof of this lemma will be given in the next subsection.

From the existence of the scaling limit (see Theorem 1.4) we can derive

Lemma 1.15. For any t > 0

lim
ε→0

lim
N→∞

EN

∣∣∣∣ 1

N

∑
x∈ΛN

η̄2
x,εN(t)−

∫
S

m2(t, θ) dθ

∣∣∣∣ = 0.

Proof. Let

m̄ε(t, u) =
1

2ε

u+ε∫
u−ε

m(t, θ) dθ.
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We have

EN

∣∣∣ 1

N

∑
x∈ΛN

η̄2
x,εN(t)−

1∫
0

m2(t, θ) dθ
∣∣∣

≤ EN

∣∣∣ 1

N

∑
x∈ΛN

η̄2
x,εN(t)− 1

N

∑
x∈ΛN

m̄2
ε(t,

x

N
)
∣∣∣

+
∣∣∣ 1

N

∑
x∈ΛN

m̄2
ε(t,

x

N
)−

1∫
0

m2(t, θ) dθ
∣∣∣ (1.45)

By the existence of the hydrodynamic scaling limit

lim
N→∞

EN

∣∣η̄[uN ],εN(t)− m̄ε(t, u)
∣∣ = 0 for any u ∈ S.

Therefore by the bounded convergence theorem the first term in the right

hand side of (1.45) converges to zero as N →∞. Since m̄ε(t, u) is continuous

in u we also have that

1

N

∑
x∈ΛN

m̄2
ε(t,

x

N
) →

∫
S

m̄2
ε(t, θ) dθ as N →∞.

Finally

∣∣∣∣
1∫

0

m̄2
ε(t, θ) dθ −

1∫
0

m2(t, θ) dθ

∣∣∣∣
≤ 2

1∫
0

|m̄ε(t, θ)−m(t, θ)| dθ → 0 as ε→ 0

by the following

Proposition 1.3. Let ρ ∈ L1(S) and

ρε(u) =
1

2ε

∫ u+ε

u−ε

ρ(v) dv.
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Then ∫
S

|ρε(u)− ρ(u)| du → 0 as ε→ 0.

This proposition is a standard fact about L1 functions.

From (1.44), Lemma 1.14 and Lemma 1.15 it follows that

lim
ε→0

lim
l→∞

lim
N→∞

PN

(∣∣∣ 1

N

∫ t

0

(∑
x∈ΛN

η̄2
x,l(s)−

∑
x∈ΛN

η̄2
x,εN(s)

)
ds
∣∣∣ > δ

)
= 0.

(1.46)

But we need a stronger statement. The following algebraic fact about aver-

ages completes the argument:

Lemma 1.16. For any l ∈ N, sufficiently small ε > 0 and all N such that

εN > l
1

N

∑
x∈ΛN

(
η̄x,l − η̄x,εN

)2 ≤ 4

N

∑
x∈ΛN

(
η̄2

x,l − η̄2
x,εN

)
+
C

N
(1.47)

where constant C depends only on l and ε.

Proof. For l ∈ N define the operator Ml : [0, 1]N → [0, 1]N by

(Mlη)x = η̄x,l

where η̄x,l is given by (1.35). We prove that

‖Mlη −MεN ◦Mlη‖2 ≤ 2
(
‖Mlη‖2 − ‖MεN ◦Mlη‖2

)
. (1.48)

where ‖ · ‖ is the Euclidean norm in RN .

At first we show that the inequality (1.48) implies the statement of the

lemma. We observe that∣∣ (MεN ◦Mlη)x − (MεNη)x

∣∣ ≤ C(ε, l)

N
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uniformly in x ∈ ΛN . Therefore

‖MεN ◦Mlη −MεNη‖2 ≤ C2(ε, l)

N
,

and

1

N

∑
x∈ΛN

(η̄x,l − η̄x,εN)2 =
1

N
‖Mlη −MεNη‖2

≤ 2

N

(
‖Mlη −MεN ◦Mlη‖2 + ‖MεN ◦Mlη −MεNη‖2

)
≤ 4

N

(
‖Mlη‖2 − ‖MεN ◦Mlη‖2

)
+

2C2(ε, l)

N2

=
4

N

(
‖Mlη‖2 − ‖MεNη‖2

)
+

4

N

(
‖MεNη‖2 − ‖MεN ◦Mlη‖2

)
+

2C2(ε, l)

N2

≤ 4

N

(
‖Mlη‖2 − ‖MεNη‖2

)
+

8C(ε, l)

N
+

2C2(ε, l)

N2

as claimed.

To prove the inequality (1.48) we use the Fourier transform defined by

η̂(λ) =
∑

x∈ΛN

eixληx, λ ∈ [0, 2π].

The function η̂ belongs L2(S) and satisfies the identity

‖η̂‖2
2 =

2π∫
0

|η̂(λ)|2 dλ = 2π‖η‖2.

Let χl : ΛN → {0, 1} be the characteristic function of the set

{x ∈ ΛN : |x| ≤ l}, i. e.

χl(x) =

1 if |x| ≤ l,

0 otherwise.
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Then

Mlη =
1

2l + 1
(χl ∗ η);

M̂lη =
1

2l + 1
χ̂l · η̂,

where

(χl ∗ η)x =
∑

y∈ΛN

χl(x− y)ηy =
∑

y∈ΛN

χl(y)ηx+y.

Using this notation we can write the left hand side of (1.48) as

‖Mlη −MεN ◦Mlη‖2 =
1

2π
‖M̂lη − ̂MεN ◦Mlη‖2

=
1

2π(2l + 1)2
‖χ̂lη̂ −

1

2εN + 1
χ̂εN χ̂lη̂‖2

=
1

2π(2l + 1)2

2π∫
0

|χ̂l · η̂(λ)|2
(

1− 1

2εN + 1
χ̂εN(λ)

)2

dλ (1.49)

Observe that χ̂εN is real-valued. For the right hand side of (1.48) we obtain

‖Mlη‖2 − ‖MεN ◦Mlη‖2

=
1

2π(2k + 1)2

2π∫
0

|χ̂lη̂(λ)|2
(

1− 1

(2εN + 1)2
(χ̂εN(λ))2

)
dλ (1.50)

Comparing (1.49) and (1.50) we see that it is enough to show that

f(λ)
def
=

1

2εN + 1
χ̂εN(λ)

is bounded away from (−1). Indeed, the inequality f(λ) ≥ −1 + δ implies

that

1− f(λ) ≤ 2− δ ≤ 2− δ

δ
(1 + f(λ))
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and

(1− f(λ))2 ≤ 2− δ

δ
(1− f 2(λ)).

This proves (1.48) with the constant 2−δ
δ

. We show that f(λ) ≥ −1
3

which

gives us δ = 2
3

and the constant equal to 2.

It is not difficult to compute that

f(λ) =
1

2εN + 1

sinλ(2εN + 1)/2

sinλ/2
.

Since f(λ) = f(2π − λ), λ ∈ [0, π],

inf
λ∈[0,2π]

f(λ) = inf
λ∈[0,π]

f(λ)

= inf
λ∈[0,π]

sinλ(2εN + 1)/2

λ(2εN + 1)/2
· λ/2

sinλ/2

≥ inf
λ∈[0,π]

sinλ(2εN + 1)/2

λ(2εN + 1)/2
· sup

λ∈[0,π]

λ/2

sinλ/2
= − 2

3π
· π
2

= −1

3
.

Using the above lemma we can strengthen (1.46) and conclude that

lim
ε→0

lim
l→∞

lim
N→∞

PN

( 1

N

∫ t

0

∑
x∈ΛN

(η̄x,l(s)− η̄x,εN(s))2 ds > δ
)

= 0.

Finally by the Schwartz inequality we obtain

EN

∫ t

0

1

N

∑
x∈ΛN

|η̄x,l(s)− η̄x,εN(s)| ds ≤

√
t

(
EN

∫ t

0

1

N

∑
x∈ΛN

|η̄x,l(s)− η̄x,εN(s)|2 ds
) 1

2

.

This implies the statement of Lemma 1.10.
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1.3.4 Proof of Lemma 1.14

Additivity property of j(N)(t) and of the Lebesgue integral implies that we

may assume without loss of generality that t is small. Let t < 1
4

and ε ∈

(0, 1 − 4t) be fixed. Consider an arbitrary arc of length ε and color green

all the particles which happened to be there at t = 0. At first we study

the dynamics of “green” particles. We “straighten” this arc on the real line,

surround it at t = 0 with the same environment it had on the circle and start

a new process on R. We show that for a given small t and sufficiently large N

the “green” particles on R will not practically “feel” the difference between

the line and the circle. The problem on the line allows a straightforward

computation. Then we divide the circle into small arcs and apply the above

procedure to each arc separately. Having done this, we rebuild the circle,

putting all the arcs together, and obtain the statement of the lemma.

Step 1. (The problem on R.) Fix an arbitrary θ̃ ∈ [0, 1). Consider the

asymmetric simple exclusion process on R with the following initial data: for

x ∈ Z we set

η̃(N)
x (0) =

η
(N)
x(modN)(0) if x

N
∈ [θ̃ − 1

2
, θ̃ + 1

2
),

0 otherwise.

Then η̃
(N)
x (0) ∼ m̃0 where

m̃0(θ) =

m0(θ) if θ ∈ [θ̃ − 1
2
, θ̃ − 1

2
),

0 otherwise.

Denote by P̃N the probability measure corresponding to this process. For the

rest of the proof all quantities related to the problem on R will be marked

40



with “tilde”. By Theorem 1.4

η̃(N)
x (t) ∼ m̃(t, ·),

where m̃ is the entropic solution of the problem

m̃t + (p− q)(m̃(1− m̃))θ = 0, (t, θ) ∈ (0,∞)× R,

m̃
∣∣
t=0

= m̃0. (1.51)

Let j
(N)

α̃0,β̃0
(t) be the difference of the total number of jumps to the right

and the total number of jumps to the left made during time t by the particles

which at t = 0 belonged to the interval [α̃0, β̃0).

Lemma 1.17. For any interval [α̃0, β̃0) ⊂ R and any δ > 0

lim
N→∞

P̃N

(∣∣∣j(N)

α̃0,β̃0
(t)

N2
− (p− q)

∫ t

0

∫ β̃(t)

α̃(t)

m̃(s, θ)(1− m̃(s, θ)) dθ ds
∣∣∣ > δ

)
= 0

where α̃(t) and β̃(t) are the solutions in the Filippov sense (see, for example,

[13]) of the equation

d v

d t
= (p− q)

(
1− m̃(t, v(t))

)
(1.52)

with initial data α̃0 and β̃0 respectively.

Proof. Denote by α̃N(t) (β̃N(t) respectively) the coordinate at time t of

the rightmost particle which was below α̃0 (β̃0) at t = 0. Notice that

j
(N)

α̃0,β̃0
(t) =

∑
α̃N (t)<

x
N
≤β̃N (t)

x η̃(N)
x (t)−

∑
α̃0<

x
N
≤β̃0

x η̃(N)
x (0) (1.53)

We need the following
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Proposition 1.4. Let α̃(t) and β̃(t) be as in Lemma 1.17. Then for any

δ > 0

lim
N→∞

P̃N

(∣∣∣ 1

N

∑
α̃N (t)<

x
N
≤β̃N (t)

x

N
η̃x(t)−

∫ β̃(t)

α̃(t)

θ m̃(t, θ) dθ
∣∣∣ > δ

)
= 0.

Proof. It is enough to show that

lim
N→∞

P̃N

(∣∣∣ 1

N

∑
x
N
≤β̃N (t)

x

N
η̃x(t)−

∫ β̃(t)

−∞
θ m̃(t, θ) dθ

∣∣∣ > δ

)
= 0

Let

χ(a,b)(θ) =


1 if b > a and θ ∈ (a, b),

−1 if b < a and θ ∈ (b, a),

0 else.

The mass conservation law on the microscopic level states that

1

N

∑
x∈Z

χ(−∞,β̃0)

( x
N

)
η̃x(0) =

1

N

∑
x∈Z

χ(−∞,β̃N (t))

( x
N

)
η̃x(t). (1.54)

On the macroscopic level we have from (1.51) and (1.52) that∫ β̃0

−∞
m̃0(θ) dθ =

∫ β̃(t)

−∞
m̃(t, θ) dθ. (1.55)

By our assumption on the initial data

1

N

∑
x∈Z

χ(−∞,β̃N (0))

( x
N

)
η̃x(0) →

∫ β̃0

−∞
m̃0(θ) dθ as N →∞

and by the existence of the scaling limit

P̃N

(∣∣∣∣ 1

N

∑
x∈Z

χ(−∞,β̃(t))

( x
N

)
η̃x(t)−

∫ β̃(t)

−∞
m̃(t, θ) dθ

∣∣∣∣ > δ

)
→ 0, (1.56)

P̃N

(∣∣∣∣ 1

N

∑
x∈Z

x

N
χ(−∞,β̃(t))

( x
N

)
η̃x(t)−

∫ β̃(t)

−∞
θ m̃(t, θ) dθ

∣∣∣∣ > δ

)
→ 0 (1.57)
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as N →∞. The relations (1.56), (1.54) and (1.55) imply that

P̃N

(
1

N

∑
x∈Z

∣∣∣χ(β̃N (t),β̃(t))

( x
N

) ∣∣∣ η̃x(t) > δ

)
→ 0 as N →∞. (1.58)

We are interested in the behavior of

1

N

∑
x∈Z

x

N
χ(−∞,β̃N (t))

( x
N

)
η̃x(t).

It follows from (1.57) that it is enough to prove that

ẼN

∣∣∣ 1

N

∑
x∈Z

x

N
χ(β̃N (t),β̃(t))

( x
N

)
η̃x(t)

∣∣∣→ 0 as N →∞.

We have∣∣∣ 1

N

∑
x∈Z

x

N
χ(β̃N (t),β̃(t))η̃x(t)

∣∣∣ ≤ 1

N

∑
x∈Z

∣∣∣ x
N
χ(β̃N (t),β̃(t))

∣∣∣η̃x(t)

≤ max{|β̃N(t)|, |β̃(t)|} 1

N

∑
x∈Z

|χ(β̃N (t),β̃(t))|η̃x(t)

and

ẼN

∣∣∣ 1

N

∑
x∈Z

x

N
χ(β̃N (t),β̃(t))

( x
N

)
η̃x(t)

∣∣∣ ≤ (ẼN

(
max{|β̃N(t)|, |β̃(t)|}

)2) 1
2

×
(
ẼN

( 1

N

∑
x∈Z

|χ(β̃N(t), β̃(t))
( x
N

)
| η̃x(t)

)2) 1
2
.

The second term in the right hand side converges to zero by (1.58) and

the bounded convergence theorem. To estimate the first term we consider

the movement of the particle whose coordinate we denoted by β̃N(·). The

distance it covered up to time t, i.e. |β̃N(t) − β̃0|, is bounded above by the

distance it could have covered in the absence of other particles if it were to

jump always to the right. In the latter situation the number of jumps has a
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Poisson distribution with parameter tN . Since |β̃N(t) − β̃0| is equal to the

number of jumps divided by N , we conclude that

ẼN |β̃N(t)− β̃0|2 ≤ C

where C is a constant independent of N .

From (1.53) and the above proposition we deduce that

lim
N→∞

P̃N

(∣∣∣∣j(N)

α̃0,β̃0
(t)

N2
−
(∫ β̃(t)

α̃(t)

θ m̃(t, θ) dθ −
∫ β̃0

α̃0

θ m̃0(θ) dθ

)∣∣∣∣ > δ

)
= 0.

The next statement is a simple fact about solutions of (1.51). It completes

the proof of Lemma 1.17.

Proposition 1.5. Let m̃ be a weak solution of the problem (1.51). Then for

any α̃ ∈ R∫ α̃

0

θ m̃(t, θ) dθ −
∫ α̃

0

θ m̃0(θ) dθ =

(p− q)

(∫ t

0

∫ α̃

0

m̃(s, θ)(1− m̃(s, θ)) dθ ds− α̃

∫ t

0

m̃(s, α̃)(1− m̃(s, α̃)) ds

)
.

Moreover if α̃(t) is a solution of (1.52) in the Filippov sense with the initial

condition α̃0 then∫ α̃(t)

0

θ m̃(t, θ) dθ −
∫ α̃0

0

θ m̃0(θ) dθ =

(p− q)

∫ t

0

∫ α̃(s)

0

m̃(s, θ)(1− m̃(s, θ)) dθ ds.

Proof. Since m̃ is a solution of (1.51) then for any ϕ, ψ ∈ C∞
0 we have

the equation∫∫
m̃(s, θ)ϕ(θ)ψ′(s) dθ ds =

− (p− q)

∫∫
m̃(s, θ)(1− m̃(s, θ))ϕ′(θ)ψ(s) dθ ds.
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which implies that (in the sense of distributions)

(p− q)
d

dθ

∫
m̃(s, θ)(1− m̃(s, θ))ψ(s) ds =

∫
m̃(s, θ)ψ′(θ) ds ∈ L∞ (1.59)

and
∫
m̃(s, θ)(1 − m̃(s, θ))ψ(s) ds is Lipschitz continuous in θ. Similarly we

conclude that
∫
m̃(s, θ)ϕ(θ) dθ is Lipschitz continuous in s.

Let ϕn ∈ C∞
0 be a sequence such that

ϕn(θ) → θ · 1[0, α̃](θ) in L1,

ϕ′n → 1[0, α̃]− α̃ δ(α̃) in D′

Since the function
∫
m̃(s, θ)(1− m̃(s, θ))ψ(s) ds is continuous then

lim
n→∞

∫
ϕ′n(θ)

∫
m̃(s, θ)(1− m̃(s, θ))ψ(s) ds dθ =∫ α̃

0

∫
m̃(s, θ)(1− m̃(s, θ))ψ(s) ds dθ − α̃

∫
m̃(s, α)(1− m̃(s, α))ψ(s) ds

On the other hand by (1.59)

lim
n→∞

∫
(p− q)ϕ′n(θ)

∫
m̃(s, θ)(1− m̃(s, θ))ψ(s) ds dθ =

− lim
n→∞

∫
ϕn(θ)

∫
m̃(s, θ)ψ′(s) ds dθ = −

∫ α̃

0

∫
θ m̃(s, θ)ψ′(s) ds dθ.

Therefore

−
∫ α̃

0

∫
θ m̃(s, θ)ψ′(s) ds dθ =

(p− q)

∫ α̃

0

∫
m̃(s, θ)(1− m̃(s, θ))ψ(s) ds dθ−

(p− q) α̃

∫
m̃(s, α)(1− m̃(s, α))ψ(s) ds. (1.60)
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Choosing now a sequence ψn ∈ C∞
0 in such a way that

ψn(s) → 1[0,t](s) in L1,

ψ′n → δ(0)− δ(t) in D′

we obtain from (1.60)∫ α̃

0

θ m̃(t, θ) dθ −
∫ α̃

0

θm̃0(θ) dθ =

(p− q)

∫ t

0

∫ α̃

0

m̃(s, θ)(1− m̃(s, θ)) dθ ds−

(p− q)α̃

∫ t

0

m̃(s, α)(1− m̃(s, α)) ds (1.61)

which is the first part of the proposition.

Let F (s, α̃) =
∫ α̃

0
θ m̃(s, θ) dθ. Then by (1.61) it is absolutely continuous

in α̃ and s and

∂F (α̃, s)

∂s
= (p− q)

(∫ α̃

0

m̃(s, θ)(1− m̃(s, θ)) dθ − α̃m̃(s, α̃)(1− m̃(s, α̃))

)
.

Consider F (s, α̃(s)), where α̃(s) is a solution of (1.52) in the Filippov sense

with the initial condition α̃0. Then

dF (s, α̃(s))

ds
=
∂F (s, α̃(s))

∂α̃

dα̃(s)

ds
+
∂F (s, α̃(s))

∂s

= (p− q)

∫ α̃(s)

0

m̃(s, θ)(1− m̃(s, θ)) dθ.

Integration of the above identity from 0 to t gives the second statement of

the proposition.

Step 2. Choose α̃0 = θ̃ − ε
2

and β̃0 = θ̃ + ε
2
. Let θ, α0 and β0 be the

corresponding points on the circle:

θ = θ̃, α0 = α̃0 (mod 1), β0 = β̃0 (mod 1).
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Since the solutions of (1.51) have bounded domain of dependence on the

initial data we have that for all sufficiently small t (t < 1
4
)∫ t

0

∫ β̃

α̃

m̃(s, θ)(1− m̃(s, θ)) dθ ds =

∫ t

0

∫ β

α

m(s, θ)(1−m(s, θ)) dθ ds

where α(s) and β(s) are the solutions of the equation

d v

d t
= (p− q)

(
1−m(t, v(t))

)
(1.62)

on the circle with initial conditions α0 and β0 respectively.

We couple the process on the circle with the process on the line described

in Step 1. The rightmost (respectively, leftmost) particle on the line can

always accomplish a jump to the right (left). This might not be so for the

corresponding particles on the circle. If a particle on the circle can not jump

while the particle on the line attached to it can, we decouple them. As t

increases, this decoupling spreads from the boundary of [θ̃ − 1
2
, θ̃ + 1

2
) ⊂ R

to interior particles. Let τN be the first time when a particle which initially

belonged to the arc [α0, β0) ∈ S is decoupled.

Lemma 1.18. PN(τN ≤ t) → 0 as N →∞ for any t < 1
4
.

Proof. If the arc [α0, β0) does not contain initially any particles then

there is nothing to prove. Assume that at time 0 we colored green all the

particles which belonged to the arc [α0, β0) and marked with letter “r” (re-

spectively,“l”) the particle on the circle attached to the rightmost (respec-

tively, leftmost) particle on the line. All particles initially are considered to

be healthy. But “r” (respectively, “l”) particle becomes infected and turns

black when it attempts to jump to a site occupied by the “l” (“r”) particle.

Since then any healthy particle becomes infected and turns black if it tries
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to jump to a site occupied by a black particle. Nothing happens if a black

particle attempts to jump to a site occupied by a healthy particle. Then τN

is equal to the first time when a green particle becomes infected. Clearly

the first infected green particle has to be either the rightmost (“rg”) or the

leftmost (“lg”) green particle. To obtain an estimate on τN we simplify the

problem by keeping only two pairs of particles on the circle: “r” and “lg”,

and “l” and “rg”. Moreover we assume that all four particles are indepen-

dent, the leftmost particles can only jump to the left, the rightmost particles

can only jump to the right, and the number of jumps made by each particle

during time t has the Poisson distribution with parameter Nt. It is clear

that

τN ≥ min{the time when “r” meets “lg”, the time when “l” meets “rg”}

and therefore

PN(τN > t) ≥
(
Prob

(
X < N(1−ε)

2

))2

where X is a Poisson random variable with parameter 2tN . Since X can

be thought of as the sum of 2N independent Poisson random variables with

parameter t, by the law of large numbers

Prob
(
X < N(1−ε)

2

)
= Prob

(
X
2N

< (1−ε)
4

)
→ 1

as N →∞ if (1−ε)
4

> t. This explains our choice of t and ε in the beginning

of the proof of Lemma 1.14.

Let AN be the event that∣∣∣∣j(N)
α0,β0

(t)

N2
− (p− q)

∫ t

0

∫ β(s)

α(s)

m(s, θ)(1−m(s, θ)) dθ ds

∣∣∣∣ > δ.
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Then

PN(AN) = PN(AN ∩ {τN ≤ t}) + PN(AN ∩ {τN > t})

≤ PN(τN ≤ t) + P̃N(ÃN) → 0 as N →∞, (1.63)

where ÃN is the corresponding event for the process on the line.

Step 3. Divide the circle into equal parts of length ε < (1 − 4t). We

obtain k = 1
ε

arcs [α1, α2), [α2, α3), . . . , [αk, αk+1), where αi = (i − 1)ε,

i = 1, 2, . . . , k. Applying (1.63) with AN constructed for α0 = αi and β0 =

αi+1, i = 1, 2 . . . , k, we conclude that

PN

(∣∣∣∣j(N)(t)

N2
− (p− q)

t∫
0

1∫
0

m(s, θ)(1−m(s, θ)) dθ ds

∣∣∣∣ > δ

)
≤

k∑
i=1

PN

(∣∣∣∣j(N)
αi,αi+1(t)

N2
− (p−q)

t∫
0

αi+1(s)∫
αi(s)

m(s, θ)(1−m(s, θ)) dθ ds

∣∣∣∣ > δ

k

)
→ 0

as N →∞. Here αi(s) is the solution of (1.62) with the initial condition αi,

i = 1, 2, . . . , k.

1.3.5 Lower bound for the specific entropy

Lemma 1.19. Under assumptions of Theorem 1.6

lim
N→∞

1

N
H(νt

N,nN
|µN,nN

) ≥
∫ 1

0

h(m(t, θ)) dθ − h(m̄).

Proof. Let µ
1
2
N be a product measure defined by (1.5). Then

1

N
H(νt

N,nN
|µN,nN

) =
1

N
H(νt

N,nN
|µ

1
2
N) +

1

N
Eνt

N,nN
log

µ
1
2
N(η)

µN,nN
(η)

.
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Since nN

N
converges to m̄ as N →∞, by (1.16) we have that

lim
N→∞

1

N
Eνt

N,nN
log

µ
1
2
N(η)

µN,nN
(η)

= lim
N→∞

1

N
log

(
N
nN

)
2N

= − log 2− h(m̄).

The following general lemma completes the proof.

Lemma 1.20. Let αN be a sequence of probability measures on XN such that

for any δ > 0 and any J ∈ C(S)

lim
N→∞

αN

(
η ∈ XN :

∣∣∣∣ 1

N

∑
x∈ΛN

J
( x
N

)
ηx −

∫ 1

0

J(θ)m(θ) dθ

∣∣∣∣ > δ

)
= 0 (1.64)

for some measurable function m, 0 ≤ m ≤ 1. Then

lim
N→∞

1

N
H(αN |µ

1
2
N) ≥

∫ 1

0

h(m(θ)) dθ + log 2.

Proof. By the entropy inequality for any J ∈ C(S) we have that

1

N
H(αN |µ

1
2
N) ≥ 1

N
EαN

J
( x
N

)
ηx −

1

N
logE

µ
1
2
N

exp
( ∑

x∈ΛN

J
( x
N

)
ηx

)
.

Using the convergence (1.64) we obtain

lim
N→∞

1

N
H(αN |µ

1
2
N) ≥ sup

J∈C(S)

(∫ 1

0

J(θ)m(θ)− log
(
1 + eJ(θ)

)
dθ

)
+ log 2.

We have to show that

sup
J∈C(S)

F(J)
def
= sup

J∈C(S)

(∫ 1

0

J(θ)m(θ)− log
(
1 + eJ(θ)

)
dθ

)
=

∫ 1

0

h(m(θ)) dθ.

Clearly,

F(J) ≤
∫ 1

0

sup
y∈R

(
ym(θ)− log

(
1 + ey

))
dθ =

∫ 1

0

h(m(θ)) dθ.

50



where the supremum is attained at

y(θ) =


log

m(θ)

1−m(θ)
if m(θ) 6= 0, 1;

−∞ if m(θ) = 0;

+∞ if m(θ) = 1.

Therefore, if m were continuous and did not take values 0 and 1, the function

J∗(θ) = y(θ) would give us a solution of the variational problem in question.

For a general m we need an additional argument to finish the proof.

Let mn be a sequence of continuous functions between 0 and 1 such that

mn → m as n→∞ a.e. on S. By Egorov’s theorem for any ε > 0 there is a

set Eε such that

(i) measEε ≥ 1− ε;

(ii) mn → m uniformly on Eε as n→∞.

For any ε > 0 define

mn,ε(θ) =


mn(θ) if ε < mn(θ) < 1− ε;

ε if mn(θ) ≤ ε;

1− ε if mn(θ) ≥ 1− ε.

Functions mn,ε are continuous on S. Let

Jn,ε(θ) = log
mn,ε(θ)

1−mn,ε(θ)
.

Functions Jn,ε are continuous on S and |Jn,ε| < 2| log ε| uniformly in n. We

claim that

lim
ε→0

lim
n→∞

F(Jn,ε) =

∫ 1

0

h(m(θ)) dθ. (1.65)
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The proof is straightforward. For an arbitrary ε > 0, all n ≥ n0(ε) and all

θ ∈ Eε we have that

|mn,ε(θ)−m(θ)| ≤ |mn,ε(θ)−mn(θ)|+ |mn(θ)−m(θ)| < 2ε

We write

|F(Jn,ε)−
∫ 1

0

h(m(θ)) dθ| ≤ |F(Jn,ε)−
∫ 1

0

h(mn,ε(θ)) dθ|

+ |
∫ 1

0

h(mn,ε(θ)) dθ −
∫ 1

0

h(m(θ)) dθ| = I1 + I2.

Estimating I1 and I2 we find that

I1 =

∣∣∣∣ ∫ 1

0

Jn,ε(θ)(mn,ε(θ)−m(θ)) dθ

∣∣∣∣ ≤ (∫
Eε

+

∫
S\Eε

)
|Jn,ε||mn,ε −m| dθ

≤ 2| log ε|(2ε+ ε) = 6ε| log ε|

and

I2 ≤
(∫

Eε

+

∫
S\Eε

)
|h(mn,ε(θ))− h(m(θ))| dθ ≤ |h(2ε)|+ ε log 2.

Finally by letting ε go to zero we obtain (1.65).
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Chapter 2

Ginzburg-Landau model

2.1 Description of the model

Let ΛN be the one-dimensional periodic lattice Z/NZ. The variable xi ∈

R, i = 1, . . . , N , attached to a lattice site, represents a “charge” at this

site. The collection of all “charges” is a vector x(N) in RN which we call the

configuration. The nearest neighbor charges interact and the configuration

x(N) changes in time. Applying the diffusive scaling of space and time, i.e.

shrinking the spacing between “charges” by N and speeding up the time by

N2, we obtain a system of “charges” located at points i
N
, i = 1, . . . , N , of

the circle S = R/Z. The evolution of x(N)(t) is described by the following

system of stochastic differential equations:

dxi(t) =
N2

2
[ϕ′(xi+1(t)) − 2ϕ′(xi(t)) + ϕ′(xi−1(t))] dt (2.1)

+N (dβi(t)− dβi+1(t)) , i ∈ ΛN ,
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where βi, i = 1, . . . , N are independent Brownian motions and ϕ ∈ C2(R)

satisfies the conditions (H1)− (H3) listed below.

(H1)
∫
R
e−ϕ(x)dx = 1.

(H2) There exist constants C0 > 0, C1 ≥ 0 and p ∈ [1/2, 1] such that

C0 ≤ ϕ′′(x) ≤ C1(ϕ(x) + 1) and |ϕ′(x)| ≤ C1(|ϕ(x)|p + 1) for all x ∈ R.

(H3)
∫
R
eα|ϕ′(x)|−ϕ(x)dx <∞ for any α > 0.

For a simple example one can take ϕ(x) = x2

2
− 1

2
log(2π).

Notice that the convexity assumption in (H2) guarantees the convergence

of the following integral:

(H ′
2)
∫
R
eλx−ϕ(x)dx

def
= M(λ) <∞ for any λ ∈ R.

We also assume that at t = 0 the system starts from a deterministic configura-

tion: x(N)(0) = η(N) = (η
(N)
1 , . . . , η

(N)
N ), and the sequence η(N), N = 1, 2, . . .

possesses a macroscopic profile m0 ∈ L1(S). That is for any smooth function

J on S there is a limit

lim
N→∞

1

N

N∑
i=1

J

(
i

N

)
η

(N)
i =

∫ 1

0

J(θ)m0(θ)dθ. (2.2)

In particular,

lim
N→∞

1

N

N∑
i=1

η
(N)
i =

∫ 1

0

m0(θ)dθ
def
= m̄. (2.3)

Notice that the total charge
N∑

i=1

xi is preserved under the dynamics defined

by the system (2.1).

Sometimes we find it convenient to write the system (2.1) using a matrix

notation:

dx(t) = N2A(N)b(N)(x(t))dt+NG(N)dβ(N). (2.4)
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Here β(N) is a standard N -dimensional Brownian motion, A(N) = G(N)G(N)∗

and

G(N) =



1 −1 0 . . . 0

0 1 −1 . . . 0

. . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . −1

−1 0 0 . . . 1


, b(N)(x) = −1

2



ϕ′(x1)

ϕ′(x2)

. . .

. . .

ϕ′(xN).


(2.5)

The corresponding measure on the space of continuous paths will be denoted

by PN .

The infinitesimal generator of the diffusion process x(N)(t) is given by

LN =
N2

2

∑
i∈ΛN

(
∂

∂xi

− ∂

∂xi+1

)2

(2.6)

− N2

2

∑
i∈ΛN

(ϕ′(xi)− ϕ′(xi+1)

(
∂

∂xi

− ∂

∂xi+1

)
.

It is formally symmetric with respect to the probability measure

dµN(x) = exp(−
N∑

i=1

ϕ(xi))dx1 . . . dxN (2.7)

on RN which is an invariant but non-ergodic measure for our diffusion. In-

deed, any set of the form {x ∈ RN : y1 <
1
N

N∑
i=1

xi < y2}, y1 < y2, is invariant

but its µN -measure is strictly between 0 and 1. This reflects the fact that

LN is degenerate in the direction of vector (1, 1, . . . , 1). Let LN ,y be the

restriction of LN to the hyperplane

πN(y) = {x ∈ RN :
N∑

i=1

xi = Ny}. (2.8)
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The operator LN ,y is strictly elliptic for any y ∈ R. If we consider now

a conditional measure µN,y(·) = µN(· |
N∑

i=1

x
(N)
i = Ny) supported on πN(y),

then for any y ∈ R the measure µN,y is invariant and ergodic. It is absolutely

continuous with respect to the Lebesgue measure dσN on the hyperplane

πN(y) and its density is given by

dµN,y

dσN

=

exp(−
N∑

i=1

ϕ(xi))∫
πN (y)

exp(−
N∑

i=1

ϕ(xi))dσN

, x ∈ πN(y).

The Dirichlét form

DN,y(h)
def
= −

∫
πN (y)

hLN ,yh dµN,y (2.9)

=
N2

2

∫
πN (y)

N∑
i=1

[(
∂

∂xi

− ∂

∂xi+1

)
h

]2

dµN,y (2.10)

is non-degenerate for all h ∈ W 1,2(πN(y), dµN,y), h 6= const a.s..

2.2 Entropy and the existence of the hydro-

dynamic limit

Let νt
N be the distribution of charges at time t > 0 in RN corresponding to

the deterministic initial distribution η(N). Due to the conservation law it is

supported on the hyperplane πN(yN) where yN = 1
N

N∑
i=1

η
(N)
i . Restricting νt

N

on πN(yN) we obtain a measure νt
N,yN

which is absolutely continuous with
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respect to µN,yN
. Consider the following Cauchy problem

∂f

∂t
= LNf on (0,+∞)× RN

f
∣∣
t=0

= δη(N) .

This problem has a unique solution f t
N which is supported on πN(yN) and

f t
N,yN

=
dνt

N,yN

dµN,yN

=
f t

N

∣∣
πN (yN )∫

πN (yN )

exp(−
N∑

i=1

ϕ(xi))dσN

.

It is a consequence of ellipticity of LN,yN
that f t

N,yN
is smooth and strictly

positive function on πN(yN) for all t > 0.

Define the specific microscopic entropy HN,yN
(t) by the formula

HN,yN
(t) =

1

N
H(νt

N,yN
|µN,yN

) =
1

N

∫
πN (yN )

log

(
dνt

N,yN

dµN,yN

)
dνt

N,yN

=
1

N

∫
πN (yN )

f t
N,yN

log f t
N,yN

dµN,yN
. (2.11)

The function HN,yN
(t) is decreasing:

dHN,yN
(t)

dt
= −N

2

∫
πN (yN )

1

f t
N,yN

∑
i∈ΛN

[(
∂

∂xi

− ∂

∂xi+1

)
f t

N,yN

]2

dµN,yN

= − 4

N
DN,yN

(√
f t

N,yN

)
< 0. (2.12)

It is known (see [11]) that if ϕ satisfies (H1)−(H3) and there is a constant

C > 0 such that 1
N

N∑
i=1

ϕ(η
(N)
i ) ≤ C, then

HN,yN
(t) ≤ C(t) <∞ (2.13)

for any t > 0. Moreover, if we choose a sequence {tN}, const
N2 ≤ tN → 0 then

the corresponding constants C(tN) in (2.13) are still uniformly bounded in N .
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This entropy estimate allows one to extend the method of [7] to the case of

deterministic initial data and prove that for all t > 0 the system possesses a

macroscopic profile m(t, θ), θ ∈ S to which it converges in the weak sense as

N →∞. We shall formulate this statement more precisely after introducing

some notation.

Let M be defined by (H ′
2). It is easy to check that

ρ = logM(λ) (2.14)

is a convex analytic function. Its convex conjugate

h(y) = sup
z∈R

(yz − logM(z)) (2.15)

is also analytic and

h′
−1

(λ) =
M ′(λ)

M(λ)
= ρ′(λ). (2.16)

The following theorem was proven in [11].

Theorem 2.1. Let the sequence η(N) of deterministic configurations satisfy

the condition (2.2) for some m0 ∈ L1(S) and the average 1
N

N∑
i=1

ϕ(η
(N)
i ) be

bounded uniformly in N . Let m be a solution of the equation

∂m

∂t
=

1

2

∂2h′(m)

∂θ2
, (t, θ) ∈ (0,∞)× S, (2.17)

with the initial condition m0. Then for any t > 0 and any test function

J ∈ C(S) the νt
N,yN

-measure of the set

UN,yN
(J, δ) =

{
x ∈ πN(yN) :

∣∣∣ 1

N

N∑
i=1

J(
i

N
)xi(t)−

∫ 1

0

J(θ)m(t, θ)dθ
∣∣∣ > δ

}
approaches zero as N →∞ , i.e.

lim
N→∞

∫
UN,yN

(J,δ)

f t
N,yN

dµN,yN
= 0, (2.18)

locally uniformly in t > 0.
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2.3 Local Gibbs measures and main results

To every solution m of the hydrodynamic equation (2.17) we can associate

a family of local Gibbs measures γmt
N on RN . Let λ(t, θ) = h′(m(t, θ)).

Measures γmt
N are defined by their densities gmt

N with respect to the invariant

measure µN,yN
:

gmt
N (x) =

dγmt
N

dµN

=
1

Zmt
N

exp

(
N∑

i=1

λ

(
t,
i

N

)
xi

)

where Zmt
N is the normalization constant, Zmt

N =
∏

i∈ΛN
M
(
λ
(
t, i

N

))
. Mea-

sures γmt
N depend only on the solution m(t, θ) and form a convenient set of

reference measures. The conditional distribution of the local Gibbs measure

γmt
N (· |

∑
i∈ΛN

x
(N)
i = Ny) and its density relative to µN,y will be denoted by

γmt
N,y and gmt

N,y respectively. The main result of this chapter is the following

theorem.

Theorem 2.2. Let η(N), N = 1, 2, . . ., be a sequence of deterministic con-

figurations which converges to an initial profile m0 ∈ L1(S) as N → ∞ in

the sense of (2.2). Assume that ϕ satisfies the hypotheses (H1) − (H3) and

for some C > 0 and δ0 > 0 the following inequality holds:

1

N

N∑
i=1

ϕ2(p+δ0)(η
(N)
i ) ≤ C. (2.19)

Denote the average 1
N

N∑
i=1

η
(N)
i by yN . Then for any t > 0 the specific relative
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entropy

1

N
H(νt

N,yN
|γmt

N,yN
) =

1

N

∫
πN (yN )

log
dνt

N,yN

dγmt
N,yN

dνt
N,yN

=
1

N

∫
πN (yN )

f t
N,yN

log
f t

N,yN

gmt
N,yN

dµN,yN
(2.20)

approaches zero as N →∞.

We show also (see Lemma 2.1) that

lim
N→∞

1

N

∫
πN (yN )

f t
N,yN

log gmt
N,yN

dµN,yN
=

∫ 1

0

h(m(t, θ)) dθ − h(m̄),

where the constant m̄ is defined by (2.3). Taking this into account the main

result can be stated as follows:

Theorem 2.3. Under assumptions of Theorem 2.2 for any fixed positive

macroscopic time t the specific microscopic entropy converges as N →∞ to

the macroscopic entropy, namely

lim
N→∞

HN,yN
(t) = lim

N→∞

1

N

∫
πN (yN )

f t
N,yN

log f t
N,yN

dµN,yN

=

∫ 1

0

h(m(t, θ)) dθ − h(m̄)

2.4 Proof of Theorem 2.2

The basic steps of the proof are the same as for Theorem 1.2. But the

realization of this program becomes more technical due to the fact that now

our configuration space is non-compact.
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Since

1

N
H(νt

N,yN
| γmt

N,yN
) =

1

N
H(νt

N,yN
|µN,yN

)− 1

N
Eνt

N,yN
log gmt

N,yN

and the relative entropy is non-negative, the following two lemmas imply the

statement of Theorem 2.2.

Lemma 2.1. Under conditions of Theorem 2.2

lim
N→∞

1

N

∫
πN (yN )

f t
N,yN

log gmt
N,yN

dµN,yN
=

∫ 1

0

h(m(t, θ)) dθ − h(m̄)

where m̄ is defined by (2.3).

Lemma 2.2. Under conditions of Theorem 2.2

lim sup
N→∞

1

N

∫
πN (yN )

f t
N,yN

log f t
N,yN

dµN,yN
≤
∫ 1

0

h(m(t, θ)) dθ − h(m̄).

Proof of Lemma 2.1. Let m(t, θ) be the solution of (2.17) with initial

condition m0 and λ(t, θ) = h′(m(t, θ)). Denote λ( i
N
, θ) by λi

N . Recall that

yN = 1
N

N∑
i=1

η
(N)
i . The density gmt

N,yN
of a local Gibbs measure γmt

N with respect

to the invariant measure µN,yN
is easily computed:

gmt
N,yN

(x) =

exp(
N∑

i=1

λi
Nxi)

∫
πN (yN )

exp(−
N∑

i=1

ϕ(xi)) dσN

∫
πN (yN )

exp(
N∑

i=1

λi
Nxi −

N∑
i=1

ϕ(xi)) dσN)

, x ∈ πN(yN).
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Hence

1

N

∫
πN (yN )

log gmt
N,yN

dνt
N,yN

=
1

N

∫
πN (yN )

N∑
i=1

λi
Nxi dν

t
N,yN

− 1

N
logM(λi

N)

− 1

N
log(

∏
i∈ΛN

M(λi
N))−1

∫
πN (yN )

e

N∑
i=1

λi
Nxi−

N∑
i=1

ϕ(xi)
dσN

+
1

N
log

∫
πN (yN )

e
−

N∑
i=1

ϕ(xi)
dσN .

Evidently

lim
N→∞

1

N

N∑
i=1

logM(λi
N) =

∫ 1

0

logM(λ(t, θ)) dθ.

By Theorem A.2 and Theorem A.4 we obtain

lim
N→∞

1

N
log

∫
πN (yN )

e
−

N∑
i=1

ϕ(xi)
dσN = −h(m̄);

lim
N→∞

1

N
log

∫
πN (yN )

e

N∑
i=1

λi
Nxi−

N∑
i=1

ϕ(xi)−
N∑

i=1
log M(λi

N )
dσN = −Iλ(m̄) = 0.

The last equality follows from (2.16), (A.14) and the definition of λ. If we

show that

lim
N→∞

Eνt
N,yN

∣∣∣∣ 1

N

N∑
i=1

λi
Nxi −

∫ 1

0

λ(t, θ)m(t, θ) dθ

∣∣∣∣ = 0 (2.21)

then the proof of Lemma 2.1 will be complete:

lim
N→∞

1

N

∫
πN (yN )

log gmt
N,yN

dνt
N,yN

=

∫ 1

0

(
λm− logM(λ)

)
(t, θ) dθ − h(m̄)

=

∫ 1

0

h(m(t, θ)) dθ − h(m̄).
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To prove (2.21) it is enough to establish the uniform integrability of func-

tions 1
N

N∑
i=1

|xi| with respect to νt
N,yN

since by Theorem 2.18 we already know

that for any δ > 0

lim
N→∞

νt
N,yN

(
x ∈ πN(yN) :

∣∣∣∣∣ 1

N

N∑
i=1

λi
Nxi −

∫ 1

0

λ(t, θ)m(t, θ) dθ

∣∣∣∣∣ > δ

)
= 0.

Proposition 2.1. Let AN,R = {x ∈ πN(yN) : 1
N

N∑
i=1

|xi| > R}. Then

lim
R→∞

∫
AN,R

1

N

N∑
i=1

|xi| dνt
N,yN

= 0

uniformly in N and t ∈ [t0,∞) for any t0 > 0.

Proof. Under our assumptions on potential ϕ the proof is very easy (see

the Remark below for more general case). Let ω(s) = δs2 where δ > 0 will

be chosen later. For any ε > 0 and all R > (δε)−1 we obtain∫
AN,R

1

N

N∑
i=1

|xi| dνt
N,yN

≤ ε

∫
AN,R

ω( 1
N

N∑
i=1

|xi|) dνt
N,yN

≤ ε

∫
AN,R

1

N

N∑
i=1

ω(|xi|) dνt
N,yN

≤ ε

N
log

∫
πN (yN )

e

N∑
i=1

ω(|xi|)
dµN,yN

+
ε

N

∫
πN (yN )

log
dνt

N,yN

dµN,yN

dνt
N,yN

=
ε

N
log

∫
πN (yN )

e

N∑
i=1

ω(|xi|)−
N∑

i=1
ϕ(xi)

dσN + εHN,yN
(t).

Since ϕ satisfies (H2) we can choose δ = 1
2
C0 to ensure that∫

eω(|x|)−ϕ(x)dx <∞. (2.22)
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The statement now follows from Lemma A.2 and the entropy estimate (2.13).

Remark. Notice that in the proof of Proposition 2.1 we used only the fact

that the function ω : [0,∞) → R+ is convex, satisfies the condition (2.22),

and limN→∞
s

ω(s)
= 0. But the existence of such function ω follows already

from (H ′
2) (see, for example, [18]).Therefore, assuming (H ′

2), the above proof

depends only on the entropy bound (2.13). For the case of deterministic

initial conditions (2.13) was proved in [11] for all ϕ which satisfy (H ′
2), (H3)

and the inequalities

−B ≤ ϕ′′(x) ≤ C1ϕ(x) + C2, x ∈ R,

for some constants B, C1 and C2. The convexity of ϕ is not essential for

the proof of Proposition 2.1. It is used later as a sufficient condition for the

validity of the logarithmic Sobolev inequality.

Proof of Lemma 2.2. This proof depends on a number of auxiliary propo-

sitions. For convenience of the reader the precise statements are given in the

appropriate steps below but the proofs are postponed till the next chapter.

We start with a martingale decomposition (see Proposition 1.1) repeating

the construction given in the proof of Lemma 1.5. Let Ω = πN(yN) and

P = µN,yN
. Fix any k ∈ N and divide the circle S into k equal intervals

(or “arcs”) ∆i, i = 1, 2, . . . , k, of length ε = 1
k
. Without loss of generality

we can assume that N = kl where k is the number of “arcs” and l = εN is

the number of sites in each “arc”. Recall that the sites are numbered by the

points of integer lattice ΛN . The set of all site numbers corresponding to the

i-th “arc” will be denoted by Bi, Bi ⊂ ΛN .

64



Define

ȳi =
il∑

j=(i−1)l+1

xj, i = 1, 2, . . . , k;

Gi = {σ-algebra generated by coordinate functions xil+1, . . . , xN

and by ȳ1, . . . , ȳi subject to the restriction∑i
j=1ȳi +

∑N
j=il+1 xi = yN} , i = 0, . . . , k.

Fix an arbitrary t > 0 and let f t
i = EµN,yN

(
f t

N,yN
| Gi

)
, i = 1, . . . , k.

By Proposition 1.1 we have

1

N
H(νt

N,yN
|µN,yN

) =
1

N
EµN,yN

f t
N,yN

log f t
N,yN

=
1

N

k∑
i=1

EµN,yN
EµN,yN

(
f t

i−1 log
f t

i−1

f t
i

∣∣ Gi

)
+

1

N
EµN,yN

f t
k log f t

k. (2.23)

Step 1. We apply the logarithmic Sobolev inequality stated below to the

sum in the right hand side of (2.23).

Proposition 2.2. Let ϕ ∈ C2(R) satisfies (H1) and the convexity condi-

tion ϕ′′(x) ≥ C0 > 0 for all x ∈ R. Define µl,y to be the conditional

of the product measure exp (−
∑l

i=1 ϕ(xi)) dx1dx2 . . . dxl on the hyperplane

πl(y) = {x ∈ Rl :
∑l

i=1 xi = ly}, i.e.

dµl,y =
1

Zl,y

e
−

l∑
i=1

ϕ(xi)
dσl,

where Zl,y is a normalization constant for which Eµl,y
1 = 1 and dσl is the

Lebesgue measure on πl(y). Then for any smooth f : Rl → R+ such that
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Eµl,y
f = 1

Eµl,y
f log f ≤ 4l2

C0

D̂l,y(
√
f). (2.24)

Here

D̂l,y(g) =
1

2

∫
πl(y)

l−1∑
i=1

(
∂g

∂xi

− ∂g

∂xi+1

)2

dµn,y.

Remark. This proposition is a consequence of the classical logarithmic

Sobolev inequality [1]. See Chapter 3 for details.

Denote µN,yN
( · |Gi) by µi and the marginal of µi on the i-th “arc” by µ̄i.

It is easy to see that µ̄i is exactly of the form described in Proposition 2.2

(cf. µl,ȳi
). Setting f̄i = f t

i−1/f
t
i and applying (2.24) with f = f̄i we obtain

Eµ̄i
f̄i log f̄i ≤ Cl2

∫
πl(ȳi)

∑
j−1,j∈Bi

(
∂
√
f̄i

∂xj−1

− ∂
√
f̄i

∂xj

)2

dµ̄i

=
Cl2

4f t
i

∫
πl(ȳi)

∑
j−1,j∈Bi

1

f t
i−1

(
∂f t

i−1

∂xj−1

−
∂f t

i−1

∂xj

)2

dµ̄i (2.25)

since f t
i does not depend on coordinates in the i-th arc. Now we need to

switch back from f t
i−1 to f t

N,yN
. Let us denote

(
∂

∂xj−1
− ∂

∂xj

)
by ∂j−1,j. We

have

∂j−1,jf
t
i−1 = ∂j−1,jEµi−1

f t
N,yN

= Eµi−1
∂j−1,jf

t
N,yN

. (2.26)

The term where ∂j−1,j is applied to the density of µi−1 vanishes because

the dependence of the density on the parameters xj, j > (i − 1)l is only

through their sum
∑N

n=(i−1)l+1 xj and ∂j−1,j(
∑N

n=(i−1)l+1 xn) = 0. By (2.26)
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and Hölder inequality we can estimate∫
πl(ȳi)

∑
j−1,j∈Bi

(
∂j−1,jf

t
i−1

)2
f t

i−1

dµ̄i =

∫
πl(ȳi)

∑
j−1,j∈Bi

(
Eµi−1

∂j−1,jf
t
N,yN

)2
f t

i−1

dµ̄i

≤
∫

πl(ȳi)

∑
j−1,j∈Bi

Eµi−1

(∂j−1,jf
t
N,yN

)2

f t
N,yN

dµ̄i

= Eµi

∑
j−1,j∈Bi

(∂j−1,jf
t
N,yN

)2

f t
N,yN

. (2.27)

Taking summation over i, averaging with respect to µN,yN
and substituting

the result in (2.23) we conclude

1

N
H(νt

N,yN
|µN,yN

) ≤ Cε2

N
DN,yN

(
√
f t

N,yN
) +

1

N
EµN,yN

f t
k log f t

k

where C depends only on C0 (see (H3)).

To obtain a bound on the Dirichlét form we use (2.12) and (2.13). Assume

that ε
(
= 1

k

)
< t and set tε = t− ε then

1

N

∫ t

tε

DN,yN
(
√
f s

N,yN
) ds = HN,yN

(tε)−HN,yN
(t) ≤ C(tε).

For any α > 1 let Eε
N,α = {s ∈ (tε, t] : DN,yN

(
√
f s

N,yN
) ≤ αN

ε
C(tε}. Then

the Lebesgue measure of Eε
N,α is at least (1− 1

α
)ε and for any tN ∈ Eε

N,α

HN,yN
(t) ≤ HN,yN

(tN) ≤ αεC(tε, C0) +
1

N
EµN,yN

f tN
k log f tN

k . (2.28)

In the next three steps we deal with the second term of (2.28). The func-

tion f t
k depends only on the “average charges” ȳ1, . . . , ȳk. Denote by νt

k the

joint distribution of ȳ1, . . . , ȳk under νt
N,yN

. Let µk be the joint distribution

of ȳ1, . . . , ȳk under the invariant measure µN,yN
. Thus dνt

k = f t
kdµ

t
k and

EµN,yN
f tN

k log f tN
k = E

ν
tN
N,yN

log
dνtN

k

dµk

.
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Step 2. For each N introduce a new process x̃(N)(t), which is the solution

of the following system of stochastic differential equations:

dx̃(t) = N2A(N)b̃(N)(t, x̃(t))dt+NG(N)dβ(N)

where β(N) is the standard N -dimensional Brownian motion,

A(N) = G(N)G(N)∗, b̃(N)(t, ·) =

b
(N)(·) if t ≤ t̃N ,

0 if t > t̃N ,

(2.29)

and G(N), b(N)(x) are given by (2.5). The value of t̃N ∈ (tε, tN) will be chosen

later. Assume that x̃(N) starts at t = 0 from the same deterministic condition

η(N) as does x(N). In other words the new process has the same parameters

as the original one up to the time t̃N after which the drift is “switched off”

and from that moment on x̃(N) evolves as a pure Gaussian process on πN(yN)

with constant covariance.

The corresponding measure on the space of continuous paths will be de-

noted by P̃N . For all quantities associated with the new process we keep the

same notation as for x(N) but equip them with tilde.

Returning to the second term in (2.28) we can now split it into three

parts and handle each part separately:

1

N
E

ν
tN
N,yN

log
dνtN

k

dµk

=
1

N
E

ν
tN
N,yN

log
dνtN

k

dν̃tN
k

+

1

N
E

ν
tN
N,yN

log
dν̃tN

k

dσk

− 1

N
E

ν
tN
N,yN

log
dµk

dσk

, (2.30)

where dσk is Lebesgue measure on πk(yN) = {x ∈ Rk : 1
k

k∑
i=1

xi = yN}.
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From the convexity of the function x log x and Jensen’s inequality for

conditional expectations we have

1

N
Eνt

N,yN
log

dνtN
k

dν̃tN
k

≤ 1

N
EPN

log
dPN

dP̃N

∣∣∣∣
FtN

(2.31)

where FtN is the σ-algebra up to time tN . The right hand side of (2.31) can

now be computed using Girsanov’s formula:

Proposition 2.3.

1

N
EPN

log
dPN

dP̃N

∣∣∣∣
FtN

=
N

8
EPN

∫ tN

t̃N

∑
i∈ΛN

(ϕ′(xi(s))− ϕ′(xi+1(s)))
2ds.

Applying Ito’s formula to
∑

i∈ΛN
ϕ(xi(t)) and taking into account that

x(N)(t) satisfies (2.1) we can prove the following

Proposition 2.4. Let
∑

i∈ΛN
ϕ(η

(N)
i ) ≤ CN . Then for any sufficiently large

α there exist sequences {tN} and {t̃N}, tε < t̃N < tN < t, such that

i) tN ∈ Eε
N,α;

ii) EPN

tN∫̃
tN

∑
i∈ΛN

(ϕ′(xi(s))− ϕ′(xi+1(s)))
2ds ≤ CN(tN − t̃N);

iii) tN − t̃N = cN−3 for some positive constant c.

Choose α large enough. Then from (2.31) and Propositions 2.3 and 2.4

we obtain
1

N
E

ν
tN
N,yN

log
dνtN

k

dν̃tN
k

≤ C

N
. (2.32)

Step 3. The second term in the right hand side of (2.30) can be com-

puted explicitly starting from t̃N since the drift coefficient for x̃(N) van-

ishes for all t > t̃N . After t̃N the “arc” averages ỹ1, . . . , ỹk (defined by
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ỹj = 1
l

∑
i∈∆j

x̃
(N)
i , j = 1, . . . , k) of the process x(N) undergo a Gaussian

diffusion in Rk with parameters (0, k2A(k)) where

A(k) =



2 −1 0 . . . −1

−1 2 −1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . −1

−1 0 0 . . . 2


Let Ã(k) be the restriction of A(k) to πk(yN) = {y ∈ Rk : 1

k

k∑
i=1

yi = yN}.

Then Ã(k) is non-degenerate and

1

N
log

dν̃tN
k

dσk

(·) =
1

N
log

[(
(tN − t̃N)k−1(2πk2)k−1 det Ã(k)

)−1/2

×∫
πk(yN )

exp

(
− 1

2(tN − t̃N)
(x− ·)T Ã(k)−1

(x− ·)
)
dν̃ t̃N

k

]
≤

k − 1

2N

(
log(tN − t̃N)−1 − log(2π)

)
− 1

2N
log(k2(k−1) det Ã(k)). (2.33)

The det Ã(k) is equal to the product of non-zero eigenvalues of A(k).

Proposition 2.5. We have

det Ã(k) =
k−1∏
j=1

(1− cos
2πj

k
);

lim
k→∞

1

k
log(det Ã(k)) = log 2 +

4

π

π
2∫

0

log sinx dx.

From the above Proposition and iii) of Proposition 2.4 we see that for all

k large enough

1

N
log

dν̃tN
k

dσk

≤ k − 1

2N
log(c−1N3) ≤ C logN

εN
. (2.34)
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Step 4. Finally we show that

lim
k→∞

lim inf
N→∞

1

N
E

ν
tN
N,yN

log
dµk

dσk

= −
∫ 1

0

h(m(t, θ) dθ + h(m̄). (2.35)

Let

hl(ȳj)
def
= −1

l
log

∫
∑

j∈Bi

xj=lȳj

e
−

∑
j∈Bi

ϕ(xj)

dσN

Recall that ȳi = 1
l

∑
j∈Bi

xj. By the definition of µk

1

N
log

dµk

dσk

= −1

k

k∑
i=1

hl(ȳj)−
1

N
log

∫
πN (yN )

e
−

N∑
i=1

ϕ(xj)
dσN(x). (2.36)

The second term on the right hand side of the above identity is a constant

relative to νtN
N,yN

and we know by (A.2) that

lim
N→∞

1

N
log

∫
πN (yN )

e
−

N∑
i=1

ϕ(xj)
dσN(x) = −h(m̄).

We write the first sum in (2.36) as

−1

k

k∑
i=1

(hl(ȳi)− h(ȳi))−
1

k

k∑
i=1

h(ȳi)

The following facts are already known:

a) liml→∞ hl(z) = h(z) locally uniformly in z (Theorem A.2);

b) lim
N→∞

νs
N,yN

(
x ∈ RN : |ȳi − k

∫
∆i
m(s, θ) dθ| ≥ δ

)
= 0 for any δ > 0

locally uniformly in s > 0 (Theorem 2.1).

All we need to complete the proof is a uniform integrability estimate which

would enable us to conclude that

lim
N→∞

E
ν

tN
N,yN

1

k

k∑
i=1

|hl(ȳi)− h(ȳi)| = 0 (2.37)
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and also that for some tε ∈ [t− ε, t]

lim inf
N→∞

E
ν

tN
N,yN

(
−1

k

k∑
i=1

h(ȳi)

)
= −1

k

k∑
i=1

h(k

∫
∆i

m(tε, θ) dθ). (2.38)

As h and m are continuous functions and

k

∫
∆i

m(tε, θ) dθ = m(tε, θj) for some θi ∈ ∆i,

the statement (2.35) would follow by letting k(= 1
ε
) go to infinity.

Before formulating a sufficient condition for (2.37) and (2.38) to hold we

investigate relationships between hl, h and ϕ in more detail.

Proposition 2.6. Let ϕ be smooth, satisfy (H1), ϕ
′′(x) ≥ C0 for all large

|x| and |ϕ′(x)| ≤ C(ϕ(x) + 1) for all x ∈ R. Define

hl(x) =
1

l
log

∫
l∑

j=1
xi=lx

e
−

l∑
j=1

ϕ(xi)

dσl.

Then there is a constant C > 0 such that |hl(x)| ≤ C(ϕ(x) + 1), x ∈ R,

uniformly in l.

As an immediate consequence of this proposition we obtain the inequality

|h(x)| ≤ C(ϕ(x) + 1). In view of the above the following lemma gives us the

desired uniform integrability.

Lemma 2.3. Let all the conditions of Theorem 2.2 be satisfied

and q = min{1+ δ0p
−1, 2}. Then for any fixed k there exists C > 0 such that

for any i = 1, 2, . . . , k

Eνs
N,yN

|ϕ(ȳi)|q ≤ C

uniformly in N and locally uniformly in s > 0.
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This finishes the proof of (2.35).

Conclusion. Using (2.32), (2.34) and (2.35) we can now estimate the right

hand side of (2.30):

lim sup
k→∞

lim sup
N→∞

1

N
E

ν
tN
N,yN

log
dνtN

k

dµk

≤
∫ 1

0

h (m(t, θ)) dθ − h(m̄).

This inequality together with (2.28) yields

lim sup
N→∞

HN,yN
(t) ≤

∫ 1

0

h (m(t, θ)) dθ − h(m̄)

which is precisely the statement of Lemma 2.2.

The proof of Theorem 2.2 is now complete modulo the proofs of Propo-

sitions 2.2-2.6 and Lemma 2.3 which are the contents of the next chapter.
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Chapter 3

Proofs of technical results for

Ginzburg-Landau model

3.1 Proofs of Propositions 2.2 - 2.5

Proof of Proposition 2.2. This result is a simple consequence of

Theorem 3.1 ([1], see also [5]). Let U ∈ C2(Rn) be such that for some

ε > 0 and all x ∈ Rn it satisfies Hess U(x) ≥ εI and∫
Rn

exp(−U(x)) dx = 1.

Then for any smooth function f : Rn → R+ for which∫
Rn

f(x) exp(−U(x)) dx = 1

the following inequality holds∫
Rn

f(x) log f(x) exp(−U(x)) dx ≤ 4

ε

∫
Rn

|∇f(x)|2

f(x)
exp(−U(x)) dx. (3.1)
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Let f : Rn → R+ satisfy the assumptions of Proposition 2.2. Then∫
πl(y)

f log f dµl,y =
1

Zl,y

∫
Rl−1

f log f(x1, . . . , xl)e
−

∑l
i=1 ϕ(xi)|Jl−1| dl−1x

where xl = ly −
∑l−1

i=1 xi and Jl−1 =
dσl

dl−1x
, |Jl−1| =

√
l − 1. Set

Uy(x1, . . . , xl−1) =
l−1∑
i=1

ϕ(xi) + ϕ(ly −
l−1∑
i=1

xi).

To apply (3.1) we need only to check that Hess Uy ≥ εI for some ε > 0. By

direct computation we obtain for any z ∈ Rl−1

〈(Hess Uy)z, z〉Rl−1 =
l−1∑
i=1

ϕ(xi)z
2
i + ϕ′′(xl)

(
l−1∑
i=1

xi

)2

≥ C0‖z‖2
Rl−1 .

From (3.1)we find that∫
Rl−1

(f log f)e−Uy dl−1x ≤ 4

C0

∫
Rl−1

1

f

l−1∑
i=1

(
∂f

∂xi

− ∂f

∂xl

)2

e−Uy dl−1x.

The proof will be complete if we find an upper bound on the quadratic form∑l−1
i=1(qi − ql)

2 in terms of
∑l−1

i=1(qi − qi+1)
2 for all q = (q1, . . . , ql) ∈ Rl. We

show that there are constants 0 < Q1 < Q2 such that

Q1l
2 ≤ sup

q∈Rl\0

∑l−1
i=1(qi − ql)

2∑l−1
i=1(qi − qi+1)2

≤ Q2l
2

uniformly in l ≥ 2. Indeed

l−1∑
i=1

(qi − ql)
2 =

l−1∑
i=1

(
l−1∑
j=i

(qj − qj+1)

)2

≤
l−1∑
i=1

(l − i)
l−1∑
j=i

(qj − qj+1)
2

≤

(
l−1∑
i=1

(l − i)

)
l−1∑
i=1

(qi − qi+1)
2 =

l(l − 1)

2

l−1∑
i=1

(qi − qi+1)
2.
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This implies that Q2 ≤ 1
2
. Now if we take qi = i then∑l−1

i=1(qi − ql)
2∑l−1

i=1(qi − qi+1)2
=

∑l−1
i=1 i

2

l − 1
=

1

3
(l − 1)2 +

1

2
(l − 1) +

1

6
≥ 1

3
(l − 1)2.

The inequality Q1 > 0 tells us that the order l2 can not be improved. Thus

l−1∑
i=1

(
∂f

∂xi

− ∂f

∂xl

)2

≤ l2

2

l−1∑
i=1

(
∂f

∂xi

− ∂f

∂xi+1

)2

and ∫
πl(y)

f log f dµl,y ≤
2l2

C0

∫
πl(y)

1

f

l−1∑
i=1

(
∂f

∂xi

− ∂f

∂xl

)2

dµl,y

as claimed.

Proof of Proposition 2.3. By Girsanov’s formula

log
dP̃N

dPN

∣∣∣∣
FtN

=

−
∫ tN

0

(b(N) − b̃(N)) dx̄− N2

2

∫ tN

0

〈b(N) − b̃(N), A(N)(b(N) − b̃(N))〉 ds

where x̄ = x − N2
∫ tN

0
A(N)b(N) ds is a PN -martingale and 〈·, ·〉 denotes a

scalar product in RN . Since b̃ coincides with b up to time t̃N and vanishes

for all t > t̃N we obtain

log
dPN

dP̃N

∣∣∣∣
FtN

=

∫ tN

t̃N

b(N) dx̄+
N2

2

∫ tN

t̃N

〈b(N), A(N)b(N)〉 ds

Taking expectation with respect to PN in the above equality and using (2.5)

we find that

1

N
EPN

log
dPN

dP̃N

∣∣∣∣
FtN

=
N

2
EPN

∫ tN

t̃N

〈b(N), A(N)b(N)〉 ds

=
N

8
EPN

∫ tN

t̃N

N∑
i=1

(ϕ′(xi)− ϕ′(xi+1))
2
ds.
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Proof of Proposition 2.4.

Step 1. We show that for any t0 > 0 there is a constant C = C(t0) such

that for all N and all t > t0

1

N
Eνt

N,yN

N∑
i=1

ϕ(xi) ≤ C(t0). (3.2)

By entropy inequality and (2.13) for any δ > 0

1

N
Eνt

N,yN

N∑
i=1

ϕ(xi) ≤
1

Nδ
logEµN,yN

e
δ

N∑
i=1

ϕ(xi)
+

1

Nδ
HN,yN

(t)

≤ 1

Nδ
logEµN,yN

e
δ

N∑
i=1

ϕ(xi)
+

1

δ
C(t0).

Fix δ ∈ (0, 1) then

1

N
logEµN,yN

e
δ

N∑
i=1

ϕ(xi)
=

1

N
log

∫
πN (yN )

e
−(1−δ)

N∑
i=1

ϕ(xi)
dσN

− 1

N
log

∫
πN (yN )

e
−

N∑
i=1

ϕ(xi)
dσN (3.3)

By Theorem A.2 the right hand side of (3.3) has a finite limit as N → ∞

which depends only on δ and m̄. This proves the estimate (3.2).

Step 2. Using Itô’s formula and (2.1) we show that for any t2 > t1 > 0

1

2
EPN

t2∫
t1

N∑
i=1

(ϕ′(xi(s))− ϕ′(xi+1(s)))
2
ds = (3.4)

1

N2

(
EPN

N∑
i=1

ϕ(xi(t1))− EPN

N∑
i=1

ϕ(xi(t2))

)
+ EPN

t2∫
t1

N∑
i=1

ϕ′′(xi(s)) ds.
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Indeed

dϕ(xi(s)) =
N2

2
ϕ′(xi(s)) [ϕ′(xi−1(s))− 2ϕ′(xi(s)) + ϕ(xi+1(s))] ds

+N2ϕ′′(xi(s)) ds+ PN -martingale.

Taking summation over i, integrating from t1 to t2 and computing the ex-

pectation with respect to PN we find that

EPN

∑
i∈ΛN

ϕ(xi(t2)) =

EPN

∑
i∈ΛN

ϕ(xi(t1))−
N2

2
EPN

∫ t2

t1

∑
i∈ΛN

(ϕ′(xi(s))− ϕ′(xi+1(s)))
2
ds

+N2EPN

∫ t2

t1

N∑
i=1

ϕ′′(xi(s)) ds

which implies (3.4).

Step 3. The first term in the right hand side of (3.4) will now be estimated.

Take an arbitrary h < ε
2

(ε = 1
k
). Since t > tε + h we obtain

1

N

∫ t−h

tε

(
EPN

N∑
i=1

ϕ(xi(s))− EPN

N∑
i=1

ϕ(xi(s+ h))

)
ds =

1

N

(∫ tε+h

tε

−
∫ t

t−h

)
EPN

N∑
i=1

ϕ(xi(s)) ds ≤ 2hC(tε).

The last inequality follows from (3.2). This estimate implies that if we con-

sider a set

Ẽε
N,α =

{
s ∈ [tε, t] : EPN

(
N∑

i=1

ϕ(xi(s))−
N∑

i=1

ϕ(xi(s+ h))

)
≤ αhN

}

where α > 0 then its Lebesgue measure is not less than (t− tε− h)− 2
α
C(tε)

and therefore is at least ε
2
(1− 4C(tε)

αε
). Consider now Ẽε

N,α+{h} – a translation
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of Ẽε
N,α by h. By choosing large enough α we can ensure that

mes[(Ẽε
N,α + {h}) ∩ Eε

N,α] >
ε

4
.

Notice that α is independent of N and h.

The same reasoning goes through if we now let h depend on N so that

h(N) = hN → 0 as N →∞. Choose any tN ∈ (Ẽε
N,α + {hN})∩Aε

N,α and set

t̃N = tN − hN . Then t̃N ∈ Ẽε
N,α and for this choice of tN and t̃N we have

1

2
EPN

tN∫
t̃N

N∑
i=1

(ϕ′(xi(s))− ϕ′(xi+1(s)))
2
ds ≤ αhN

N
+ EPN

tN∫
t̃N

N∑
i=1

ϕ′′(xi(s)) ds

Step 4. Since we assumed that ϕ′′(x) ≤ C1(ϕ(x) + 1) (see (H2)) the last

term in the above inequality is bounded by

C1

(
N(tN − t̃N) + EPN

∫ tN

t̃N

N∑
i=1

ϕ(xi(s)) ds
)

This implies that

1

2
EPN

tN∫
t̃N

N∑
i=1

[ϕ′(xi(s))− ϕ′(xi+1(s))]
2
ds ≤ 1

N
αhN + C1NhN(1 + C(tε)).

The result now follows by setting hN = cN−3 for some c > 0.

Proof of Proposition 2.5. Denote 2πj
k

by α
(k)
j . It is easy to check

that, since −A(k) is a matrix for a discrete Laplace operator with periodic

boundary conditions, the vectors e
(k)
j = (eiα

(k)
j , . . . , eikα

(k)
j ), j = 0, . . . , k, are

independent eigenvectors for A(k) with corresponding eigenvalues given by

(1− cosα
(k)
j ). Taking the product of non-zero eigenvalues (j = 1, . . . , k − 1)

we obtain the first part of the proposition.
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To prove the second statement notice that

1

k
log

k−1∏
j=1

(1− cos
2πj

k
) =

k − 1

k
log 2 +

k−1∑
i=1

1

k
log sin2 πj

k

=
k − 1

k
log 2 + 4

[ k
2 ]∑

j=1

1

k
log sin

πj

k
. (3.5)

The last sum is an integral sum for the convergent integral∫ 1
2

0

log sin(πx) dx =
1

π

∫ π
2

0

log sinx dx.

Passing to the limit as k →∞ in (3.5) yields the desired result.

3.2 Proofs of Proposition 2.6 and Lemma 2.3

Proof of Proposition 2.6. For any x′ < x′′ it is true that

x′′∫
x′

e−hl(x)dx =

∫
lx′≤

l∑
j=1

xj≤lx′′

e
−

l∑
j=1

ϕ(xj)

dσl

≥
∫

x′≤xj≤x′′

j=1,...,l

e
−

l∑
j=1

ϕ(xj)

dlx =

 x′′∫
x′

e−ϕ(x)dx

l

If hl and ϕ are monotone increasing for x > x0 > 0 then

(x′′ − x′) exp(−lhl(x
′)) ≥ (x′′ − x′)l exp(−lϕ(x′′)) for x′, x′′ ∈ [x0,∞),

i.e hl(x
′) ≤ −(1− 1

l
) log(x′′ − x′) + ϕ(x′′) which implies

hl(x) ≤ ϕ(x+ 1) for x > x0. (3.6)
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Similarly if hl and ϕ are monotone decreasing for x < −x0 then

hl(x) ≤ ϕ(x− 1) for x < −x0. (3.7)

Since ϕ is convex and
∫
e−ϕ(x)dx <∞ we know that it is monotone increasing

for large positive x and is monotone decreasing for large negative x. Moreover

by our assumptions (see (H2))

ϕ′(x) ≥ C0x− C for x > x0 and

ϕ′(x) ≤ C0x+ C for x < −x0

for some x0 > 0. This inequalities hold also for h′l:

h′l(x) =

∫
l∑

j=1
xj=lx

1
l

l∑
j=1

ϕ′(xj)e
−

l∑
j=1

ϕ(xj)

dσl

∫
l∑

j=1
xj=lx

e
−

l∑
j=1

ϕ(xj)

dσl

≥ C0x− C for x > x0

and similarly h′l(x) ≤ C0x+C for x < −x0. This implies monotonicity of hl

for large |x|. Using the condition on the derivative of ϕ (see (H3)) we find

that

ϕ(x± 1) ≤ C(ϕ(x) + 1) (3.8)

for some constant C > 0. The statement now follows from (3.6) - (3.8) by

noticing that hl are bounded below uniformly in l. The last observation is a

consequence of monotonicity of hl and Theorem A.2.

Proof of Lemma 2.3. Without loss of generality we can assume that

ϕ ≥ 0.

81



Step 1. We have

Eνs
N,yN

ϕq(ȳi) = Eνs
N,yN

ϕq

(
1

l

∑
j∈Bi

xj

)
≤ 1

lq
Eνs

N,yN

(∑
j∈Bi

ϕ(xj)

)q

.

Let

H
(q)
N,yN

(s) =
1

N q

∫
πN (yN )

f s
N,yN

∣∣log f s
N,yN

∣∣q dµN,yN
.

By Lemma B.1 for any δ > 0 we have

1

N q
Eνs

N,yN

(∑
j∈Bi

ϕ(xj)

)q

≤ 2

(δN)q
logq 3

(
1 + EµN,yN

e
δ

∑
j∈Bi

ϕ(xj)
)

+
6

δq
H

(q)
N,yN

(s). (3.9)

The first term on the right hand side of (3.9) is clearly bounded since

χN =
1

N
logEµN,yN

e
δ

∑
j∈Bi

ϕ(xj)

converges to a limit as N →∞ (see (3.3)) and

0 ≤ 1

N
log(1 + χN) ≤


1
N

log 2 if χN ≤ 1

1
N

log(2χN) if χN > 1.

Thus we have reduced the problem to proving that for our choice of q

H
(q)
N,yN

(s) ≤ Cq (3.10)

locally uniformly in s > 0.

The proof of (3.10) is similar to the proof of (2.13) given in [11]. Even

though the function x| log x|q is convex only for x ≥ exp(1 − q) it will not

affect our considerations. There exists a smooth convex function K(x) such

that

x| log x|q ≤ K(x) ≤ B + x| log x|q, x ≥ 0 (3.11)
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for some B > O. We have

d

ds

∫
πN (yN )

K(f s
N,yN

) dµN,yN
=

∫
πN (yN )

K ′(f s
N,yN

)LNf
s
N,yN

dµN,yN

= −
∫

πN (yN )

K ′′(f s
N,yN

)
∑
i∈ΛN

[(
∂

∂xi

− ∂

∂xi+1

)
f s

N,yN

]2

dµN,yN
≤ 0

and therefore if (3.10) holds for some s0 > 0 with Cq = Cq(s0) then it holds

for all s ≥ s0 with Cq ≤ Cq(s0) + B. In the next step we argue that if we

let s0 depend on N in such a way that s0(N) → 0 as N →∞ and s0(N)N2

is bounded below by some τ > 0 then the sequence H
(q)
N,yN

(s0(N)) remains

bounded by a constant C = C(τ). This will finish the proof of (3.10).

Step 2. Let sN = τN−2, τ > 0, and define a non-speeded process

z(N)(τ) = x(N)(sN). Then z(N)(τ) satisfies the system

dzi(τ) =
1

2
(ϕ′(zi−1)− 2ϕ(zi) + ϕ(zi+1)) dτ + dβi(τ)− dβi+1(τ), (3.12)

with initial conditions zi(0) = η
(N)
i , i ∈ ΛN . By abuse of notation we write

f τ
N,yN

, ντ
N,nN

, H
(q)
N,yN

(τ) instead of f sN
N,yN

, νsN
N,yN

, H
(q)
N,yN

(sN).

We need to show that

H
(q)
N,yN

(τ) =
1

N q

∫
πN (yN )

f τ
N,yN

| log f τ
N,yN

|q dµN,yN
≤ C(τ)

uniformly in N . This is done by “comparison” of z(N) with a Gaussian

process w(N) which solves

dw
(N)
i (τ) = dβ

(N)
i (τ)− dβ

(N)
i+1 (τ), i ∈ ΛN ,

with the same initial data.
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Denote by rτ
N,yN

the density of the finite dimensional distribution of

w(N)(τ) with respect to µN,yN
. Then∫

πN (yN )

f τ
N,yN

| log f τ
N,yN

|q dµN,yN
≤

≤
∫

{fτ
N,yN

≥1}

f τ
N,yN

∣∣∣∣ log

(
f τ

N,yN

rτ
N,yN

· rτ
N,yN

)∣∣∣∣q dµN,yN
+ max

0≤x≤1
x| log x|q.

Since for any 0 < x ≤ y, xy ≥ 1 it is true that

0 ≤ log(xy) ≤ 2 log y

we have∫
{fτ

N,yN
≥1}

f τ
N,yN

∣∣∣∣ log

(
f τ

N,yN

rτ
N,yN

· rτ
N,yN

)∣∣∣∣q dµN,yN
≤

≤ 2q

∫
{fτ

N,yN
≥1}

f τ
N,yN

(
max

{
log

f τ
N,yN

rτ
N,yN

, log rτ
N,yN

})q

dµN,yN

≤ 2q

( ∫
πN (yN )

f τ
N,yN

∣∣∣∣ log
f τ

N,yN

rτ
N,yN

∣∣∣∣q dµN,yN
+

∫
{rτ

N,yN
≥1}

f τ
N,yN

logq rτ
N,yN

dµN,yN

)
.

The first term of the sum above will be estimated by Girsanov’s formula. At

this point our assumption (2.19) on the initial data comes into play. The fact

that rτ
N,yN

is known explicitly will allow us to obtain a bound on the second

term. The following two propositions complete the proof of Lemma 2.3.

Proposition 3.1. Assume that {η(N)} satisfies (2.19) where p is defined in

(H3). Then

i) Eντ
N,nN

∑
i∈ΛN

|ϕ(z
(N)
i )|2pq ≤ C(T )N for all τ ∈ [0, T ], T <∞;
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ii)
∫

πN (yN )

f τ
N,yN

∣∣∣∣ log
f τ

N,yN

rτ
N,yN

∣∣∣∣q dµN,yN
≤ C(τ)N q for any τ > 0.

Proposition 3.2. For any τ > 0 there is a constant C(τ) such that∫
rτ
N,yN

≥1

f τ
N,yN

logq rτ
N,yN

dµN,yN
≤ C(τ)N q.

Proof of Proposition 3.1. To simplify the notation we drop the su-

perscript in z(N).

i) First we prove a slightly more general statement. Let ψ(x) be any

smooth convex function which satisfies the inequality

ψ′′(x) ≤ C(ψ(x) + 1) (3.13)

Then by Itô’s formula

dψ(zi) = ψ′′(zi)dτ + ψ′(zi)dzi.

Taking summation over i, integrating from 0 to τ , applying (3.12) and com-

puting the expectation we get

EPN

∑
i∈ΛN

ψ(zi(τ)) =
∑
i∈ΛN

ψ(η
(N)
i ) +

τ∫
0

EPN
ψ′′(zi(s)) ds

− 1

2

τ∫
0

EPN

∑
i∈ΛN

(
ψ′(zi+1(s))− ψ′(zi(s))

)(
ϕ′(zi+1(s))− ϕ′(zi(s))

)
ds

≤
∑
i∈ΛN

ψ(η
(N)
i ) + CNτ + C

τ∫
0

EPN
ψ(zi(s)) ds.

In the last inequality we used convexity of ϕ and ψ and the condition (3.13).

An application of the Gronwall inequality yields

Eντ
N,nN

∑
i∈ΛN

ψ(zi) ≤

(∑
i∈ΛN

ψ(η
(N)
i ) +N(1− e−Cτ )

)
eCτ . (3.14)
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In our case we can take ψ(x) essentially to be equal to |ϕ(x)|2pq modifying

the latter on a finite interval as necessary. Then from (3.14) we obtain for

τ ∈ [0, T ]

Eντ
N,nN

∑
i∈ΛN

|ϕ(zi)|2pq ≤ C(T )N.

ii) We show that
∫

πN (yN )

K

(
fτ

N,yN

rτ
N,yN

)
rτ
N,yN

dµN,yN
≤ C(τ)N q where K sat-

isfies (3.11). This immediately implies ii). By convexity of K∫
πN (yN )

K

(
f τ

N,yN

rτ
N,yN

)
rτ
N,yN

dµN,yN
≤ EQN

K

(
dPN

dQN

)
Fτ

∣∣∣∣
≤ B + EPN

∣∣ log
dPN

dQN

∣∣∣∣
Fτ

∣∣q.
where QN is the measure on continuous paths associated with w(N). In the

same way as in the proof of Proposition 2.3 we obtain

EPN

∣∣ log
dPN

dQN

∣∣∣∣
Fτ

∣∣q =

= EPN

∣∣∣∣
τ∫

0

b(N)(z(s)) dz̄(s) +
1

2

∫ τ

0

〈b(N)(z), A(N)b(N)(z)〉(s) ds
∣∣∣∣q

≤ 2q−1

∣∣∣∣EPN

τ∫
0

b(N)(z(s)) dz̄(s)

∣∣∣∣q + C(τ)EPN

τ∫
0

〈b(N)(z), A(N)b(N)(z)〉q(s) ds

with z̄(s) = z(s) −
τ∫
0

A(N)b(N)(z(s)) ds. From the inequality
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aq ≤ 2

q
a2 +

(
2

q
− 1

)
, q ∈ [1, 2], and Itô’s isometry we find that

EPN

∣∣∣∣ log
dPN

dQN

∣∣∣∣
Fτ

∣∣q ≤ 2q

q
EPN

τ∫
0

〈b(N)(z), A(N)b(N)(z)〉(s) ds+ 2q−1

(
2

q
− 1

)

+ C(τ)EPN

τ∫
0

〈b(N)(z(s)), A(N)b(N)(z(s))〉q ds

< C̃(τ)
(
EPN

τ∫
0

〈b(N)(z), A(N)b(N)(z)〉q(s) ds+ 1
)
.

Notice that by (2.5) and (H3)

〈b(N)(z), A(N)b(N)(z)〉 =
1

2

∑
i∈ΛN

(
ϕ′(zi+1)− ϕ′(zi)

)2
≤ 4C2

1

( ∑
i∈ΛN

|ϕ(zi)|2p +N
)
.

Therefore by the Hölder inequality and part i)

EPN

τ∫
0

〈b(N)(z(s)), A(N)b(N)(z(s))〉q ds

≤ C

(
N q−1EPN

τ∫
0

∑
i∈ΛN

|ϕ(zi(s))|2pq ds+N q

)
≤ C(τ)N q

This completes the proof.

Proof of Proposition 3.2. Let Ã(N) be the restriction of A(N) to

πN(yN). Then by the definition of rτ
N,yN

for any z such that rτ
N,yN

(z) ≥ 1 we
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obtain

0 ≤ 1

N
log rτ

N,yN
(z) =

1

N
log

[(
(2πτ)N−1 det Ã(N)

)− 1
2 exp

(
− 1

2τ
(z − η(N))T Ã(N)−1

(z − η(N))
)]

− 1

N
log

dµN,yN

dσN

(z)

≤ −N − 1

2N
log(2πτ)− 1

2N
log(det Ã(N))

+
1

N

N∑
i=1

ϕ(zi) +
1

N
log

∫
πN (yN )

e
−

N∑
i=1

ϕ(xi)
dσN

The first term in the right hand side is evidently bounded. The second

and the fourth terms have finite limits as N → ∞ by Proposition 2.5 (with

k = N) and Theorem A.2 respectively. The third term is the only one which

depends on z. We conclude that

1

N q

∫
rτ
N,yN

≥1

f τ
N,yN

logq rτ
N,yN

dµN,yN
≤ C(τ) +

2q−1

N q

∫
πN (yN )

∣∣ ∑
i∈ΛN

ϕ(zi)
∣∣q dντ

N,nN

≤ C(τ) +
2q−1

N q

∫
πN (yN )

N q− 1
2p
( ∑

i∈ΛN

|ϕ(zi)|2pq
) 1

2pdντ
N,nN

= C(τ) + 2q−1

(
Eντ

N,nN

1

N

∑
i∈ΛN

|ϕ(zi)|2pq

) 1
2p

≤ C̃(τ)

by part i) of Proposition 3.1.
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Appendix A

Limit theorems for densities

This appendix contains limit theorems concerning probability densities for

sums of independent but not identically distributed random variables. More

precisely, let f(x, γ) : X → R be a probability distribution with the state

space X for each γ ∈ R and be a continuous function of γ. For any continuous

function λ on [0, 1] denote by λi
N its value at the point i

N
, i = 1, 2, .., N .

We consider independent random variables X i
N , N = 1, 2, . . ., i = 1, . . . , N

such that the distribution of each X i
N is given by f(·, λi

N). We prove large

deviation theorems for Bernoulli case and some continuous densities.

A.1 Discrete case

Let λ be as above. Define

m(θ) =
eλ(θ)

1 + eλ(θ)
, θ ∈ [0, 1], mi

N = m( i
N

), i = 1, . . . , N. (A.1)

Then m ∈ C([0, 1]; (0, 1)). Let X i
N , N ∈ N, i = 1, . . . , N , be independent

random variables for which P{X i
N = 1} = mi

N , P{X i
N = 0} = 1−mi

N .
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Theorem A.1. Let nN , N ∈ N, be an integer between 0 and N inclusively

and lim
N→∞

nN

N
= y for some y ∈ [0, 1]. Consider

PN(nN)
def
= P

{ N∑
i=1

X i
N = nN

}
.

Then

lim
N→∞

1

N
logPN(nN) = −Rλ(y)

where

Rλ(y) = sup
z∈R

(
yz −

1∫
0

ρ(λ(θ) + z) dθ +

1∫
0

ρ(λ(θ)) dθ

)
,

ρ(λ) = log(1 + eλ).

Remark. If y = m̄ =
1∫
0

m(θ) dθ then Rλ(m̄) = 0.

Proof. Let ψi
N be the characteristic function of X i

N . Then

ψi
N(ξ) = eiξmi

N + (1−mi
N)

and

PN(nN) =
1

2π

2π∫
0

einN ξ
∏

i∈ΛN

ψi
N(ξ) dξ.

Denote the function under the integral sign by FN(ξ). It is periodic with

period 2π, analytic and has N zeroes on the line Re ξ = π. For ξ ∈ {−π <

Re ξ < π} we can represent FN(ξ) as eNSN,yN
(ξ) where yN = nN

N
and

SN,yN
(ξ) = −inN

N
ξ +

1

N

N∑
i=1

(
eiξmi

N + (1−mi
N)
)

= iyNξ +
1

N

N∑
i=1

ρ(iξ + λi
N)− 1

N

N∑
i=1

ρ(λi
N) (A.2)
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is an analytic function which converges as N →∞ to

Sλ,y(ξ) = −iyξ +

∫ 1

0

ρ(iξ + λ(θ)) dθ −
∫ 1

0

ρ(λ(θ)) dθ

locally uniformly in ξ ∈ {−π < Re ξ < π}.

We apply the saddle-point method and show that the main contribution

to PN(nN) comes from a small neighborhood of a single critical point of

SN,yN
away from the line Re ξ = π. On that line the function FN(ξ) may

have zeroes and thus SN,yN
= 1

N
logFN may not be well defined.

The critical points of SN,yN
are the roots of the equation

yN =
1

N

N∑
i=1

ρ′(iξ + λi
N) =

1

N

N∑
i=1

eiξ+λi
N

1 + eiξ+λi
N

.

Since yN is real, the imaginary part of the right hand side should be zero

for any root ξN
0 of the above equation. This implies that Re ξN

0 = 0 (we

consider only ξ ∈ {−π < Re ξ ≤ π}). But for purely imaginary ξ, ξ = iβ,

the function ρ′(iξ + λi
N) = ρ′(λi

N − β) is monotone decreasing from 1 to 0

as β increases from −∞ to +∞ and therefore for any yN ∈ (0, 1) the above

equation has a single root ξN
0 = iβN

0 , β
N
0 ∈ R. This is certainly the case

when y ∈ (0, 1) and N is large. If y = 0 or y = 1 then the critical point ξN
0

might be at +i∞ or −i∞ respectively. But since the limit of SN,yN
(iβ) as

β → ±∞, β ∈ R, is finite the proof for these cases goes along the same lines

as for y ∈ (0, 1) and is omitted. We assume now that y ∈ (0, 1).

It is easy to check that the restriction of the real part of SN,yN
to the

imaginary axis attains its absolute minimum at ξN
0 and the restriction to

any interval {iβ + t, t ∈ (−π, π)}, where β ∈ R is fixed, attains its absolute

maximum at iβ. Let δN = δN−ε where δ > 0 is small and ε ∈
(

1
3
, 1

2

)
. We
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have

PN(nN) =
1

2π

ξN
0 +δN∫

ξN
0 −δN

eNSN,yN dξ +
1

2π

ξN
0 +2π−δN∫
ξN
0 +δN

FN(ξ) dξ = I1 + I2.

It is a standard computation (see, for example, [2] p.92-93) that

as N →∞

I1 =
eNSN,yN

(ξN
0 )√

−2πNS ′′N,yN
(ξN

0 )

(
1 +O(N1−3ε)

)
(A.3)

Denote the saddle point of Sλ,y by ξ0. Then ξN
0 → ξ0 and SN,yN

(ξN
0 ) →

Sλ,y(ξ0) = −Rλ(y) together with all its derivatives as N → ∞. Notice also

that by convexity of ρ and (A.2) the second derivatives S ′′N,yN
(ξN

0 ) abd S ′′λ,y(ξ0)

are negative.

To estimate I2 we set z = eiξ and RN
0 = eiξN

0 ∈ R then

I2 =
1

2πi

∫
C

RN
0
\CδN

znN−1
∏

i∈ΛN

(
zmi

N + (1−mi
N)
)
dz

where CRN
0

is the circle of radius RN
0 around zero and CδN

is its arc{
RN

0 e
iξ, −δN ≤ ξ ≤ δN

}
. Let a ∈ (0, 1

2
) be such that m(θ) ∈ [a, 1 − a]

for all θ ∈ [0, 1]. For any z ∈ CRN
0
\ CδN

we obtain

|zmi
N + (1−mi

N)|2 ≤

≤
(
RN

0 m
i
N + (1−mi

N)
)2(

1− 2RN
0 m

i
N(1−mi

N)(1− cos δN)(
RN

0 m
i
N + (1−mi

N)
)2 )

≤
(
RN

0 m
i
N + (1−mi

N)
)2(

1− Aδ2
N

)
where A is a positive constant which does not depend on N. Therefore for
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our choice of sequence δN∣∣I2∣∣ ≤ (RN
0 )−nN

(
1− Aδ2

N

)N
2

∏
i∈ΛN

(
RN

0 m
i
N + (1−mi

N)
)

= eNSN,yN
(ξN

0 )O
(
e−

1
2
Aδ2N1−2ε)

(A.4)

as N →∞.

From (A.3) and (A.4) we find that

PN(nN) =
eNSN,yN

(ξN
0 )√

−2πNS ′′N,yN
(ξN

0 )

(
1 +O(N1−3ε)

)
which immediately implies the statement of the theorem.

A.2 Continuous case

In this section we formulate and prove theorems which generalize the results

presented in Section 3 of [7].

Let ϕ satisfy (H1), (H ′
2), (H3) and functions M , ρ, h be defined by (2.1),

(2.14), (2.15) respectively. At first, we state two results from [7].

Lemma A.1 ([7]). Let f(x) be a probability density on R satisfying the

following conditions:
∫
xf(x)dx = 0,

∫
x2f(x)dx = σ2,

∫
x4f(x)dx ≤ K

and
∫
|f ′(x)|dx ≤ K. Then there is a number δ = δ(K) depending only on

K such that

∣∣∣∣∫ eiξxf(x)dx

∣∣∣∣ ≤ (1 + |ξ|2)−δ for all ξ ∈ R.
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Theorem A.2 ([7]). Let ϕN be the density of 1
N

N∑
i=1

Xi, where X1, . . . , XN are

independent identically distributed random variables with a common density

e−ϕ(x). Then

lim
N→∞

1

N
logϕN(x) = −h(x),

lim
N→∞

1

N

ϕ′N(x)

ϕN(x)
= −h′(x)

uniformly on compact x-intervals.

Let F be a locally Lipschitz continuous function on R and for some K > 0

satisfy

Cα =

∫
R
eαF (x)−ϕ(x)dx <∞ for all α ∈ [0, K). (A.5)

Define ϕα(x) = −αF (x)+ϕ(x)+logCα. Then e−ϕα(x) is a probability density

on R and the integral

Mα(λ) =

∫
R
eλx−ϕα(x)dx

converges for all λ ∈ R and α ∈ [0, K). Indeed, by Hölder inequality for any

ε > 0 which satisfies the inequality (1 + ε)α < K we have

Cα

∫
R
eλx−ϕα(x)dx =

∫
R
eλx− ε

1+ε
ϕ(x)eαF (x)− 1

1+ε
ϕ(x)dx ≤(∫

R
e(1+ε)αF (x)−ϕ(x)dx

) 1
1+ε
(∫

R
e

1+ε
ε

λx−ϕ(x)dx

) ε
1+ε

<∞.

If α = 0 we always omit the subscript and write simply ϕ, M etc. which

agrees with our previous notation.

Let dσN(x) be Lebesgue measure on the hyperplane πN(y) = {x ∈ RN :
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N∑
i=1

xi = Ny} and dµN,y(x) be given by the density

dµN,y(x)

dσN(x)
=

exp

(
−

N∑
i=1

ϕ(xi)

)
∫

πN (y)

exp

(
−

N∑
i=1

ϕ(xi)

)
dσN(x)

.

Lemma A.2. Let F ∈ Liploc(R) and satisfies (A.5) for some K > 0 and∫
R
|F ′(x)|eαF (x)−ϕ(x)dx <∞ for all α ∈ [0, K). (A.6)

Then

lim
N→∞

1

N
log

∫
πN (y)

eα(F (x1)+...+F (xN ))dµN,y = logCα + h(y)− hα(y)

where hα(y) = sup
z

(zy − logMα(z)). The convergence is locally uniform in

y and α ∈ [0, K).

Proof. This statement is an easy consequence of Theorem A.2. We have

1

N
log

∫
πN (y)

eα(F (x1)+...+F (xN ))dµN,y =

logCα +
1

N
log

∫
πN (y)

e
−

N∑
i=1

ϕα(xi)
dσN −

1

N
log

∫
πN (y)

e
−

N∑
i=1

ϕ(xi)
dσN .

The straightforward application of Theorem A.2 to the third term gives h(y).

The conditions (A.5) and (A.6) allow us to use the same theorem with ϕ

replaced by ϕα for the second term as well.

Let λ be a continuous function on [0, 1]. Recall that λi
N = λ

(
i
N

)
. We

denote by ‖λ‖ the sup-norm of λ: ‖λ‖ = maxθ∈[0,1] |λ(θ)|, and by Bλ
R the set

{λ ∈ C([0, 1]) : ‖λ‖ ≤ R}.
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Define for any s ∈ R

a(x, s) =
1

M(s)
exp (s(x+ ρ′(s))− ϕ(x+ ρ′(s))) . (A.7)

Then ∫
a(x, s)dx = 1,

∫
xa(x, s)dx = 0 (A.8)∫

x2a(x, s)dx =
M ′′(s)

M(s)
−
[
M ′(s)

M(s)

]2

= ρ′′(s) (A.9)

and ∫ ∣∣∣∣da(x, s)dx

∣∣∣∣ dx ≤ K = K(s) (A.10)

Notice also that∫
epxa(x, s)dx = e−pρ′(s)M(p+ s)

M(s)
≤ C(s, p) (A.11)

Theorem A.3 (Local limit theorem). Let X1
N , . . . , X

N
N be independent

random variables, each X i
N having the density a(x, λi

N) with respect to Le-

besgue measure. Let a
λ(·)
N be the density of 1√

N

N∑
i=1

X i
N . Then for any non-

negative integer k the functions a
λ(·)
N belong to Ck(R) for all N ≥ N0(‖λ‖, k)

and

lim
N→∞

dk

dxk
a

λ(·)
N (x) =

1√
2πσ(λ)

dk

dxk
e
− x2

2σ2(λ) (A.12)

uniformly on R×Bλ
R, R <∞. Here σ2(λ) =

∫ 1

0
ρ′′(λ(θ))dθ.

Proof. Denote by ψi
N(ξ) the characteristic function of X i

N . Then

a
λ(·)
N (x) =

1

2π

∫
e−ixξ

N∏
i=1

ψi
N(

ξ√
N

)dξ.

We show that
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(i)
N∏

i=1

ψi
N(

ξ√
N

) → e−
1
2
ξ2σ2(λ) as N →∞;

(ii) for any k ≥ 0 and large enough l the sup
N≥l

∣∣∣ξk

N∏
i=1

ψi
N

( ξ√
N

)∣∣∣ is bounded

by an integrable function of ξ uniformly on any Bλ
R, R <∞.

Then by the dominated convergence theorem and properties of Fouriér trans-

form we conclude that

lim
N→∞

dk

dxk
a

λ(·)
N (x) =

dk

dxk

1

2π

∫
e−ixξe−ξ2σ2(λ)/2dξ =

1√
2πσ(λ)

dk

dxk
e
− x2

2σ2(λ)

as claimed.

To prove the convergence (i) we expand eiξx in Taylor series and use (A.8)

and (A.9). We find

ψi
N(

ξ√
N

) = 1 +
ξ2

2N

∫
x2a(x, λi

N)dx+
ξ3

3!N3/2

∫
θ1|x|3a(x, λi

N)dx

= 1− ξ2

2N
ρ′′(λi

N) +
ξ3

6N3/2

∫
θ1|x|3a(x, λi

N)dx,

where θ1 = θ1(y), |θ1| ≤ 1. The third moment of X i
N is bounded uniformly

in N . Thus

N∑
i=1

logψi
N(

ξ√
N

) =
N∑

i=1

log

(
1− ξ2

2N
ρ′′(λi

N) +O

(
|ξ|3

N3/2

))
Since log(1 + z) = z + θ|z|2 with |θ| ≤ 1 for |z| ≤ 1/2 we obtain for all large

N that

N∑
i=1

logψi
N(

ξ√
N

) = − ξ2

2N

N∑
i=1

ρ′′(λi
N) +O

(
|ξ|3√
N

)
→ −ξ

2

2
σ2(λ)

as N →∞.
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For the second part we notice that the properties (A.8), (A.9), (A.10),

(A.11) allow us to apply Lemma A.1. Hence there exists δ > 0 which depends

only on ‖λ‖ such that

sup
N≥l

∣∣∣ξk

N∏
i=1

ψi
N

( ξ√
N

)∣∣∣ ≤ sup
N≥l

|ξ|k
(

1 +
|ξ|2

N

)−δN

≤ |ξ|k
(

1 +
|ξ|2

l

)−δl

For large enough l the last function is integrable. This concludes the proof.

Theorem A.4 (Large deviations). Let Y 1
N , . . . , Y

N
N be independent random

variables, each Y i
N having the density

b(y, λi
N) =

1

M(λi
N)

exp
(
λi

Ny − ϕ(y)
)

(A.13)

with respect to Lebesgue measure. Let b
λ(·)
N be the density of 1

N

N∑
i=1

Y i
N . Define

Iλ(·)(y) = sup
z

{
zy −

∫ 1

0

log
M(λ(θ) + z)

M(λ(θ))
dθ

}
. (A.14)

Then

lim
N→∞

1

N
log b

λ(·)
N (y) = −Iλ(·)(y)

uniformly on any set of the form {|y| ≤ R1} ×Bλ
R2
, R1, R2 < ∞.

Proof.

Step 1. From (A.7) and (A.13) we see that Y i
N = X i

N + ρ′(λi
N) and

1

N

N∑
i=1

Y i
N =

1√
N

(
1√
N

N∑
i=1

X i
N

)
+

1

N

N∑
i=1

ρ′(λi
N).

Thus b
λ(·)
N (y) =

√
Na

λ(·)
N (

√
N [y − 1

N

N∑
i=1

ρ′(λi
N)]). By Theorem A.3 we have

lim
N→∞

1

N
log b

λ(·)
N

(
1

N

N∑
i=1

ρ′(λi
N)

)
= lim

N→∞

1

N

(
log

√
N + log a

λ(·)
N (0)

)
= 0.
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Step 2. Let z0 = z0(y) be the point where the supremum in (A.14) is

attained and λ̃(θ) = λ(θ) + z0. Introduce a new set of random variables

Ỹ i
N , i = 1, . . . , N , with densities

b̃(y, λ̃i
N) =

1

M(λ̃i
N)

exp
(
λ̃i

Ny − ϕ(y)
)
.

Then by Step 1 the density b
λ̃(·)
N of the average 1

N

N∑
i=1

Ỹ i
N satisfies

lim
N→∞

1

N
log b

λ̃(·)
N

(
1

N

N∑
i=1

ρ′(λ̃i
N)

)
= 0. (A.15)

Since b̃(y, λ̃i
N) = b(y, λi

N)e−z0yM(λ̃i
N)/M(λi

N) using the properties of convo-

lution we can compute that b
λ̃(·)
N (y) = b

λ(·)
N (y)e−z0yN

∏
i∈ΛN

(
M(λ̃i

N)/M(λi
N)
)
.

From the last equation we obtain

1

N
log b

λ(·)
N

(
1

N

N∑
i=1

ρ′(λ̃i
N)

)
=

1

N
log b

λ̃(·)
N

(
1

N

N∑
i=1

ρ′(λ̃i
N)

)

−z0
1

N

N∑
i=1

ρ′(λ̃i
N) +

1

N

N∑
i=1

log
M(λ̃i

N)

M(λi
N)
. (A.16)

By our choice of z0(y) we find

1

N

N∑
i=1

ρ′(λ̃i
N) =

1

N

N∑
i=1

M ′(λi
N + z0)

M(λi
N + z0)

→∫ 1

0

M ′(λ(θ) + z0)

M(λ(θ) + z0)
dθ = y as N →∞. (A.17)

The statement of the theorem follows now from (A.15), (A.16), (A.17) and

Lemma A.3 below.

Lemma A.3. Let

I
λ(·)
N (y) = − 1

N
log b

λ(·)
N (y)
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where b
λ(·)
N defined as in Theorem A.4. Then for any y1, y2 ∈ {|y| ≤ R}

|Iλ(·)
N (y1)− I

λ(·)
N (y2)| ≤ C(R, ‖λ‖)|y1 − y2|.

Proof. We have

I
λ(·)
N (y) =

1

N
log

∫
πN (y)

N∏
i=1

exp
(
λi

Nxi − ϕ(xi)
)

M(λi
N)

dσN(x) (A.18)

Computing the derivative we find

d

dy
I

λ(·)
N (y) = − 1

N

N∑
i=1

λi
N −

1

N

∫
πN (y)

N∑
i=1

ϕ′(xi)dµ
λ(·)
N,y(x). (A.19)

where the measure dµ
λ(·)
N,y(x) is given by

dµ
λ(·)
N,y(x)

dσN(x)
=

exp

(
N∑

i=1

(λi
Nxi − ϕ(xi))

)
∫

πN (y)

exp

(
N∑

i=1

(λi
Nxi − ϕ(xi))

)
dσN(x)

.

The first term of (A.19) is bounded by ‖λ‖. To estimate the second term

we apply Jensen’s inequality: for any δ > 0∫
πN (y)

N∑
i=1

|ϕ′(xi)|dµλ(·)
N,y(x) ≤

1

δN
log

∫
πN (y)

e
δ

N∑
i=1

|ϕ′(xi)|
dµ

λ(·)
N,y(x)

≤ 1

δN
log

∫
πN (y)

exp
( N∑

i=1

(δ|ϕ′(xi)|+ ‖λ‖|xi| − ϕ(xi))
)
dσN(x)

∫
πN (y)

exp
(
−

N∑
i=1

(‖λ‖|xi|+ ϕ(xi))
)
dσN(x)

Let

ϕδ,λ(x) = −δ|ϕ′(x)| − ‖λ‖|x|+ ϕ(x) + logCδ,λ

ϕλ(x) = ‖λ‖|x|+ ϕ(x) + logCλ,
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where the constants Cδ,λ and Cλ are chosen to turn exp(−ϕδ,λ) and exp(−ϕλ)

into probability densities. Now we apply Theorem A.2 twice with ϕ replaced

by ϕδ,λ and ϕλ to see that

lim
N→∞

1

δN
log

∫
πN (y)

e
δ

N∑
i=1

|ϕ′(xi)|
dµ

λ(·)
N,y(x) =

1

δ
log

Cδ,λ

Cλ

+
1

δ
(hλ(y)− hδ,λ(y))

uniformly on compact y-intervals. Rate functions hδ,λ and hλ are defined as

in (2.15) with a suitable choice of index for ϕ. They are bounded on bounded

y-intervals. This concludes the proof.
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Appendix B

One lemma from convex

analysis

Lemma B.1. Let f, g be non-negative continuous functions and µ be a

probability measure on Rn. Assume also that
∫
g dµ = 1. Then for any

p ∈ [1, 2] ∫
fpg dµ ≤ 2 logp[Cp(

∫
ef dµ+ 1)] + 6

∫
g | log g|p dµ

where Cp ≤ 1 + 2p−1.

Proof. Denote 1
p

by α. Then α ∈ [1
2
, 1]. The statement of the lemma is

mainly a consequence of convexity of the function

F (u) = euα − uα for u ≥ 0.

Step 1. Jensen’s inequality implies that

F (

∫
(f − log g)p

+g dµ) ≤
∫
F ((f − log g)p

+)g dµ

102



where (y)+ = max{y, 0}. Substituting a formula for F and using the fact

that up ≤ eu for u ≥ 0 and p ∈ [1, 2] we obtain

1 ≤ exp

(∫
(f − log g)p

+g dµ

) 1
p

≤
∫

f≥log g

ef dµ+

∫
f<log g

g dµ+

(∫
(f − log g)p

+g dµ

) 1
p

≤
∫

f≥log g

ef dµ+

∫
f<log g

g dµ+
( ∫
f≥log g

ef dµ+

∫
f<log g

g dµ
) 1

p

= λp + λ (B.1)

where λ =
( ∫

f≥log g

ef dµ +
∫

f<log g

g dµ
) 1

p ≥ 0. Looking at the first and the

last terms of (B.1) we see that

λp + λ− 1 ≥ 0. (B.2)

This implies that λ is bounded away from 0 and thus there is a constant

C = C(p) such that λ ≤ Cλp. It is easy to see that the only positive root

of the left hand side of (B.2) is greater or equal than 1
2
. Therefore C ≤ 2p−1

and

λp + λ ≤ (1 + 2p−1)λp = Cpλ
p.

From the above estimate and (B.1) we find

exp
( ∫

(f − log g)p
+g dµ

) 1
p ≤ Cp

( ∫
f≥log g

ef dµ+

∫
f<log g

g dµ
)
.

After applying the function logp u to both sides of the above inequality we
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arrive at∫
(f − log g)p

+g dµ ≤ logp

[
Cp

( ∫
f≥log g

ef dµ+

∫
f<log g

g dµ
)]

≤ logp

[
Cp

( ∫
f≥log g

ef dµ+ 1
)]
. (B.3)

Step 2. We estimate the left hand side of (B.3) from below using the

fact that |a − b|p ≥ ||a| − |b||p ≥ |a|p + |b|p − 2|a| p2 |b| p2 . The latter can be

easily proved by squaring the inequality

(1− x)
p
2 ≥ 1− x

p
2 for 0 ≤ x ≤ 1

and setting x =
∣∣a

b

∣∣. On the set {f ≥ log g} we have

(f − log g)p
+ = |f − log g|p ≥ fp + | log g|p − 2f

p
2 | log g|

p
2

which implies that∫
f≥log g

fpg dµ ≤
∫

(f − log g)p
+g dµ+ 2

∫
f≥log g

f
p
2 | log g|

p
2 g dµ

and therefore∫
fpg dµ =

∫
f≥log g

fpg dµ+

∫
f<log g

fpg dµ

≤ logp

[
Cp

( ∫
f≥log g

ef dµ+ 1
)]

+ 2

∫
f≥log g

f
p
2 | log g|

p
2 g dµ+

∫
| log g|pg dµ

≤ logp

[
Cp

( ∫
f≥log g

ef dµ+ 1
)]

+ 2

(∫
| log g|pg dµ

) 1
2
(∫

fpg dµ

) 1
2

+

∫
| log g|pg dµ.
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This is a quadratic inequality in β =
(∫

fpg dµ
) 1

2 of the type

β2 ≤ γ2 + 2δβ + δ2, β, γ, δ ≥ 0

where γ = log
p
2

[
Cp

( ∫
f≥log g

ef dµ+ 1
)]

and δ =
(∫
| log g|pg dµ

) 1
2 . It gives us

a bound

β ≤ δ +
√

2δ2 + γ2,

. By the Hölder inequality β2 ≤ 2γ2 +6δ2. Substituting back the expressions

for β, γ and δ we obtain the statement of the lemma.
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