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Abstract

The dissertation concerns the simple exclusion and Ginzburg-Landau type
models on the periodic integer lattice Z/nZ. The symmetric simple exclusion
process and Ginzburg-Landau type models are reversible and we study them
under diffusive (parabolic) scaling of time and space. The corresponding con-
servation laws describing the behavior of the limiting macroscopic densities
are the heat equation and a non-linear diffusion equation respectively. They
are known to have unique smooth solutions. Asymmetric simple exclusion
models are non-reversible and require hyperbolic scaling. It leads to inviscid
Burgers type equations. Solutions of such equations are not unique and may
develop shocks. Relevant solutions are known to be entropic solutions of
these equations.

We study the behavior of the microscopic entropy relative to local Gibbs
measures and to the invariant measure. A version of main results obtained for
simple exclusion and Ginzburg-Landau type models can be stated as follows:

Let initial configurations be deterministic and possess a macroscopic pro-
file. Then under appropriate scaling of time and space for any positive macro-
scopic time the specific microscopic entropy converges to the macroscopic
entropy as the scaling parameter N goes to infinity.

The logarithmic Sobolev inequality plays an important role in the proofs.
Other tools include martingale decomposition, large deviation theorems for
local Gibbs states, convex analysis and the theory of multidimensional diffu-

sion processes (for Ginzburg-Landau model).
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Introduction

Systems with a large number of interacting components (molecules, electric
charges, etc.) arise naturally in physics. Classical mechanics provides us
with the microscopic (at the particle level) equations of evolution of such
systems. Since the particles are moving very rapidly it is impossible to follow
the motion in the prevailing time scale. Introduction of a suitably scaled
version of the original system allows one to describe its evolution by a few
slowly changing macroscopic parameters. (As an example of such a parameter
we can consider the density of particles at macroscopic level. Its dynamics
is described by a partial differential equation which is referred to as the
hydrodynamic equation, or conservation law.) The rigorous mathematical
justification of such a simplified description is still largely an open problem.

Since about 1970 several examples with stochastic dynamics have been
worked out (see, for instance, reviews [3], [17]). These examples are mostly
one dimensional and rely to a very large extent on the specifics of the model.

In the last decade entropy methods were developed (see, for example, [7],
[20]) which appear to be both flexible and general. The advantage of the en-
tropy method introduced in [7] is that it can be effectively applied to a rather

large class of reversible models under very mild conditions on initial data for



a microscopic distribution and no a priori assumptions about the regular-
ity of the solutions of the limiting hydrodynamic equation. The method of
relative entropy used in [20] works also for non-reversible models (such as,
for example, asymmetric simple exclusion) and gives more information about
the behavior of microscopic distributions in the scaling limit. The price one
needs to pay for this extra information is that a priori assumptions on the
smoothness of the solutions of the hydrodynamic equation are required and
only local Gibbs states are allowed as initial data. The focus of research
conducted in the present work is the behavior of the microscopic distribu-
tions with general initial data and without regularity assumptions about the

solutions of the hydrodynamic equation.



Chapter 1

Simple exclusion processes

1.1 Preliminaries

Consider indistinguishable particles moving from site to site of the periodic
integer lattice Ay = Z/NZ according to the following rules. Each particle
waits a random time distributed exponentially with mean 1 then chooses
one of the two neighboring sites of Ay with probabilities p and ¢, p € [0, 1],
q = 1—p, and jumps to the chosen site if that site is not occupied. Otherwise
it suppresses the jump and stays at the same place. The state of the system
at any time 7 is described by a random vector n(7) € Xy = {0,1}". Each
component of 7 is equal to the occupation number of the corresponding site:
n. = 1 if site x is occupied and n, = 0 if it is vacant. Vector n(7) is called
the configuration of particles at time 7. Define the operator £, which acts

on functions f : Xy — R by the following formula



Lpfn) = Apnae(l = o) + @ern (1= n) Y(F o) = f(0),  (1.1)

TEAN

z,x+1

where the configuration n is obtained from 7 by exchanging z-th and

(x 4+ 1)-th coordinates:
(
My it y£Az,x+1

z,x+1 — <

Ty Ney1 if y=u,

N if y=o+1.

3
This operator is the infinitesimal generator of the simple exclusion process
described above. Here p is the probability to jump to the right and ¢ is the
probability to jump to the left. The terms 7,(1 — 1,41) and 7,1(1 — n,)
describe the exclusion mechanism: no jump is permitted if the chosen site is
occupied. Since the notion of a “particle” (occupied site) and a “hole” (empty
site) are interchangeable (this is often referred as the particle-hole duality)

from now on we assume that p € 3, 1]. Noticing that
77m77m+1(f(77x’z+1) - f(ﬁ)) =0 (1'2>

and

(M2 + 1) (F (7Y = f(0) = (F(™"") = f(n)) (1.3)



we can write £, f as

Lof =D (P + @nas) (FO7) = f(n)

= > e + nap ) (F™"T) = f(0) + (0 — Dma(F (™) = F(0))}
=g > (f ) = fm) +p—q) Ym0 = f(n)

rEAN z€AN
= 2L f + (p— Laf- (1.4)

Another observation is that the number of particles is preserved in time.
This implies a natural decomposition of the configuration space Xy = {0, 1}V

into “hyperplanes”

XN,n:{T/GXN| an:n}a n:O71>"'7N7

Ty
each of which consists of all configurations with a fixed number of particles.
If the process starts from 7(0) € Xy, then for all 7 it stays in Xy ,,: n(7) €
XN

Let uf be the product of N Bernoulli measures with density p € (0, 1):
uh(m =] (pm« +(1-p)(1- 77:]0))7 neXy. (1.5)
zeAN

Define

N —1
MN,n(n) :M?\f(n‘ Z Nz :n> = (n) ) n GXN,n

TEAN

Conditional measures /iy ,, are uniform and do not depend on p. The notation

« “, P

wu(n), n € X” below can be understood either as “ui(n), n € Xy” or as
“tnn(m), 1€ Xnp”



For functions f, g: X — R define their inner product in L*(X, i) by

= Fmg(mum). (1.6)

nex

Let L be the operator which is formally adjoint to £,, that is

(Lof,g)=(f Lpg)  forany f,g: X —R.
Lemma 1.1. E;‘) =L,

Proof. In view of (1.4) it is enough to show that £} = £, and L] = L.

=2 +1) we have

Since p(n) = p(n

(L1f,9) Z (0™ = fm)g(m)p(n)

nGX zEAN
= S F Y almntn) — 5 30 S Fmatnutn)

= %Z > F(g(m) =g = )umn) = (f. L19),

neX z€An

and also by (1.2)

(Lrfg) =D D ne(l = 1ec))(F(™1) = f(0))g(n)pu(n)

7eX achn
= % GZA e (fFr™ ) = f(n)g(m)p(n)

=30 3w glanta) - %( > e ) F g ()

= % EZA: o1 f () g(n™* ) p(n) — %( GXA: nx+1>f(n)g(n)u(n)
= ; GEA: o1 (9™ ) = g)) f(n)u(n) = ([, Log).



Lemma 1.2. For any function f: X — R we have that (L;f,1), =0, i.c.
1 is an invariant measure for the simple exclusion process with the generator

c,

Proof. Lemma 1.1 and the definition of £, imply that

<£;f7 1)# =(f, £q1>u =

For a function f: X — R define the Dirichlét form D(f) by

D(f) = (Lo, P

Let us point out that D(f) does not depend on p. Indeed, noticing that
1= C% and (£, —L,)" = —(L, — L,) we can decompose L, into symmetric

2

and antisymmetric parts as follows:

1 1 1 1
‘CP = 5(‘61) + ‘Cp) + §(£p - ‘Cp) = §<‘Cp + Eq) + §<£p - Eq)

1
=L+ §(£p - ‘Cq):

1
2

Denoting $(£, — L,) by L, we obtain

(Lpf, =Ly +La)f, f>
(L1f f)n Z D0 = F) f )

nGX €A N
- iz S (2007 — £2) — 207 ) )
=~ Z > (rore (77)>2M(77)-
nEX TEAN



This computation shows that the Dirichlét form (being a quadratic form)

depends only on the symmetric part of the generator and therefore is the

same for all simple exclusion processes introduced above:

Z > (s (n))Qu(n) >0

> 0. (1.7)
T]EX TEAN

Let v be an arbitrary probability measure on the configuration space X

and f(n) = o :EZ; The relative entropy of measure v with respect to the

reference measure p is given by

H(f) = =" f()log f(n)p(n)

neX

At all points where f(n) = 0 we agree to set f(n)log f(n) to zero

Lemma 1.3. Let f7(n): [0,T] x X — [0,+00) be a solution of the forward
equation
afT
A E* T
dr o
with initial data fo > 0 which satisfies the normalization condition

Znex fo(mu(n) = 1. Then for any T € [0,T]

L) < —2p(yF).

Proof. A direct computation yields:

S = () s+ 3 ot

neX

neX

_Z E*fT lngT +Z E*fT
nex nex

= (f7. Lylog f7)u = 2(f7, L, 1og /),
ﬁﬁ =20/, Lo/ FT () = —2D(V ()

= (L f, log M



The only inequality in this chain is an application of Jensen’s inequality and
is a consequence of the concavity of the logarithm (see also Lemma 5.3 in

8]). We have:

Lylog /I () = D (pm + qnern) ( log \/f7(n>**1) — log / f%n))

CITGAN

< \/— > 1+ qnas1) <\/fT s+l \/fT('fz)>

TEAN

1
= e— T .
() Lo\ | (1)

1.2 Symmetric simple exclusion (p = ¢)

1.2.1 Notation and main results

We study the symmetric simple exclusion process under the diffusive scaling
of time and space. For every N € N the mapping (7, z) — (7/N? x/N) takes
a point z of the periodic lattice Ay to the point § of the circle S = R/Z. It
also changes the waiting time rate from 1 to 1/N2. We denote macroscopic
time by ¢, t = 7/N?%. Below we consider the scaled process on the lattice
~ €S, v €Ay

The following definition will be used throughout the paper:

Definition 1.1. Let n™), N = 1,2,..., be a set of random configura-
tions and v™N) be the corresponding probability measures on Xy: vM)(A) =
Prob (n™) € A) for any A C Xy. We shall say that this set possesses an
asymptotic profile m € L'(S) as N — oo and denote this by n™) ~ m if for



any test function J € C(S) and any § > 0

1 x
; (N) e el _ _
Jim {nEXN : ‘N 3y J<N>nx /J(@)m(&)d@‘ >5} —0.
TEAN S
Remark. In the case when configurations n™) are deterministic the
relation V) ~ mg simply means that for any J € C(S)

lim. % GEA:N J (%) 7N = S/ J(0)m(6) db.

Let vy be a probability measure on the configuration space Xy which
describes the distribution of n¥)(t) given that at ¢ = 0 the process started
from deterministic configuration n™)(0). Due to the conservation law it is
supported on Xy,,, where ny = ZA n;S;N)(O). Restricting vy to Xy

z€AN

we obtain a measure vy, . Its density f4, . with respect to the invariant

measure [y, is found from the solution of the following problem:

of 5
fli=o = 6, 0)

This problem has a unique solution f} which is supported on Xy,, and
t _ (N rt
fhny = (nN)fN‘xN,nN-

Let M;(S) be the space of measures on S with total variation bounded
by 1. Being endowed with weak-* topology, the space M;(S) is a separable
metrizable complete topological space. Given a stochastic process n™(t),
t € 10,77, such that ™) (0) ~ mq as for some mg € L'(S), we can construct
a process V) (t,-), t € [0,T)], with values in M;(S) by setting

1
XM =+ 3 M)y,

zEAN

10



The random measure x(V)(¢) is called the empirical measure. It describes
the distribution of particles on S at time ¢ and at the scaling level N. The
trajectories of x™(¢) belong to the Skorokhod space D([0,T], M;(S)) of
measure-valued paths with discontinuities of the first kind only. Consider
the corresponding measures @y on D([0, 7], M1(S)). If n™)(0) ~ mg then
(see, for example, [16]) the family Qy is tight and all its limit points are
supported on C([0,T], M1(S)). Moreover if @ is any limit point then for
Q-almost all x € D([0,T], M1(S)) the measure x(t,df) has a density m(t, 0)
with respect to Lebesgue measure on S for all 0 < t < T. This density
satisfies the heat equation on S with the initial condition mg. Uniqueness
theorem for the heat equation implies that () has to be the only limit point, it
is supported on a single trajectory m(t,)df and Q") = Om(-0)do as N — 0.

We state a version of these results for future reference:

Theorem 1.1. Let n'™)(0) ~ myq for some my € L*(S) and n™)(t) be the
symmetric simple exclusion process with initial data n™N)(0). Let m be the
solution of the heat equation

om 1 ’m

o =35 (1.6) € (0,400) x5, (1.8)

which satisfies the condition m‘tzo = mg. Then n™M(t) ~ mf(t,-) uniformly

mn t.

Let m(t,0) be a solution of (1.8) for some ¢ > 0. We define a family of

local Gibbs measures vy* on Xy by

e = 1] (m(t,%)ﬁﬁr(1—m(t,%\,))(1—m)>, neXy.  (1.9)

TEAN

11



In other words 3! is a product measure on {0,1}" whose i-th marginal is
a Bernoulli measure with probability of “success” given by the macroscopic
particle density m(t, %): vy (7. = 1) = m(t, %). Since for each N the process
“lives” on Xy, we are interested in the conditionals

e () =R D ™ =ny). (1.10)

TEAN

Denote by gy, the density of vy, = with respect to the invariant measure

[Ny 1. €.

. Y (1)
Iy (1) = ———=
Ny MN,TLN(n)

The main result of this section is the following theorem.

; N € Xnny- (1.11)

Theorem 1.2. Let '™ (0), N = 1,2,..., be a sequence of determinis-

tic configurations such that n™)(0) ~ mo for some mg € LY(S) and

ny= Y. ng(cN)(O). Then for any t > 0 the specific relative entropy
.’EGAN
1 . 1 IV (M)
FH WA W) = 55 D S (1) 08 e Fava ()
neXy Ny

approaches zero as N — o0.

Define

. logy + (1 —y)log(1 —y), y € (0,1):
hy) ylogy + (1 —y)log(l —y), ye(0,1) (1.12)
0, y=0,1.

Clearly h € C([0,1]) and convex. Taking into account Lemma 1.4 below we

immediately obtain

Corollary. Under assumptions of Theorem 1.2

lim %H@W i) = / h(m(t,0)d0 — h(m).  (1.13)

N—oo
S

12



This corollary states that for any positive macroscopic time the specific
microscopic entropy converges to the macroscopic entropy defined by the

right hand side of (1.13).

1.2.2 Proof of Theorem 1.2

At first notice that

1 1
NH (VNn | TN y) = v (VNy | BN ) — N Bk, 1089 (1)-

Since the relative entropy is always non-negative it is enough to show that the
upper limit as N — oo of the right hand side is non-positive. The statement

of the Theorem 1.2 will follow from the next two lemmas.

Lemma 1.4. Under assumptions of Theorem 1.2

limc ) /h (t,0)) d«9+h/mt9d6’)
whi¥reoh jyvean’fzjV( 1. 1

Notice that the “total mass” m = [m(t,0)df is a conserved quantity.

n

n

This can be easily verified using (1.8).

Lemma 1.5. Under assumptions of Theorem 1.2

Tim %H(y}vm | vy ) < / h(m(t,0))do — h( / m(t,0)do),  (1.14)
S

N—oo
S

Proof of Lemma 1.4. This lemma is a consequence of the existence of the
hydrodynamic scaling limit and the choice of reference measures vy, -

Since

v (1)
tnay () > N (m)

77€§§N,n1\7

IN 'y (1) = N € XNy,

13



we have that

1 1 N 1
— < log gy, (n) = —— log ( ) — —logyy'(n)

N N ny N
1 § me

WGXN,nN

The first term is easily computed to be h(m) using Stirling’s formula and the

assumption ™) (0) ~ mg. The latter implies, in particular, that

. n _
J&LI%OWN = /mo(H)dQZm.
S
Hence
. 1 ) N . 1 ) NN
— lim —1lo =— lim —1lo
NN 8 N N8 W (N — )V

= lim ("WNlog HWN n (1 - %V) log (1 . "WN) > — h(m) (1.16)

Next we show that

.1 -
lim - Eu,, log o (n) = [ him(t.6))

N—oo
S

At first we rewrite log vy (n) as

TEAN

TEAN
= > Jt 2+ Y log(1—m(t, £)),
J)GAN mEAN
where
J(t,0) =logmf(t,0) — log(1 — m(t,0)). (1.17)

14



The function J is continuous on (0,+o00) x S since m is continuous and
bounded away from 0 and 1 for each fixed t > 0. The last assertion follows
from the inequalities 0 < mg(f) < 1 and the strong maximum principle for
solutions of the heat equation. By Theorem 1.1 we have that ™) (¢) ~ m(t, -)

and therefore

lim E, —Zu— /Jt& (t,0)df| = 0. (1.18)

14
N—o0 N,npn

As a consequence we obtain

1
lim NE o log gx'y (1) = /J(t,&)m(t,@) df + /log(l —m(t,0))do
S

N—oo
S
(1.19)

_ / h(m(t, 0)) do. (1.20)
5
Finally by Lemma A.1 we find that

1 o
Jim log Y R (n) =0.

UGXN,nN

This together with (1.16) and (1.19) completes the proof of Lemma 1.4. [

Proof of Lemma 1.5. As a preliminary step we prove a simple proposition
which we call (following [21]) the martingale decomposition. Throughout the

paper we agree to set 0log0 to zero.

Proposition 1.1. Let (2, Gy, P) be a probability space and Gy D Gy D ... D
Gi be a decreasing sequence of o-algebras. For a non-negative random vari-

able Xo, EXy < 00, define X; = E(Xo| Gi), i =0,1,..., k. Then

k
X,
E Xolog X, = ZEE (Xi1 log X - | gi) + F Xilog Xy

15



Proof. We have
k
E XplogXo =Y E(X;1log X, — X;log X;) + E X log X
i=1
Taking conditional expectations we find that
k
Z E (Xi—l log X;_1 —Xjlog Xi)
i=1
= Z EE (Xi—l log X;_1 — X, log X; ’ gi)

= Z EFE (X;1log X;-1 — X;_11log X; | G))

=Y EE (X“ log X;{ﬂ gi> .

O

We apply the above proposition in the following context. Let € = Xy,
and P = piny,. Fix any £ € N and divide the circle S into £ equal “arcs”
A;, 1=1,2,...k, of length ¢ = % Each “arc”will contain [eN] or [eN] + 1
sites. To simplify the notation we shall disregard this difference and shall

assume that each “arc’has the same number of sites [ = e /N € N. Define
il
n; = Z nj, +=1,2,...,k, (number of particles in the i-th “arc”)

J=(i—1)l+1
G; = {o-algebra generated by coordinate functions n;1,...,nxn
and by nq,...,n; subject to the restriction

- N .
Zj:lni + Zj:il.ﬁ,-l Nz = TLN} , 1=0,...,k.

Fix an arbitrary positive ¢ and consider ff\,nN as a random variable on

(XN nns BNy ). We have EMN,an]tV,nN = 1. Let f} = By (f]tv,nN |QZ)

16



Whenever it does not lead to a confusion the dependence of G; and ff on N
and ny will not be reflected in the notation.
By Proposition 1.1 we have

1 1
NH(V}:V,RN |H’N7nN) = NENN,an]tV,nN log f]tV,nN

RS fis
t 1—
=1 t

1
+ NEIU’N,TL

Nf,i log ff. (1.21)

We are going to show that for sufficiently large £ the sum of the first £ terms
on the right hand side of (1.21) can be made arbitrarily small as N — oo by
making use of the logarithmic Sobolev inequality. The entropy bound (1.14)
then comes from the last term of (1.21).

Step 1. At first we state the logarithmic Sobolev inequality. It was proven

in [21] (see also [10] for a simpler proof).

Theorem 1.3. Let y;,, be the uniform measure on X;,, = {n € {0,1}' :

l _

doNe =m0}, de pa(n) = (i) ' for any n € X,,,. For a function f on X,
r=1

define

-1
Din(f) = By, D f ™™ = F()).
=1
Then there is a constant C' independent of n and | such that the inequality
B, flog f < CI*Dy(\/f).

holds for any f which is non-negative and satisfies the normalization condi-

tion B, f = 1.

Let pinny (- | Gi) = wi. It is a measure on the first i “arcs”. Denote by fi;

its marginal on the ¢-th “arc”. It is easy to see that fi; is a uniform measure.

17



The function ff depends only on ny, the last N —il coordinates, and averages
ni,...,n;. Therefore it can be treated as a constant relative to pi;. The ratio
fi = ft,/f! is i-measurable and satisfies the condition Ej, f; = 1. By the

logarithmic Sobolev inequality
il—1

Eg (filog f;) < CPEs > (\/ filpmett) = \/ fi(n) )2

x=(i—1)l+1
1 il—1 2
corsmn Y (Ve - i ) )
i w=(i—1)l+1

Notice that by the definition of f;_; and the Hdélder inequality, for each x
between (i — 1) + 1 and il — 1 we have that

(VIEGr = - Vi@ )
= <\/E,M_1 Sy (75F1) — \/ B [y (M) )2

= By (Tl ) = [ Foome) )’

2 (B T OF ) L ) = /B P 07 ) B Fh (1))
< B (P 07) = [T ) ) (123

Here we also used the fact that even though pu; 1 depends on the last N —

(¢ — 1)l coordinates of 7 it is invariant under the transformation which takes
n to n™**1 for all z > (i — 1)l + 1. Substituting (1.23) into (1.22), taking
summation over ¢, and averaging with respect to uy,, we obtain

k t
ZE)U‘N,’!LN E#N,nN < l'tfl log }‘_tl | gz)

i=1

< CPB,y,, NZ [ Froms 07 = [T ]

< ACE Dy (1) o) (1.24)

18
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Step 2. We now estimate the Dirichlét form. Since by Lemma 1.3

d
T H | ) < =2Dvs (3 Fi) <0 (1.25)

for all k£ which satisfy 1/k <t we find

g/t_s DNJLN(\/ f]‘qf,nN)dT < 2_€H(V]OV,nN ’luNmN)’ e = E

This implies that for each N there exists ty € (t — ¢,t) such that

1 1 N
Do/ 180) = 30Ky L) < o0 (). (120

The last inequality follows from the obvious Proposition 1.2 stated below.

Proposition 1.2. Let P be the space of probability measures on
={1,2,...,M}. Then for any P, Q € P with P(i) = p;, Qi) = g,
1=1,..., M,

1
_< _
H(P[Q) = E pzlog max log ”

In our case ¢; = q = (N)f . From (1.21), (1.23), (1.25), and (1.26) we

nN

conclude that

1 1

2Ce N 1
< T10g< N) + NEﬂNanliN log fi. (1.27)

In the proof of Lemma 1.4 we have already shown that

1 N
hi%oﬁlog (TLN> = —h(m).
From the definition of h (see (1.12) it is easy to see that 0 < —h(y) < log2

for all y € [0,1]. Now we only need to obtain a bound on the last term of

(1.27).
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Step 3. The function f;N depends only on 7y, ..., 7. Let u'k) be the
joint distribution of nq,...,7ny under py ,,. Taking summation over the set
il
meXnny + >, mj=mi i=1,...,k} we see that
j=(i—1)i+1

1
WV log fi¥ = NEM)f;ﬁN log fi"

_% > R (M, ) log (fY k) (R, )

ni+--+ng=npy

1
NE:U‘N,’VLN

1

= 5 B IV log k) (7, ..., 7ig) (1.28)

Let u(k) be the joint distribution of ny,...,n; under gy, . The first term
in the right hand side of (1.28) is non-positive and we concentrate on the

second one. We have

and therefore

1 1 N 1 1 [
— (LY (7 5) — - -
Nlogu k)(ny, ..., 0) Nlog( >+k E llog (ﬁz)’

Returning to (1.28) we can compute

(1 o
lim ( — NEMN,HN fliN log ﬂ(k‘)(nh e ’nk’)) -

N—o0
s — 1 Ne

:1
= — h(m) + % Z h(k:/A m(t.,0) do)

for some t. € [t — ¢,t]. The last equality is the consequence of the Theo-

rem 1.1. Indeed, Theorem 1.1 implies that for any 6 > 0

n; _
N—k/m(t,&)d@‘ > 6) =0
A

lim 2/} € Xy : ‘
N—o0 Nonn (77 N g
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uniformly in ¢. From here we proceed similarly to (1.16) understanding
the convergence as convergence in probability relative to vf, —and using
continuity and boundedness of h.

Conclusion. Combining (1.27) and (1.29) we see that

N—oo

k
: 1 1 1
lim sup NH(I/]thN | N ny) < EC’logZ — h(m) + z ZZlh(k: /Ai m(t.,0)do)

with ¢, € [t — +,¢]. Notice that |A;] = ¢ and k [, m(t.,0)dd = m(t.,6;) for
some 0; € A;. Finally we let k£ go to infinity and obtain the statement of the

lemma. O

1.3 Asymmetric simple exclusion (p # q)

1.3.1 Main results

The appropriate scaling for asymmetric simple exclusion processes is hyper-
bolic. It is given by the mapping (7,z) +— (7/N,z/N) which shrinks the
distance between sites of Ay by N and speeds up the time by the same factor
therefore changing the expected waiting time between jumps from 1 to 1/N.
The macroscopic time ¢ is now related to the microscopic time 7 by the equa-
tion ¢t = 7/N. We consider the scaled process on the lattice i € S, v € Ay
which starts from deterministic initial conditions 7™ (0). We adopt the no-
tations introduced in Section 1.2 for the symmetric simple exclusion model.
The following result is well-known for asymmetric simple exclusion processes
on the circle (and also on the line) (see, for example, [12], [19], and [14]) and

it will serve us as the starting point.
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Theorem 1.4. Let n™)(0) ~ mq for some measurable mg, 0 < mg < 1, and
nN(t) be the asymmetric simple exclusion process with initial data n'™)(0).

Let m be the entropic solution of the inviscid Burgers’ equation

om om(l —m)

which satisfies the condition m‘t:U = mg. Then n™M(t) ~ mf(t,-) uniformly

—0, (t,6) € (0,+00) x S, (1.30)

mn t.

Define a family of local Gibbs measures 73" on Xy by (1.9) where m now
is the entropic solution of (1.30). Introduce ”y]r\’}an and g]"\}an by relations
(1.10) and (1.11) respectively.

The main result of this section is

Theorem 1.5. Let n'™)(0), N = 1,2, ..., be a sequence of deterministic con-
figurations such that n™)(0) ~ mq for some measurable my: S — [§,1 — 6],

where 0 < § < % Denote m(;N)(O) by ny. Then for anyt > 0 the specific

zEAN
relative entropy
1 . 1 I (M)
nEEN) N

approaches zero as N — oo.

The proof of Theorem 1.5 is given in the next three subsections.

This theorem can be slightly modified to produce the following version:

Theorem 1.6. Let n'™)(0), N = 1,2,..., be a sequence of deterministic
configurations such that n™)(0) ~ mg for some measurable mg, 0 < mgy < 1.

Then for anyt > 0

1
Jim CHOA, i) = [ Bn(t.0) a8~ hom), (131
S
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where h is defined by (1.12)

This result states that for any positive macroscopic time the specific mi-
croscopic entropy converges to the macroscopic entropy defined by the right
hand side of (1.31).

We would like to point out that under assumptions of Theorem 1.5 the
relation (1.31) is an immediate consequence of Theorem 1.5 and Lemma 1.6
below. We need a separate argument to include functions mg which are not
bounded away from 0 or 1. To this end we notice that the upper bound on the
relative entropy can be proved (see Lemma 1.7) under relaxed assumptions
of Theorem 1.6. Therefore we need only a lower bound which is not hard to

obtain. We prove this in Subsection 1.3.5.

1.3.2 Proof of Theorem 1.5

The general framework of the proof coincides with the one for the symmetric
simple exclusion process. But due to the difference in the scaling, details of

this proof are very different from the symmetric case.

We have

1 mt t

1 1
t t m
NH(VN,TLN |7N,nN) - NH(VN,HN |IU’NJLN) - NEV}S\’,HN IOg INny-

Since the relative entropy is always non-negative the following two lemmas

imply the statement of Theorem 1.5.

Lemma 1.6. Under assumptions of Theorem 1.5

N—oo

1 me _
lim NEV?VWLN log gx'y = /h(m(t, 0)) df — h(m),
s
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where h is defined by (1.12) and
m = /m(t,@) de.
S

Notice that the “total mass” m is a conserved quantity. This is easily
verified using the hydrodynamic equation.

Proof of Lemma 1.6. The proof just repeats the proof of the cor-
responding lemma for the symmetric case. The only difference is that the
function J(t,8) = log m(t,0) —log(1—m(t,0)) (see (1.17)) might not be con-
tinuous. But it is bounded in € for any ¢ > 0 since we assumed that m, was
bounded away from 0 and 1. Moreover J(t,-) is of bounded variation. This
follows from the fact that m(t,-) is of bounded variation on S (see [15], p.
267, discussion below Theorem 16.1). We claim that the convergence (1.18)
also takes place for any function J = J(6) of bounded variation on S. At
first observe that if J is the indicator function of an interval, then (1.18)
holds. Clearly we can take a finite linear combination of indicator functions
of intervals. Any function of bounded variation can be decomposed into the
sum of a continuous function and a jump function. We need only to prove
(1.18) for the jump function. Recall (see [9]) that for each jump function f
on S there is a finite or countable set of points #;, 6, ... and corresponding

numbers aq, as,... and by, by,... such that

and



For any € > 0 and all n > n. we have that

> (lanl +1bal) < e

Define
f€(9> = Z ap + Z bn;
n>ne : 0, <60 n>ne :0,<60
F(8) = £(0) = 1(0).
Then

§26+'N nx /f

IBEAN

Since f is a finite linear combination of indicator functions of intervals, the

proof is now complete.

Lemma 1.7. Under assumptions of Theorem 1.6

— 1
i H 0y L) < [ Blm(t,6))d8 — bm)

N—oo N
S

Proof of Lemma 1.7. Repeat the proof of Lemma 1.5 through (1.28)

1
with k,[ replaced by kxy = —vV' N, [y = eV N respectively for some small
€
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fixed € > 0. We need to obtain an estimate from above on

1/ 1 _ _
B /t_a El’fv,nN ( % log piy (71, - . . ,nkN)) ds.

Proceeding as in Lemma 1.5 (see (1.29)) we obtain for any s > 0

— 1 s _ _
J\P—Igo ( - NEHN,nN fk:N log :ukzv(nla s 7nkN))
1 & 1 l
_ T N
= —h(m) + Nhféoa ;1 By < - l—log (m)) (1.32)

We use the following consequence of Stirling’s formula:

Lemma 1.8. Let h be defined by (1.12). There exist positive constants ¢,
and ¢y such that for allm € N and k € {0,1,...,n}

1 k
—ﬁlogn < —log (n) +h<—) < 6—2. (1.33)
n n k n

n

Corollary. For any sequence {k,}>;, k, € {0,1,...,n},

lim (llog(n) +h(ﬁ>) — 0.
n—oo \ 1 k, n

Proof of Lemma 1.8. The case when & = 0 or £ = n is trivial and we
assume that n > 2 and k € {1,2,...,n — 1}. By Stirling’s formula (see, for

example, [6], p. 73) for any [ € N we have

1 1 1
< logl! — §log(27r) - (l + —) logl < —.

120 +1 2

Applying this inequalities with [ = n, (n—k), k after elementary computation
we obtain:

1 1 1 n -
n\12n+1 12k(n—k)

1 n 1 k 1 n
- log <k:) — %log(Zw) + h<ﬁ) — %log e

<1 1 1 1
n\12n 12k+1 12(n—k)+1)’
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which immediately implies (1.33) upon noticing that

4 n n

- < < .

n~ kn—k) " n-—1

[

By the corollary to Lemma 1.8 we can replace —% log (lﬁN ) with h(l%) in

(1.32). Therefore we have shown that

kn _
1\@0 %HN(VR,W | inpy) < Ce+ 1i]rvlljolip Eufww% ; h(%) — h(m).

For any x € Ay define the translation operator 7, acting on functions
f : Xy — R by the formula 7, f(n) = f(7.n) where (7.1)y = Naty, ¥ € An.
The left hand side of the above inequality does not depend on the way we
divide the circle into “arcs” of length %: we need not have the first [y sites
in the first “arc”. Notice also that the entropy Hy(Vy,,, | finny) is a non-

increasing function of time (see Lemma 1.3). Taking this into account we

arrive at the following inequality

— 1 _
lim S Hy (Vx| i) < Ce = h(m)

N—oo
— 1t 1 & A
lim Tm - [ —— S B, — xh(—’) ds. (1.34
il ey T |Z<z N’"NkN;T o) 45 (134)
The next lemma is the key step in the proof of Lemma 1.7.
k
Lemma 1.9. Letty > 0 and ky — oo in such a way that WN —0as N — o0
and Inkyxy = N. Then
T T ! 1 1 al n;
BB )\ s 2 By 227 ()

to o)<l

—/h(m(s,G))d@ ds < 0.
S
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Proof of Lemma 1.9 This lemma is the consequence of the convexity
of h and the two-block estimate which is the content of Lemma 1.10. For
any configuration n define the average over a block of size 2] + 1 centered at
x € Ay by

_ def 1
= — E . 1.
Nl 91 1 Nty ( 35)

ly|<!
Lemma 1.10. For any t > 0

t
. I 7. 1 — —
lim lim lim EN/O N E Tzt — Neen|ds =0

€l0 IToo NToo
TEAN

The proof of Lemma 1.10 is postponed till the next subsection.

Now we continue with the proof of Lemma 1.9.

Step 1. Consider the i-th “arc” of size [y and divide it into “sub-arcs” of
size (2l + 1). Denote the center of the j-th “sub-arc” by xgj ), By convexity
of h

o N

n; 2+ 1w ol +1 X1
h =h G < — h(i o).
<ZN) ( lN jz:;n(ﬂz(.]),l> - lN ; (77%(4)7[)

Fix an arbitrary € > 0. Then

2l+1ZkNZT"” < )‘

lz|<I

h(m(s,@))do

e

T Y ZQZHZMM(]) /h( (5,6)) do

\ |<l

= % Z (h(ﬁ:v,l) - h(ﬁm,aN))

JTEAN

by D b — [ s, 0) 0. (130

TEAN
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Step 2. We apply the two-block estimate to the expectation of the first
term in the right hand side of (1.36). Function A is uniformly continuous on

[0, 1], i.e. for any € > 0 there exists § > 0 such that
[h(y1) — h(y2)| <€ assoonas [y1 —yz| <0.

Since sup |h| < log2 we obtain

t
1 — —
V= /to EV]SV’”NN Z (A1) — h(zen)) ds

TEAN

. 2log?2 [* 1 _ _
S €(t — to) + 5 /to EVISV,nNN Z |7]:c,l - 771‘,€N| ds.

TEAN

Applying Lemma 1.10 to the last term we see that
_ gt 1

limlim lim E, —

el0 lfoo NToo J, Vv N

(R(Te) — M(Neen)) ds < E(E— to).

TEAN
Since € was arbitrary we conclude that the limit above is equal to zero.

Step 3. To finish the proof of Lemma 1.9 it is enough to show that

o 1 -
lim T By EZA B o) = / h(m(s, 0)) do. (1.37)
TCAN S

This is a consequence of the existence of the scaling limit. Indeed, let

u+te

me(s,u) = 2i€ / m(s,0)db.

For any v € S and any 6 > 0
VJSV,nN(W[uNLaN —me(s,u)| > 5) —0 as N — oo.

Therefore



and we need only to prove that

181{51]@0% Z h(m.(s,£)) = /h(m(s,&))d@.
5

TEAN

Since m.(s,u) is a continuous function of u for any fixed s, we have that

By continuity of h and Proposition 1.3 (see the next subsection)

1551 h(ma(s,u))du:/h(m(s,&))dé’.

S S

The proof of Lemma 1.9 is now complete. O]

We proceed with the proof of Lemma 1.7. Applying Lemma 1.9 to (1.34)

we obtain

— 1 o1
A}l_r)rloo NH(V]tV’"N | Unny) < Ce — h(m) + B /t_a/h(m(s,e)) df ds.
S

We show below (see Lemma 1.11) that the function [ h(m(s,6))d6 is contin-
5

uous in s. By letting ¢ go to zero we obtain the statement of Lemma 1.7. [

Lemma 1.11. Letm be the entropic solution of (1.30) with measurable initial
data mg, 0 < mg < 1. Then the function [¢h(m(s,0)df is continuous in

s € [0, 00).

Proof of Lemma 1.11 At first we notice that if F' € C*(S) then

/ F(m(s, 0)) do
S
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is continuous in s, s > 0. Let s,¢ > 0 then

'/F(m(t,&))d@—/F(m(s «9))d9’
S

< max |F'(y ]/[mt& m(s,0)| do

yes
§C’/]m(|t—s|,9)—m0(9)|d9—>0 as [t —s| | 0.

See, for example, Ch. 7 (relations (20.1) and (10.4)) of [4] or Ch. 16 of [15].

Function h is continuously differentiable on any set [6,1 — §], § > 0.
Therefore if mg is bounded away from 0 and 1 then the proof is complete.

For the general case we use the fact that h is continuous on [0, 1] and
h(0) = h(1) = 0. This implies that the contribution of those # for which
m(t,0) is close to 0 or 1 can be made arbitrarily small. Namely, choose an
e >0and § = d(e) > 0 such that |h(y)| < e for any y € [0,25] U [1 — 20, 1].
Let 95 be a function with the following properties:

Uy € C=(0.1]), 0 sly) < 1
Ys(y) =1 for y€[0,0]Ul—6,1],
Ys(y) =0 for ye [26,1— 20].
We have
[ 5,00 d0 = [ 1ol 0)(1  vam(s.6))) do

S S

+ [ bl 0))s(m(s.0)) do.
S
Observe that by our choice of §

/VWM&%WMm@ﬂﬁMGSe
S
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independently of s. Denote the function h(y)(1 — ¢s(y)) by Fs. Then Fs €

C1(S) and our previous reasoning applies. O

1.3.3 Proof of the two-block estimate

Proof of Lemma 1.10. The proof is based on a number of lemmas. Let
FN)(t) be the difference between the total number of jumps to the right and
the total number of jumps to the left up to time t. The first lemma gives us

a “microscopic” description of the behavior of jy as N — oo for a fixed ¢.

Lemma 1.12. For any 6 > 0

EPN(‘ JN _q / > () (1= (s ))ds(>5) 0. (1.38)

N—o0
TEAN

Proof.  Consider a process (n™)(t),7™)(t)) with the state space
Xy x (NU{0}) and the generator

Lof(m,3) =N [pne(l = o) (FO"" 5 + 1) = f(n, 5))

TEAN

+ qnx+l(1 - 77x)(f(77x7x+17j - 1) - f(naj))} :

Assume that at time ¢t = 0 the process starts from (p™(0),0). Choose

f(n,j) = j then

LN = (p—a)N EAj (1 =g, (1.39)

diMN(t) = L,iN(t )il:dMl( t), (1.40)
and

AM2(t) = [£, (M) = 25™M (1) L£,i N (8)] dt + dMy(t), (1.41)
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where M (t) and M,(t) are martingales. Since

L,(jN )" =2/ M (t)L, =N > My -,

TEAN

we obtain from (1.41) that for any ¢t > 0
ExM;(t) = O(N?). (1.42)

Therefore by (1.40), (1.39) and (1.42) we conclude that

PN(’J(N p ) / S 0(8)(1 = o (s ))d5‘>5)

z€EAN

= Py (|My(t) — Mi(0)] > ON?) <

52N4EN|M1() My(0)[?
< 0
— )2N?2

—0 as N — oo.

O
We use the following one-block estimate to calculate the same quantity

as above but now in terms of large microscopic blocks:

Lemma 1.13. Let f be a local function on the configuration space. Then for

ds>5):

any test function J € C(S) and any § >0

lim lim PN(

l—oo N—oo

( ) (o fn(s)) — F(ea())

where (assuming that f depends on n coordinates) we set

fT(u) = Eﬂ%f « Z f(Oél, cee 7Ozn)uz O‘i(l — u)"*z @

(a1,...,0m)€{0,1}7

For the proof see, for example, [8].
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Apply this lemma with f(n) = no(1 — 7). Then f(u) = u(1 — u) and

&%E&PN(N / D (L= nea) = m,zﬂ—wld”é) -
TEAN x€EAN
(1.43)
From (1.38) and (1.43) we obtain
(V) — t
— ;7 -9 _
,E?OJ}EHOOPN(‘ NZ N ; g\: Mo () (1 = 7p4(s)) ds| > &
(1.44)

The next lemma is the key step of the proof. Combined with the exis-
tence of the scaling limit it would allow us to substitute averages over small
macroscopic blocks for the averages over large microscopic blocks in (1.44)

and would essentially imply the two-block estimate.

Lemma 1.14. Let m be the entropic solution of the hydrodynamic equation
with the initial condition mqg. Then for any positive t and §
— ) t
]\}EEOPN( N (p—q)/o /m(s,@)(l —m(s,0))d0ds| > 5) =
S

The proof of this lemma will be given in the next subsection.

From the existence of the scaling limit (see Theorem 1.4) we can derive

Lemma 1.15. For anyt >0

lim lim EN
e—0 N—oo

77“]\, /thd@‘—O

CEEAN

Proof. Let

u+te

") = ig / mit,0) do
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We have

1
EN‘NZT)“N —/m2t0d8)

zEAN

.TGAN .TEAN

By the existence of the hydrodynamic scaling limit
A}im EN‘ﬁ[uN]ysN(t) — mg(t,u)| =0 for any u € S.

Therefore by the bounded convergence theorem the first term in the right
hand side of (1.45) converges to zero as N — oo. Since m.(t,u) is continuous
in v we also have that
—Z ’2t— —>/m (t,0)d0 as N — oo.
JJEAN

Finally

'/ (t,0)do — /mt&d@’

1
§2/|m5(t,9)—m(t,9)|d9 — 0 ase—0

0

by the following

Proposition 1.3. Let p € L'(S) and

pw) =5 [ o)

2e
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Then
/\pE u)|du — 0 as € — 0.

This proposition is a standard fact about L' functions. ]

From (1.44), Lemma 1.14 and Lemma 1.15 it follows that

iy i (| (Z Teals) = 2 oo ) ] >5) =0
zEA TEAN
(1.46)
But we need a stronger statement. The following algebraic fact about aver-

ages completes the argument:

Lemma 1.16. For any | € N, sufficiently small € > 0 and all N such that

eN > 1

1 4 C
N Z (ﬁz,l — ﬁx,sN)Z < N Z (77920,1 - T_]i,sN) + N (1.47)

TEAN r€AN

where constant C' depends only on | and ¢.

Proof. For [ € N define the operator M; : [0, 1Y — [0, 1]V by
(Min)e = Ny
where 7, is given by (1.35). We prove that
|Min — My o Mn||> < 2 (||Min]||* — | My o Min][?) . (1.48)

where || - || is the Euclidean norm in R¥.
At first we show that the inequality (1.48) implies the statement of the

lemma. We observe that

C(e, 1)
N

| (M.y o M), — (Meym), | <
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uniformly in x € Ay. Therefore

C?(e,l
”MsN o Mln - MaNnHz S 5\[ >7
and
S (s = ) = |1 Min — Mo
N nzl nazsN - N mn eNT)
zEAN
2
< N“Mm My o Mn||> + || Moy o My — Moyn||?)
4 ) 2C% (e, 1)
< N(HMﬂ?H | Moy o Min||?) t—r
4 9 4 5 o 20%(g,1)
= & (Ml = M) + - (1Mol = (Mo o M) + 250
4 80( 1) 202(5,l)
< (1Ml = M) + e
as claimed.

To prove the inequality (1.48) we use the Fourier transform defined by

- Z eixAnwa A € [07271-]

TEAN

The function 7 belongs L?(S) and satisfies the identity

2w
17113 Z/Iﬁ(A)IQdA = 2n 9|,
0

Let vy : Ax — {0,1} be the characteristic function of the set
{reAy : |z| <1} i e

1 if |z| <1,

0 otherwise.

37



Then

where

Casme= Y xi@=y)ny = > XaW) ety

YyEAN yEAN

Using this notation we can write the left hand side of (1.48) as

1 — —
|Min — M.y o Myn||* = gﬂMﬂ? — My o Min||®

1 ~ L
= S 12 T~ ey g el

1 P 9 1 R 2
- m/|)€z-77()\)| <1—mXeN(/\)) d\ (1.49)
0

Observe that Y.y is real-valued. For the right hand side of (1.48) we obtain

[Mi||* = | Mz o Min]|*

%H /Ixm ( m@w@))?)w (1.50)

Comparing (1.49) and (1.50) we see that it is enough to show that

1

def
T = 2¢eN + 1

SC\EN(A)

is bounded away from (—1). Indeed, the inequality f(A) > —1 + ¢ implies
that

- <2-5< 2200 F)
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and

(1o < 2220 - o)

This proves (1.48) with the constant 22. We show that f(\) > —2% which

1
3
gives us 0 = % and the constant equal to 2.

It is not difficult to compute that

1 sinA(2eN +1)/2
- 2N +1 sin \/2

f)
Since f(A) = f(2mr — A), A € [0, 7],

inf f(\) = inf f(N)

A€[0,27] Ae[0,7]
sinA\(2eN +1)/2  \/2
in .
xelor] A(2eN +1)/2  sin)/2
sin A(2eN +1)/2 A/2 2 1 1
> in - sup — === ——,
ref0x] A(2eN +1)/2  sepo sinA/2 3r 2 3

Using the above lemma we can strengthen (1.46) and conclude that

- 1 [t
lim Iim Tim PN(N / 3" (uals) = Tuen(s))? ds > 5) —0.
0

e—01l—o00 N—oo
TEAN

Finally by the Schwartz inequality we obtain

t
1
EN/O N Z |77x,l(5) - ﬁx,eN(5>| ds S

TEAN
t 1 %
Vi(Ey [ 5 3 o) - mertoPas)

fEAN

This implies the statement of Lemma 1.10.
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1.3.4 Proof of Lemma 1.14

Additivity property of j¥)(¢) and of the Lebesgue integral implies that we

may assume without loss of generality that t is small. Let t < 411 and ¢ €
(0,1 — 4t) be fixed. Consider an arbitrary arc of length ¢ and color green
all the particles which happened to be there at ¢ = 0. At first we study
the dynamics of “green” particles. We “straighten” this arc on the real line,
surround it at £ = 0 with the same environment it had on the circle and start
a new process on R. We show that for a given small ¢ and sufficiently large N
the “green” particles on R will not practically “feel” the difference between
the line and the circle. The problem on the line allows a straightforward
computation. Then we divide the circle into small arcs and apply the above
procedure to each arc separately. Having done this, we rebuild the circle,
putting all the arcs together, and obtain the statement of the lemma.

Step 1. (The problem on R.) Fix an arbitrary § € [0,1). Consider the

asymmetric simple exclusion process on R with the following initial data: for

x € Z we set

77:(c](vn)de)(O> if ¥ € 6 — 3 0+

N

i (0) = :

0 otherwise.
Then ﬁg(cN)(()) ~ my where

mo(0) if0ed—10-1)

N

mo(0) =
0 otherwise.

Denote by Py the probability measure corresponding to this process. For the

rest of the proof all quantities related to the problem on R will be marked

40



with “tilde”. By Theorem 1.4

() ~ ),

T

where m is the entropic solution of the problem

M+ (p— @) (1 —m))g =0,  (£,0) € (0,00) x R,

ml,_, = mo. (1.51)
Let jc(j:)ﬁo (t) be the difference of the total number of jumps to the right

and the total number of jumps to the left made during time ¢ by the particles
which at ¢ = 0 belonged to the interval [dyg, 3).

Lemma 1.17. For any interval [6&0,5@) C R and any 6 > 0

(N
j()

%02@)—(p—q)/ot/&i(:)m(s,ﬁ)(l—m(s,Q))des‘ >5) ~0

lim P
Jm Py
where a(t) and B(t) are the solutions in the Filippov sense (see, for example,

[13]) of the equation

= o a) (1 - m(t o) (1.52)

with initial data o and By respectively.

Proof. Denote by an(t) (Bx(t) respectively) the coordinate at time ¢ of
the rightmost particle which was below &, (3,) at t = 0. Notice that

i = Y waMe - Y 2a™M(o) (1.53)

&0,80 3 ;
&N(t)<%§ﬁN(t) d0<%§ﬁo

We need the following
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Proposition 1.4. Let a(t) and 3(t) be as in Lemma 1.17. Then for any
>0

.= 1 T
J\}EHOOPN(‘N Z Nﬁz(t)_/d

an (t) <3 <Bn(t)

30
6m(t,0) d&‘ > 5) -
0

Proof. It is enough to show that

' 5 1 r B(t) B
&%PN(’N 3 Nnx(t)—/ em(t,e)d9(>5):

%SBN(t) -
Let )
1 ifb>aandfe(ab),
X@pn)(0) =< -1 ifb<aand e (ba),
0 else.
\

The mass conservation law on the microscopic level states that

_ZX 0050)( > ZX( 00,0 (1)) ( )nx(t) (1.54)

On the macroscopic level we have from (1.51) and (1.52) that
Bo Bt)
/ mo(0) do = / m(t, ) do. (1.55)
By our assumption on the initial data

Bo
_ZX( oo,BN(O)( >7]m — mo )df as N — oo

and by the existence of the scaling limit

o . o

(S [ o)
z€Z -

~ 1 x T\ . B®) ~

pN(‘NZNX(_OOﬁ(t)) (%) m(t)—/ 0(t,0) df >5> ~ 0 (157)
TEZ e
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as N — oo. The relations (1.56), (1.54) and (1.55) imply that
~ 1 T
Py (ﬁ > ‘X(BN@),B(t)) (N)
TEL

We are interested in the behavior of

() > 5) — 0 as N — oc. (1.58)

T

1 x -
T D Xy () D)
TEL

It follows from (1.57) that it is enough to prove that

~ 1 T N
EN’N % N XGn (0.6 (ﬁ) z(t)’ —0 as N — oo

We have

7z (1)

1 T N 1 T
‘N >N X(Wt)ﬁ(t))”w(t)‘ <52 ’ﬁ X (B (6),5(2)

TEZ TEZL

- -1
< max{|On ()], 150} 5 > XG5y ()

TEZ

Ex %Z%X(BN@),B@)) (%) ﬁz(t)‘ = (EN(maX“BN(t)" |B(t)|})2>é

< (Bn(+ > (B 50 (57) ) )"
The second term in the right hand side converges to zero by (1.58) and
the bounded convergence theorem. To estimate the first term we consider
the movement of the particle whose coordinate we denoted by By(-). The
distance it covered up to time ¢, i.e. \BN(t) — Bo\, is bounded above by the
distance it could have covered in the absence of other particles if it were to

jump always to the right. In the latter situation the number of jumps has a
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Poisson distribution with parameter tN. Since |3 (t) — 3| is equal to the
number of jumps divided by N, we conclude that

En|Bn(t) = G < C
where C' is a constant independent of N. n
From (1.53) and the above proposition we deduce that

G (#) O o
e (/d(t) Gm(t,e)de—/do Qmo(e)dQ)‘ >5) =

The next statement is a simple fact about solutions of (1.51). It completes

N—oo

the proof of Lemma 1.17.

Proposition 1.5. Let m be a weak solution of the problem (1.51). Then for

any & € R

/dem(t,e)de—/demo(e)de:
(p— q(// (5,0)(1 — 15, 0)) deds—a/msa (sa))ds>.

Moreover if a(t) is a solution of (1.52) in the Filippov sense with the initial

condition &g then

a(t) ao
/ 0m(t,0) d@—/ 0 170(6) df =
0 0

t  ra(s)
(»—q) /o /0 m(s,0)(1 —m(s,0))dods.

Proof. Since m is a solution of (1.51) then for any ¢, ¢ € C§° we have

the equation

/ m(s,d)e '(s)df ds =
—(p—q / m(s,0)(1 —m(s,0))'(0)(s)dbds.
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which implies that (in the sense of distributions)

(p— qu/mse )(1 —m(s,0)) ds-/ms@ 0)ds € L™ (1.59)

and [m(s,0)(1 —m(s,8))1(s)ds is Lipschitz continuous in 6. Similarly we
conclude that [ m(s,8)e(0)df is Lipschitz continuous in s.
Let ¢, € C§° be a sequence such that

on(0) — 0-1[0,a)(0) in L',

o —1[0,a] —ad@ in D
Since the function [ m(s,0)(1 — m(s,0))y(s)ds is continuous then

lim [ ¢ (0) /Th(s, 0)(1 —m(s,0))(s)dsdld =

/Oa /m(s,ﬁ)(l —m(s,0))(s)dsdf — &/m(57a)(1 — (s, a))(s) ds

On the other hand by (1.59)

tin [ (0= 0),(6) [ (s 001 = (s, 6))(s) dsdb =

— lim gpn(ﬁ)/M(s,O) s)dsdf = — / /Hm s,0)Y'(s) dsd#.

Therefore

//Hmsﬁ s)dsdf =

(p— q)/0 /m(s,e)(l — (s, 0))0(s) ds do—
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Choosing now a sequence v, € C§° in such a way that

Vn(s) — 1[0,t](8) in Ll7
W —6(0)—0(t)  in D'

we obtain from (1.60)

/anm(t,e) dé — /Oa O (0) df =
(p—q) /Ot /O&m(s, 0)(1 —m(s,0))dd ds—

(p—q)d/o m(s,a)(1 —m(s,a))ds (1.61)

which is the first part of the proposition.
Let F(s,a) = fod 6 m(s,0)dd. Then by (1.61) it is absolutely continuous
in @ and s and

aF(ai, ) - ( /Oa m(s,0)(1 — (s, 0)) d — am(s,a)(1 — s, @))).

Consider F(s,a(s)), where a(s) is a solution of (1.52) in the Filippov sense
with the initial condition &g. Then
dF(s,a(s)) OF(s,a(s)) da(s) N OF(s,a(s))
ds B oa ds Os

a(s)
—(p—gq) /0 (s, 0)(1 — (s, 0)) db.

Integration of the above identity from 0 to ¢ gives the second statement of

the proposition. O

Step 2. Choose oy = 6 — 5 and BO =0+ Let 0, ag and 3y be the

£
5

corresponding points on the circle:
0= é, Qo = do (mod 1), ﬁ() = BO (mod 1)
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Since the solutions of (1.51) have bounded domain of dependence on the

initial data we have that for all sufficiently small ¢ (¢ < §)

/OtABM(S’Q)(l_m(Sve))deSZ/Ot/jm(s,H)(l—m(s,e))deds

where a(s) and [(s) are the solutions of the equation

dv

== q)(1 —mf(t,v(t))) (1.62)

on the circle with initial conditions o and [y respectively.

We couple the process on the circle with the process on the line described
in Step 1. The rightmost (respectively, leftmost) particle on the line can
always accomplish a jump to the right (left). This might not be so for the
corresponding particles on the circle. If a particle on the circle can not jump
while the particle on the line attached to it can, we decouple them. As ¢
increases, this decoupling spreads from the boundary of [é — %, 0 + %) CR
to interior particles. Let 7 be the first time when a particle which initially

belonged to the arc [ag, fy) € S is decoupled.
Lemma 1.18. Py(7xy <t) — 0 as N — oo for any t < }l.

Proof. If the arc [, 5y) does not contain initially any particles then
there is nothing to prove. Assume that at time 0 we colored green all the
particles which belonged to the arc [ag, fy) and marked with letter “r” (re-
spectively, “”) the particle on the circle attached to the rightmost (respec-
tively, leftmost) particle on the line. All particles initially are considered to
be healthy. But “r” (respectively, “1”) particle becomes infected and turns

black when it attempts to jump to a site occupied by the “I” (“r”) particle.

Since then any healthy particle becomes infected and turns black if it tries
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to jump to a site occupied by a black particle. Nothing happens if a black
particle attempts to jump to a site occupied by a healthy particle. Then 7y
is equal to the first time when a green particle becomes infected. Clearly
the first infected green particle has to be either the rightmost (“rg”) or the
leftmost (“lg”) green particle. To obtain an estimate on 7y we simplify the
problem by keeping only two pairs of particles on the circle: “r” and “lg”,
and “1” and “rg”. Moreover we assume that all four particles are indepen-
dent, the leftmost particles can only jump to the left, the rightmost particles
can only jump to the right, and the number of jumps made by each particle

during time ¢ has the Poisson distribution with parameter Nt. It is clear

that

(( 2

Tn > min{the time when meets “lg”, the time when “I” meets “rg”}

and therefore

2
Py(ry > ) = (Prob (X < (:2))

where X is a Poisson random variable with parameter 2¢t/N. Since X can
be thought of as the sum of 2N independent Poisson random variables with

parameter ¢, by the law of large numbers

4

Prob(X < M=) — Prob (5% < 452) — 1

as N — oo if %5) > t. This explains our choice of ¢ and ¢ in the beginning
of the proof of Lemma 1.14. O
Let Ay be the event that

(V)

jaojgg _ —q// — (s, 0)) 6 ds
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Then

PN(AN) = PN(AN N {TN S t}) + PN(AN N {TN > t})

< Py(ty <t)+ Py(Ay) — 0 as N — oo, (1.63)

where Ay is the corresponding event for the process on the line.
Step 3. Divide the circle into equal parts of length ¢ < (1 — 4t). We
obtain k = 1 arcs [a1,as), [oao,03), ..., [0, api1), where a; = (i — 1)e,

i=1,2,...,k Applying (1.63) with Ay constructed for ay = a; and Gy =

>5)§

aiv1, ©=1,2... k, we conclude that

H{V?@@@/Zm@mGMawww

k (N) t az+1 5
ZPN( JC“‘““ / / )(1—m(s,0))db ds >E> —0
i=1 0 alls)
as N — oo. Here a;(s) is the solution of (1.62) with the initial condition ay,
i=1,2.... k. 0

1.3.5 Lower bound for the specific entropy

Lemma 1.19. Under assumptions of Theorem 1.6

1 1
b - H (0 [ an) = [ Bm(.6))db — hom).
0

N—oo

Proof. Let ,u]%v be a product measure defined by (1.5). Then

oy 1, Lo pa(n)
NH(VN,TLN | ,UN,nN) = NH(VNJLN |/~LN) + NEV?V’RN 10g m
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Since %Y converges to m as N — oo, by (1.16) we have that

N
1 N

The following general lemma completes the proof.

Lemma 1.20. Let ay be a sequence of probability measures on Xy such that
for any § > 0 and any J € C(S)
) 1 T !
]&Erg)oaN(n € Xy ‘ﬁ 3 J(N)nx —/O J(0)m(0) d&’ > 5) —0 (1.64)
TEAN
for some measurable function m, 0 < m < 1. Then

1 1
liw < Hlax|n8) = [ hm(6)d9 + log2,
0

N—oo

Proof. By the entropy inequality for any J € C(S) we have that

1 1 1 T 1 x
~H (v | i) > NEaNJ<N>m ~ y o8 E j exp ( > J<N>77x>-

TEAN

Using the convergence (1.64) we obtain

1 1 !
lim —H(an|pi) > sup (/ J(0)m(f) — log <1 + e‘](‘g)> d9> + log 2.
Nooo IV sec(s) \Jo

We have to show that

sup F(J) ' sup (/01 J(0)m(8) — log (1 + e‘](a)> dﬁ)

Jec(S) JeC(S)
1
:/ h(m(6)) df.
0
Clearly,
1 1
f(J)g/ sup (ym(e)—log(1+ey))d9:/ h(m(9)) db.
0 yeR 0
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where the supremum is attained at

( m(6) . '

log T=m@ if m(0) # 0, 1;
y(0) =< if m(9) = 0;

+00 if m(0) = 1.

\
Therefore, if m were continuous and did not take values 0 and 1, the function
J«(8) = y(0) would give us a solution of the variational problem in question.
For a general m we need an additional argument to finish the proof.

Let m,, be a sequence of continuous functions between 0 and 1 such that
m, — m as n — oo a.e. on S. By Egorov’s theorem for any ¢ > 0 there is a

set F. such that
(i) meas B, > 1 —¢;
(ii) my — m uniformly on E. as n — oo.

For any € > 0 define

/

mp(0) if e <m,(d) <1—c¢;
Mmne(0) = e if m,(0) <e;

l—¢e if m,(0) >1—c.

\

Functions m,, . are continuous on S. Let

My, < (6)

- (0) = log —1mel?)
» ( ) Og 1 _ mn75<9)

Functions J, . are continuous on S and |J, .| < 2|loge| uniformly in n. We

claim that

lim lim F(J,.) = / 1 h(m(6)) do. (1.65)

e—0n—oo
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The proof is straightforward. For an arbitrary € > 0, all n > ny(e) and all
0 € E. we have that

[ (0) — m(0)] < [mnc(0) = mn(0)] + [mn(0) —m(0)] < 2¢

Fldne) - / h(m(9)) 6] < |F(Jus) — | h(m.(6)) 6]

0
1 1
+ ]/ h(m,(0))do — / h(m(0))dl| = I + L.
0 0
Estimating I; and I we find that

/01 Iz (0) (M, (6) —m(e))de' < (/j/gwg)un,gumm — m| df

< 2|loge|(2¢ 4 €) = 6¢|loge]

[1:

and

I, < </E +/S\E€ ) |h(my(0)) — h(m(0))] d < |h(2¢)| + ¢ log 2.

Finally by letting ¢ go to zero we obtain (1.65).
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Chapter 2

Ginzburg-Landau model

2.1 Description of the model

Let Ay be the one-dimensional periodic lattice Z/NZ. The variable z; €
R, ¢« = 1,..., N, attached to a lattice site, represents a “charge” at this
site. The collection of all “charges” is a vector ™ in RN which we call the
configuration. The nearest neighbor charges interact and the configuration
™) changes in time. Applying the diffusive scaling of space and time, i.e.
shrinking the spacing between “charges” by N and speeding up the time by
N2, we obtain a system of “charges” located at points %, t=1,...,N, of
the circle S = R/Z. The evolution of (") (¢) is described by the following

system of stochastic differential equations:

dai(t) = i [ (@i (1)) = 20" (1)) + (i1 (2))] dt (2.1)

2
N (dBi(t) — dBii (1)), i€ A,
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where 3;, i = 1,..., N are independent Brownian motions and ¢ € C*(R)

satisfies the conditions (H;) — (Hs) listed below.
() [e @ dr — 1.
R

(Hy) There exist constants Cy > 0, C; > 0 and p € [1/2,1] such that
Co < ¢"(x) < Ci(p(x)+1) and |¢'(z)] < Ci(|p(x)|P+1) for all x € R.

(H3) feo‘“p @) dz < oo for any a > 0.

For a simple example one can take p(z) = x2—2 — 1 log(2m).
)

Notice that the convexity assumption in (Hs) guarantees the convergence

of the following integral:
(H) [er#@dz < M(\) < oo for any A € R.

R
We also assume that at ¢ = 0 the system starts from a deterministic configura-
tion: (M (0) = ) = (n%N), - ,nJ(VN)), and the sequence n™), N =1,2,...
possesses a macroscopic profile my € L'(.S). That is for any smooth function

J on S there is a limit

lim % 2; J (%) M = /01 J(0)mo(0)d6. (2.2)

In particular,
A}Lmoo N an / mo(6 . (2.3)

Notice that the total charge Z x; is preserved under the dynamics defined
i=1
by the system (2.1).
Sometimes we find it convenient to write the system (2.1) using a matrix

notation:

dz(t) = N2AMM™ (z(t))dt + NGMdgW). (2.4)
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Here ™) is a standard N-dimensional Brownian motion, AN = G GMN*

and
1 -1 0 0 '(x1)
0 1 -1 ... 0 (22)
e = | @=L | e
0 0 0 -1
10 0 ... 1 o ().

The corresponding measure on the space of continuous paths will be denoted
by P N -

The infinitesimal generator of the diffusion process 2V (t) is given by
N? 9 a \’
L = — — 2.6
N 2 Z (al’z @xiﬂ ) ( )

-5 S ) - o) (5 - 5 )

xI; xI;
1€EAN a v a i+1

It is formally symmetric with respect to the probability measure

N

duy(x) = exp(— Z o(x;))dxy ... dxy (2.7)

i=1
on RY which is an invariant but non-ergodic measure for our diffusion. In-
deed, any set of the form {z € RY : y; < % é\/: x; < Yo}, Y1 < Yo, is invariant
but its py-measure is strictly between 0 ar§:111. This reflects the fact that

Ly is degenerate in the direction of vector (1,1,...,1). Let Ly, be the
restriction of Ly to the hyperplane

n(y) = {z e RY : Zmz = Ny}. (2.8)
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The operator Ly, is strictly elliptic for any y € R. If we consider now
a conditional measure py,(-) = pn (-] fj xEN) = Ny) supported on 7 (y),
then for any y € R the measure piy, is ilnzvlariant and ergodic. It is absolutely
continuous with respect to the Lebesgue measure doy on the hyperplane

7wy (y) and its density is given by

N
exp(— > (7))
d —
:UN’yI 17]\; , xenmn(y).
N Jexp(= 3 ¢(x;))doy
N (Y) i=1
The Dirichlét form
Dy, (h) % — / By hdi, (2.9)
N (Y)
N2 Nr/ 0 B 2
= — h| d 2.10
2 /;{(a% 8$z’+1) ] finw (2.10)
mn(y) T

is non-degenerate for all h € Wh2(ny(y), duny), h # const a.s..

2.2 Entropy and the existence of the hydro-
dynamic limit

Let v}, be the distribution of charges at time ¢t > 0 in RY corresponding to

the deterministic initial distribution ™). Due to the conservation law it is
N

supported on the hyperplane 7y (yx) where yy = % > T]Z-(N). Restricting vk

i=1
on Ty (yn) We obtain a measure vy, which is absolutely continuous with
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respect to pupy .. Consider the following Cauchy problem

(Z—{ = Lyf on (0,4+00) x RY
f‘t:o = Oy

This problem has a unique solution f} which is supported on 7y (yy) and

¢
1t _ dy}V,yN _ fNL"N(yN)
N7yN - d - N :
NN exp(— ) (e do
N (yn) i=1

It is a consequence of ellipticity of Ly, that f]t\,yN is smooth and strictly
positive function on my(yx) for all ¢ > 0.
Define the specific microscopic entropy Hy () by the formula
1 t 1 dl/}f\’,y t
Hyyx () = 5 Hnyylivgs) = 5 / log (m ANy

TN (YN)

1
= ¥ / TN 108 [Ny ANy - (2.11)

TN (yn)

The function Hy,, (t) is decreasing:

dHy,,(t) N / 1 o 0 . 1P
dt - 2 thV’yN ZZ axl 8:(37;_,_1 fN,yN dIUJNny

TN (yn) €N

- _% Dy <, /f]tV’yN> <0. (2.12)

It is known (see [11]) that if o satisfies (H;)— (H3) and there is a constant
N
C > 0 such that + > cp(ni(N)) < C, then
i=1

Hyyy (£) < O(t) < 00 (2.13)

for any ¢ > 0. Moreover, if we choose a sequence {ty}, Xt <ty — 0 then

the corresponding constants C'(ty) in (2.13) are still uniformly bounded in N.
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This entropy estimate allows one to extend the method of [7] to the case of
deterministic initial data and prove that for all ¢ > 0 the system possesses a
macroscopic profile m(t,0), 0 € S to which it converges in the weak sense as
N — oo. We shall formulate this statement more precisely after introducing

some notation.

Let M be defined by (H}). It is easy to check that
p =log M()\) (2.14)

is a convex analytic function. Its convex conjugate

hy) = Sléﬂg(yz —log M (z)) (2.15)
is also analytic and
W) = ]]\é((;)) = (\). (2.16)

The following theorem was proven in [11].

Theorem 2.1. Let the sequence n'N) of deterministic configurations satisfy
the condition (2.2) for some mg € L*(S) and the average + g:go(ni(m) be
bounded uniformly in N. Let m be a solution of the equation -
om 100 (m)
ot 2 902 7

with the initial condition mg. Then for any t > 0 and any test function

(t,0) € (0,00) x S, (2.17)

J € C(9) the V]tV,yN—measure of the set

N . 1

1 0}
Unyy(J,0) =z € n(yn) @ | = J—xit—/Jﬁmt,9d9>(5
v (8) = {z € T lyw) \N;W() | @)m.0)d6) > 5}
approaches zero as N — oo | i.e.

Jm [ i, =0 (2.13)
UN,yn (J,0)

locally uniformly in t > 0.
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2.3 Local Gibbs measures and main results

To every solution m of the hydrodynamic equation (2.17) we can associate
a family of local Gibbs measures 3¢ on RY. Let A(¢,0) = h'(mf(t,0)).
Measures vy" are defined by their densities gy* with respect to the invariant

mMeasure [y,

Ayt 1 al 7
mi(p) = —N = ex A (t, —) X

where Zy* is the normalization constant, Zi¢* = [[;co, M (A (¢, %))- Mea-

sures vy depend only on the solution m(t, ) and form a convenient set of
reference measures. The conditional distribution of the local Gibbs measure
YN G2 ienn ZBZ(-N) = Ny) and its density relative to uy, will be denoted by
Yny, and gy, respectively. The main result of this chapter is the following

theorem.

Theorem 2.2. Let '), N =1,2,..., be a sequence of deterministic con-
figurations which converges to an initial profile mg € L*(S) as N — oo in
the sense of (2.2). Assume that ¢ satisfies the hypotheses (Hy) — (H3) and
for some C' > 0 and dy > 0 the following inequality holds:

N

1 N
ST < (219)
=1

N
Denote the average % > ni(N) by yn. Then for any t > 0 the specific relative
i=1
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entropy

1

TN
7rN(yN) b
/ SNy log mf’N diin (2.20)
7yN
7rN(yN)

approaches zero as N — 00.

We show also (see Lemma 2.1) that

1 . ' ,
lim — / INan 108 9N ANy = / h(m(t,0))dd — h(m),
0
TN (YN)
where the constant m is defined by (2.3). Taking this into account the main

result can be stated as follows:

Theorem 2.3. Under assumptions of Theorem 2.2 for any fixed positive
macroscopic time t the specific microscopic entropy converges as N — oo to

the macroscopic entropy, namely

) 1

N—oo N—o0
TN (yN)

_ /01 h(m(t, ) d§ — h(m)

2.4 Proof of Theorem 2.2

The basic steps of the proof are the same as for Theorem 1.2. But the
realization of this program becomes more technical due to the fact that now

our configuration space is non-compact.

60



Since

1 1 1
NH(VNyN |fYNyN) - NH<U§V,yN ‘ ILLNny) - NEwl/tl loggNyN
and the relative entropy is non-negative, the following two lemmas imply the

statement of Theorem 2.2.

Lemma 2.1. Under conditions of Theorem 2.2

1
lim [ S 0GRy, diyy = [ Bm(t,6)) 8~ hm)
0

TN (yn)

where m is defined by (2.3).

Lemma 2.2. Under conditions of Theorem 2.2

1
hmsup— / fNleongyNd,uNyN_/ h(m(t,0))do — h(m).
0

N—o0
7rN(?JN)

Proof of Lemma 2.1. Let m(¢,6) be the solution of (2.17) with initial
condition mg and A(¢,6) = h'(m(t,0)). Denote \(,60) by Ay. Recall that

N

YN = % 3 771.(N ). The density gy, of alocal Gibbs measure vy with respect
i=1

to the invariant measure iy, is easily computed:

exp(3 Xyz) | exp(— % (1)) doy

- i=1 N (YN)

QN,yN(I): N
/ exp(Z AT — ;w(aﬂi))dm)

N (yn) =1

, x €mn(yn).
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Hence

N
1 me t 1 7 t ]‘ 7
i / log 9Ny Ny =77 / ; ANTi AV gy — 77 log M (A)

TN (YN) N (yn)

N N
1 o > ANyzi— 2o o)
—N log( | | M(A%)) 1 / ei=1 v i=1 dUN

AN TN (YN)
1 - Z;
—l—Nlog / € & " )daN
N (yN)
Evidently
N 1
Nhgloo—;logM(AN):/o log M(A(t,6)) d6
By Theorem A.2 and Theorem A.4 we obtain
1 5 (i)
. 2 P\ _
]\}Eoﬁlog / e =1 doy = —h(m);
N (YN)
S Nrie 3 pleo)— 3 log M(Ny)
]\}i_rgoﬁlog / =R doy = —I\(m) = 0.
N (yn)

The last equality follows from (2.16), (A.14) and the definition of A. If we
show that

hm Eut

N—oo Nun

N 1

1 .

NZA}V% —/0 A(t,0)m(t,0)do| = 0 (2.21)
i=1

then the proof of Lemma 2.1 will be complete:

1 1
lim i / log gyt dviy 0 = / (Am —log M(X))(t,6) d§ — h(m)
0

N (YN)

_ /01 h(m(t,0)) 0 — h(m).
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To prove (2.21) it is enough to establish the uniform integrability of func-

N
tions > |2;| with respect to vy, since by Theorem 2.18 we already know

=1
that for any § > 0

N—oo

9

N
Proposition 2.1. Let Ay g = {z € n(yn) : 2 |zi| > R}. Then
i=1

1
; 0

lim vy, (az € my(yy) :

N
: 1 ¢
lim N ;:1 |zi| dvy,,, =0

R—o0 AN R

uniformly in N and t € [ty,00) for any to > 0.

=0.

Proof. Under our assumptions on potential ¢ the proof is very easy (see

the Remark below for more general case). Let w(s) = ds* where § > 0 will

be chosen later. For any ¢ > 0 and all R > (d2)~! we obtain

N
3 > w(lzi) £ dvy
<=1 i=1 d — 1 IN v
=N og € INyy T N / 0g dﬂN,yN UNyn
TN (YN) TN (yn)
S wllai)— 3 o)
B % log es & oy + eHNyy (1)

Since ¢ satisfies (Hy) we can choose 6 = %CO to ensure that
/ 7)) g < oo,

63

(2.22)



The statement now follows from Lemma A.2 and the entropy estimate (2.13).

Remark. Notice that in the proof of Proposition 2.1 we used only the fact
that the function w : [0,00) — R is convex, satisfies the condition (2.22),
and limpy_ o ﬁ = 0. But the existence of such function w follows already
from (H)) (see, for example, [18]).Therefore, assuming (H3), the above proof
depends only on the entropy bound (2.13). For the case of deterministic
initial conditions (2.13) was proved in [11] for all ¢ which satisfy (H}), (H3)

and the inequalities
—B < ¢"(z) < Cip(x) +Cy, 1z €R,

for some constants B, C; and Cy. The convexity of ¢ is not essential for
the proof of Proposition 2.1. It is used later as a sufficient condition for the

validity of the logarithmic Sobolev inequality.

Proof of Lemma 2.2. This proof depends on a number of auxiliary propo-
sitions. For convenience of the reader the precise statements are given in the
appropriate steps below but the proofs are postponed till the next chapter.
We start with a martingale decomposition (see Proposition 1.1) repeating
the construction given in the proof of Lemma 1.5. Let Q = mn(yy) and
P = uny,. Fix any & € N and divide the circle S into k equal intervals
(or “arcs”) A;, i = 1,2,...,k, of length ¢ = % Without loss of generality
we can assume that N = kl where k is the number of “arcs” and [ = eN is
the number of sites in each “arc”. Recall that the sites are numbered by the
points of integer lattice Ay. The set of all site numbers corresponding to the

1-th “arc” will be denoted by B;, B; C Ay.
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il
gi= Y, wmy, i=12..k
Gj=(i—1)I+1

G; ={o-algebra generated by coordinate functions ;41,...,2N

and by v, ...,%; subject to the restriction

A — N .
Dol t 2 g ri=ynt, 1=0,... k.

Fix an arbitrary ¢ > 0 and let ff = E,,, (fhyn 1Gi) i=1,... k.

By Proposition 1.1 we have

1
t _ t t
NH(VN,yN |1LLN7yN) - NE,U/N,nyN,yN long,yN

Ly I
t =
- N Z ENN,yN Euzv,yN (fi—l log 7 | gi)
i=1 7

1
B, filog ff (2.23)

Step 1. We apply the logarithmic Sobolev inequality stated below to the
sum in the right hand side of (2.23).

Proposition 2.2. Let ¢ € C*(R) satisfies (H,) and the convexity condi-
tion ¢"(x) > Cy > 0 for all x € R. Define j, to be the conditional
of the product measure exp (— Zi‘:l o(z;)) dxidzy . .. dzy on the hyperplane
my) ={zeR : !z =1y}, ie

dpyy = 5—e =1 doy,

where Z,, 1s a normalization constant for which E,, 1 =1 and doy is the

Lebesgue measure on m(y). Then for any smooth f : Rt — R, such that
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E, f=1

A% ~
B, flog f < aDl,y(\/?). (2.24)
Here
2
D Ay, -
g / Z (3% a%ﬂ) oy
7rz(y

Remark. This proposition is a consequence of the classical logarithmic

Sobolev inequality [1]. See Chapter 3 for details.

Denote iy (- Gi) by pi and the marginal of y; on the i-th “arc” by f,.
It is easy to see that fi; is exactly of the form described in Proposition 2.2

(cf. pug,). Setting fi = fL,/f! and applying (2.24) with f = f; we obtain

amsscr [ 5 (2050

j LjeB;: 817]'_1 8%
012 / Z 1 (aﬁ_1 aft_l)Q
Ut B &) dii; (2.25)
4ft SN ]EB (9xj_1 8xj

1(Yi)
since f} does not depend on coordinates in the i-th arc. Now we need to
switch back from f ; to fy, .. Let us denote <% — %) by 0;_1,;. We

have
] 1th J 1,5 ,Ufifl-f]tV,yN :Eﬂiflaj—lJf]tV,yN‘ (2'26)

The term where 0;_;; is applied to the density of p;_; vanishes because
the dependence of the density on the parameters x;, 7 > (i — 1)l is only

through their sum Z (-1 &5 and 8j_17j(zg:(i_l)l+1 z,) = 0. By (2.26)
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and Holder inequality we can estimate

LB [ g et

j—1,j€B; j—1,j€B; Z 1
= Z L i—1 ] ;p]fNyN) dlal
(i) J=LJeBi N
2
Z i1 fan)” (2.27)
j—1,j€B; fNyN

Taking summation over ¢, averaging with respect to py,, and substituting

the result in (2.23) we conclude

1 Ce? 1
NH(Vztv,yN | invgn) < WDN,yN(\/ frgn) + NEuN,yN i log fi

where C' depends only on Cj (see (Hj)).
To obtain a bound on the Dirichlét form we use (2.12) and (2.13). Assume
that e (: %) <t and set t, =t — ¢ then

%/t:DN’yN(\/fiﬂyN) = Hy (o) — Hyyy (1) < C(t2).

For any a > 1let B, = {s € (to,t] © Dnyx(/fRyn) < N (C(t.}. Then

the Lebesgue measure of Ef , is at least (1 — 1)e and for any ty € £,

1
< By, Ji log fiN. (2.28)

HN,yN(t) < HN,yN (tN) < Oé&“C(tE, CO) + N

In the next three steps we deal with the second term of (2.28). The func-
tion ff depends only on the “average charges” ¥, ..., 7. Denote by vf the

joint distribution of ¢, ..., 7, under VFV’yN. Let px be the joint distribution
of §1,..., 7, under the invariant measure py,,. Thus dvj = fidu} and
dI/ZN

., Ji¥ log [ EtN log .
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Step 2. For each N introduce a new process (V) (t), which is the solution

of the following system of stochastic differential equations:
dz(t) = N2AMMN (¢, 5(t))dt + NG™Mdp™)
where V) is the standard N-dimensional Brownian motion,

MY ift<t
AN = g GN)* Mt ) = B0 i<, (2.29)

0 if ¢t > Z?N,
and G b (z) are given by (2.5). The value of £y € (t.,ty) will be chosen
later. Assume that Z(V) starts at t = 0 from the same deterministic condition
n™) as does ™). In other words the new process has the same parameters
as the original one up to the time £y after which the drift is “switched off”

N) evolves as a pure Gaussian process on my (yy)

and from that moment on !
with constant covariance.

The corresponding measure on the space of continuous paths will be de-
noted by Py. For all quantities associated with the new process we keep the
same notation as for (V) but equip them with tilde.

Returning to the second term in (2.28) we can now split it into three

parts and handle each part separately:

1 dvty 1 dvty
—F oy 1 ko — —_F. 1 k
N VNJ\,]yN 08 dlLLk N ”N]\,[yN 08 dﬂ]iN_F
1 v’y 1 d
Euy log = — —FE . log=% (2.30)

k
where doy, is Lebesgue measure on m,(yy) = {z € RF : ¢ Z T =Yn}-

s
Il
—
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From the convexity of the function xlogx and Jensen’s inequality for

conditional expectations we have

1 vty 1 dPy

—E, 1 k< _Fp log —— 2.31

N VvaN 08 dﬁ;;N - N P Ogd N | F ( )
N

where F;,, is the o-algebra up to time ¢y. The right hand side of (2.31) can

now be computed using Girsanov’s formula:

Proposition 2.3.

1 dPyn
—FEp, log —
N Py 10g dPN

=SB [ 3 (¢ ails) ~ @ i (s)) .

8
ftN tN ZEAN

Applying Tto’s formula to > o(z;(t)) and taking into account that

1€EAN

xMN)(t) satisfies (2.1) we can prove the following

Proposition 2.4. Let ) ;. gp(niN)) < CN. Then for any sufficiently large

a there exist sequences {ty} and {tn}, t. <ty <ty <t, such that

Z) ty € EJEV@,'
) Epy [ Sieny (6(01(5) — ¢/ (@101(5))ds < ON(tn — ix);

ii1) ty — tn = cN~3  for some positive constant c.

Choose « large enough. Then from (2.31) and Propositions 2.3 and 2.4

we obtain
1 Aty C
—F . 1 k< — 2.32
N By =N (2:32)

Step 3. The second term in the right hand side of (2.30) can be com-

N)

puted explicitly starting from ¢y since the drift coefficient for #¥) van-

ishes for all ¢t > ty. After {y the “arc” averages 7i,..., 7 (defined by
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7 I 2iea, # M =1,... k) of the process 2™ undergo a Gaussian

Y =7
diffusion in R* with parameters (0, k2A®)) where
2 -1 0 ... -1
-1 2 -1 0
AW = [
0 0 O -1
-1 0 O 2

- k
Let A® be the restriction of A®) to my(yy) = {y € R¥ : 13y, = yn}.
=1

7

Then A® is non-degenerate and

1 Aty 1 - - —-1/2
e (1) =~ log [ ((tN —tn)F 2mk?) At det A(k)> X

—1
N %o, VTN
1 T j(k) L ) ~f }
exp| ————(x—-)" A r—-) | dpN| <
| e (gAY =) il

e (YN)

k—1 . 1 -

N (log(ty — tn)~" —log(2m)) — N log(k**=Y det A®)). (2.33)

The det A® is equal to the product of non-zero eigenvalues of A®).

Proposition 2.5. We have

k—1 :

~ 219
th(k):”l— —);
e (1 — cos k );

jus

1 ~ 4
lim — log(det A®) =1log2 + — /log sinz dz.
k—oo k ™
0

From the above Proposition and #ii) of Proposition 2.4 we see that for all

k large enough

1. div k-1 Clog N
S og W < log(¢ ' N%) < 208 2.34
N 108 gy S oy sl N = — (2:34)
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Step 4. Finally we show that

1 d !
lim liminf —E,. log 2% = / h(m(t,0)d0 + h(m).  (2.35)
Ok

k—oo N—oo VNN d 0

Let
of 1 - ¥ o(z;)
(i) < 7 log / e oy

l
> z=ly;

JEB;
Recall that ; = % ZjeBi z;. By the definition of p,

k

N
1 dig 1 _ 1 = 2 ela;)
N log P Z hi(y;) — N log / e =1 doy(z). (2.36)

7~ (yN)

The second term on the right hand side of the above identity is a constant
relative to V}f\f,ny and we know by (A.2) that

N
1 -3 el
lim Nlog / e & )dO'N(CL’) = —h(m).

N—o0
TN (YN)

We write the first sum in (2.36) as

1o 1 ¢
3 )~ )~ § Yo
i=1 i—1
The following facts are already known:

a) limy_o hy(z) = h(z) locally uniformly in z (Theorem A.2);

b) lim v, (xeRN' i~k [y m 59d6\>6> — 0 forany § > 0

N—o0

locally uniformly in s > 0 (Theorem 2.1).

All we need to complete the proof is a uniform integrability estimate which

would enable us to conclude that

k
dm By D)~ )] =0 (2.57)
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and also that for some t. € [t — ¢, 1]

lim inf £, (_%;h(gi)> = —%;h<k/A_m(tE,e) do).  (2.38)

v
N,yn i

As h and m are continuous functions and
k:/ m(te,8)dd = m(t.,0;) for some 6; € A,
A

the statement (2.35) would follow by letting k(= 1) go to infinity.
Before formulating a sufficient condition for (2.37) and (2.38) to hold we

investigate relationships between h;, h and ¢ in more detail.

Proposition 2.6. Let ¢ be smooth, satisfy (Hy), ¢"(x) > Cqy for all large
|z| and |¢'(x)| < C(p(x) + 1) for all x € R. Define

l
1 =2 p(xs)
hi(x) = jlog / e =i doy.

l
> zi=lz
j=1
Then there is a constant C' > 0 such that |h(x)] < C(p(x) + 1), x € R,

uniformly in [.

As an immediate consequence of this proposition we obtain the inequality
|h(z)| < C(e(x) +1). In view of the above the following lemma gives us the

desired uniform integrability.

Lemma 2.3. Let all the conditions of Theorem 2.2 be satisfied
and ¢ = min{1+dop~1,2}. Then for any fized k there exists C' > 0 such that
foranyi=1,2,... k

By, Je@)]" <C

S
N.yn

uniformly in N and locally uniformly in s > 0.
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This finishes the proof of (2.35).

Conclusion. Using (2.32), (2.34) and (2.35) we can now estimate the right
hand side of (2.30):

1 dviy
limsuplimsup —FE «y log —=%
k—oo N—o0 N "Ny d,uk

< /1 h (m(t, 0)) d6 — h(m).

This inequality together with (2.28) yields

lim sup Hay gy (£) < / ' (m(t.0)) dB — h(m)

N—oo

which is precisely the statement of Lemma 2.2. O]

The proof of Theorem 2.2 is now complete modulo the proofs of Propo-

sitions 2.2-2.6 and Lemma 2.3 which are the contents of the next chapter.

73



Chapter 3

Proofs of technical results for

Ginzburg-Landau model

3.1 Proofs of Propositions 2.2 - 2.5

Proof of Proposition 2.2. This result is a simple consequence of

Theorem 3.1 ([1], see also [5]). Let U € C*(R") be such that for some
e >0 and all x € R™ it satisfies Hess U(x) > el and

/ exp(—U(z))dz = 1.
Then for any smooth function f: R™ — R, for which
@ ep(=U(@)dr =1
the following inequality holds
4 [ V@)

————exp(—U(x))dz. (3.1)

[ @) on fe) exp(-U) e < - [ F
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Let f: R® — R, satisfy the assumptions of Proposition 2.2. Then

flog f(z1, ... z)e” Zi= @) J_ | d 1ty

flogfd,ul,y = Z_
™ (y) Ly JRI-1

|Jl 1|—\/l— Set

where x; = ly — ZZ Lxiand Ji_y =

dl 1,
-1 -1
Uy(xy,...,221) = Z o(z;) + o(ly — sz)
i=1 i=1

To apply (3.1) we need only to check that Hess U, > eI for some € > 0. By

direct computation we obtain for any z € R=!

=1 i=1

-1 -1 2
((Hess Uy)z, z)gi-1 = Zgo(xz)zf + " () (Z xz) > COHZHJ?{H-

From (3.1)we find that

_ 1 of  Of\* _u .
Uy gi—1 <_ Y5 Uy ql—1
/Rll(flogf) d—'z o 1f;<8$i aa:l) e Vv d1g.

The proof will be complete if we find an upper bound on the quadratic form

-
S g — @)% in terms of 3021 (gi — qia)? for all ¢ = (qu, ..., q) € RL. We
show that there are constants 0 < ); < () such that

-1
Q1% < sup zl:ill(ql @)
g€RI\0 Zizl(%‘ - Qi—i—l)

9
5 < Qal

uniformly in [ > 2. Indeed

[\
T
—
—~
o~
|
-~
S~—
N————
T
_
—
[
b
+
=
S~—
o
I
o~
—
o~
N
—
SN—
MI
—
—
(=)
o~
b
+
—
N—
o
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This implies that Q5 < l. Now if we take ¢; = ¢ then

-1 2 -1 -2
i — 1 1
Shw=al _TOP 1o yp 1oy,
§Z 1(%—Qz+1) I—1 3 2

The inequality Q1 > 0 tells us that the order /2 can not be improved. Thus

(1= 1)%

@IH
OJIH

-1

S (o g2<§§ of  of \?
— \Ox; Or;) = 2= \0x;i Otin

212 1 af  af\’
/ flog fdu, < /m(y) ? Z (3@- — 8_xl) iy

as claimed. O

and

Proof of Proposition 2.3. By Girsanov’s formula

tn
_ / (o —b<N))dg;—N; / (D) 0, 40 (4N) _ F)y g
0 0

where 7 = x — N? fJN AMNPN) ds is a Py-martingale and (-,-) denotes a
scalar product in RY. Since b coincides with b up to time ¢y and vanishes

for all t > ¢, we obtain

tn N2 tn
_ / W gz / (B, AN g
Fin tn 2 tn

Taking expectation with respect to Py in the above equality and using (2.5)

we find that
1 dPy N tn
—Fp log—| ==—F bV ANy g
N PN OgdPN]_—t 2 PN/£N< ? > S

N
— gEPN/ Z ':C’L .1;24,1))2 dS.
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Proof of Proposition 2.4.
Step 1. We show that for any ¢, > 0 there is a constant C' = C(ty) such
that for all N and all ¢t > ¢,
1 N
N ; p(z;) < Clto). (32)

By entropy inequality and (2.13) for any § > 0

1 g Z e(zi) 1
_EV?vyN ng z;) < — N3 log € = + mHvaN(t)
1 55 plw) | 1
< N_(Sl()gE“N’y = —-C(ty)

Fix 6 € (0,1) then

N N
1 83 o) 1 —(1=0) 3 (i)
N log By, € = = log / e i=1 don

N
1 - (z4)
— —log / e & don (3.3)

N (YN)

By Theorem A.2 the right hand side of (3.3) has a finite limit as N — oo
which depends only on ¢ and m. This proves the estimate (3.2).

Step 2. Using It6’s formula and (2.1) we show that for any ty > ¢; > 0

3B [ 3 ais) = & i ()))7 ds = 3.4)

= (E S l@i(t)) — Ery Zw(fm(tz))> + By [ 30 ¢ Gaits) ds.

i=1 i=1
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Indeed

dip(i(s)) = ¢ (@i(5)) [/ (2i-1(5)) = 2¢(i(5)) + @(zis1(s))] ds

+ N2y"(x4(s)) ds + Py-martingale.

Taking summation over 7, integrating from ¢; to t5 and computing the ex-

pectation with respect to Py we find that

Ep, Y olai(ts)) =

Br 3 st = B [ 3 (i) = i) ds

to N
FNEp [N o) ds
f =1

which implies (3.4).
Step 3. The first term in the right hand side of (3.4) will now be estimated.
Take an arbitrary h < § (e = 7). Since t > t. + h we obtain

N

%/t:_h (EPN ; p(xi(s)) — Epy i (s + h))) s —
(/tﬁh /t h) By Zso r(s)) ds < 2hC(1.).

1=1
The last inequality follows from (3.2). This estimate implies that if we con-
sider a set
N
EYo= { € [te,t] © Epy (ng Z o(x;(s + h))) < ahN}
=1
where o > 0 then its Lebesgue measure is not less than (¢t —¢. — h) — 2C(t.)
4C(t5 )

and therefore is at least §(1— Consider now EJEV o+{h} —atranslation
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of E&a by h. By choosing large enough o we can ensure that

mes[(Ex, + {h}) N Efl > 7.

Notice that « is independent of N and h.
The same reasoning goes through if we now let h depend on N so that
h(N)=hy — 0 as N — oo. Choose any ty € (Efvya +{hn}) N AR, and set

iy =ty — hy. Then ty € Ef\,va and for this choice of ty and ty we have

tNN tNN

L, / 3 (¢(9) /) d < O+ F, / > e

Step 4. Since we assumed that ¢”(z) < Ci(¢(x) + 1) (see (Hy)) the last

term in the above inequality is bounded by

Oy (Nt — i) + B, /t " f: ol,(s)) ds)

This implies that

1 1
S Ery / D@ @ils) = ¢ @i () ds < Gpahy + CilNhy(1+ C(t:)).
iy =1
The result now follows by setting hy = ¢N 3 for some ¢ > 0. O

Proof of Proposition 2.5. Denote 2% by a§k). It is easy to check
that, since —A® is a matrix for a discrete Laplace operator with periodic
boundary conditions, the vectors e§k) (¢! gk), o ,eiko‘ék)), j=0,...,k, are
independent eigenvectors for A%*) with corresponding eigenvalues given by

(1 —cos ozg-k)). Taking the product of non-zero eigenvalues (j =1,...,k—1)
we obtain the first part of the proposition.
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To prove the second statement notice that
k—1 . k—1 .
1 2 k—1 1
% log H(l — COS %‘7) = log 2 + ;:l z log sin® W—;
[3] .
s

k—1 1
= log2+4ZElogsin?‘]. (3.5)

j=1

j=1
The last sum is an integral sum for the convergent integral

1

1 us
/ log sin(mz) de = —/ log sin x dzx.
0 T Jo

Passing to the limit as kK — oo in (3.5) yields the desired result. O

3.2 Proofs of Proposition 2.6 and Lemma 2.3
Proof of Proposition 2.6. For any x’ < z” it is true that

]
/ e M@ dy = / e 0 doy

!
' <y xj<lz”
=

If h; and ¢ are monotone increasing for x > zy > 0 then

(2" — o) exp(—=lhy (")) > (2" — o) exp(—lp(2")) for 2/, 2" € |24, 00),

e M(a') < —(1—)log(z” — ') 4+ ¢(2”) which implies
hi(x) < @(x+1) for x > . (3.6)
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Similarly if h; and ¢ are monotone decreasing for x < —z( then
hi(z) < p(x—1) for © < —x. (3.7)

Since ¢ is convex and [ e~ @ dx < 0o we know that it is monotone increasing
for large positive x and is monotone decreasing for large negative . Moreover

by our assumptions (see (H3))

¢'(x) > Cox — C for x > zy and

O'(x) < Cox+C  for z < —xg

for some zy > 0. This inequalities hold also for hj:

() = = > Cor — C  for x > xg

and similarly hj(z) < Cyz + C for & < —zy. This implies monotonicity of h;
for large |z|. Using the condition on the derivative of ¢ (see (H3)) we find
that

ple 1) < Cle(x) +1) (3.8)

for some constant C' > 0. The statement now follows from (3.6) - (3.8) by
noticing that h; are bounded below uniformly in /. The last observation is a

consequence of monotonicity of ~A; and Theorem A.2. n

Proof of Lemma 2.3. Without loss of generality we can assume that

p > 0.
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Step 1. We have
Es q(_~)_Es q EZ:U <lEs Z (:Z‘) !
VN’?/NSO Yi) = VN»?JNQD l I = laT NN P ’
JEB; JjEB;
Let
1 S S
H](\?’LN(S) Y / Iy |10g fN,yN‘q ApN gy -

TN (YN)

By Lemma B.1 for any § > 0 we have
2 6_2 p()
() =g (1)
jEB;

6
- ﬁHﬁLN(s). (3.9)

The first term on the right hand side of (3.9) is clearly bounded since

6 > olzy)

XN = N log EMN un € e

converges to a limit as N — oo (see (3.3)) and

L log 2 if yy <1

2=

1
0 < —log(l+xn) <
N , .
~1og(2xw) if xn > L.

Thus we have reduced the problem to proving that for our choice of ¢

H? (s)<C, (3.10)

Nyyn —

locally uniformly in s > 0.

The proof of (3.10) is similar to the proof of (2.13) given in [11]. Even
though the function z|logx|? is convex only for z > exp(1l — ¢) it will not
affect our considerations. There exists a smooth convex function K (x) such
that

z|logz|? < K(z) < B+ z|logz|!, >0 (3.11)
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for some B > O. We have

d S S S
o [ B diva = [ KR Ex S, i

TN (YN) TN (yn)

9 2
" S <
/ K ) ieh Ka% 8$i+1> fN’yN] Ui =0

TN yN

and therefore if (3.10) holds for some sy > 0 with C;, = C,(so) then it holds
for all s > 5o with C; < Cq(so) + B. In the next step we argue that if we
let sp depend on N in such a way that so(N) — 0 as N — oo and so(N)N?

is bounded below by some 7 > 0 then the sequence H](\?LN(SO(N )) remains

bounded by a constant C' = C(7). This will finish the proof of (3.10).

Step 2. Let sy = 7N~2, 7 > 0, and define a non-speeded process
2N (1) = 2™ (sy). Then 2V (1) satisfies the system

dzi(1) = 5 (¢ (2i-1) = 20(21) + @(2i41)) dT + dBi(T) — dBisa(7),  (3.12)

N |

with initial conditions z(0) = n{"", i € Ay. By abuse of notation we write

TRuns VN HJ(\‘,IL (1) instead of f3P o VJSVJj’yN, HJ(\?’)yN (sn)-

We need to show that

1 ) )
HO =5 [ B8 £y i, < C0)

TN (YN)

uniformly in N. This is done by “comparison” of 2™ with a Gaussian

process w™Y) which solves
dw™(r) = dg™(r) —dBL (7), i€ Ax,
with the same initial data.

83



Denote by 7y, the density of the finite dimensional distribution of

w™ (1) with respect to fin,,. Then

/ f]‘l\-f,lelogf]Q,yN’qduN,yN S

TN (YN)
v -
log < YN N

NyN

q
dun o + max z|log z|?.

< / fN YN
Ry 21t

Since for any 0 < x <y, xy > 1 it is true that

0 <log(zy) < 2logy

IN ;
1 g ( YN TN,yN
NyN

T q
< 21 / f]T\,yN<maX{log fN’yN,logrfvyN}> diN
3 T}[—V ) )
(Fan 21} o
log — I
rT

< 2q< / TN Ay, + / TN log? TN.un duN,yN>.
N,yn

TN (YN) {r"'N,yNZI}

we have

/ P

G

q

dquyN S

r
7yN

q

The first term of the sum above will be estimated by Girsanov’s formula. At
this point our assumption (2.19) on the initial data comes into play. The fact
that ri , . is known explicitly will allow us to obtain a bound on the second

term. The following two propositions complete the proof of Lemma 2.3.

Proposition 3.1. Assume that {n'™} satisfies (2.19) where p is defined in
(Hs). Then

i) By, Sieay lo(z )9 < CTN - for all 7 €10,T), T < oo;
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T
i) [ fRy|log Tiv’yN dpnyy < C(T)N  for any T > 0.
7N (yn) Nyn

Proposition 3.2. For any 7 > 0 there is a constant C(1) such that

I 1087 Ty Ay < C(T)NT.

T >
TNny >1

Proof of Proposition 3.1. To simplify the notation we drop the su-
perscript in (™).
i) First we prove a slightly more general statement. Let #(x) be any

smooth convex function which satisfies the inequality
P'(z) < C(Y(z) +1) (3.13)
Then by Ito’s formula

A () = P" (z;)dr + ¢’ (2:)dzi.

Taking summation over i, integrating from 0 to 7, applying (3.12) and com-

puting the expectation we get

T

By S 0(a(m) = 3 wn™) + / Epy" (a(s)) ds

ieAN iEAN 0

=5 [ Brv 3 (5 en o) = (a6 (¢ Gana(5)) = ¢ (al) s

T

<3 6™+ ONT 4 C [ Enitao)ds

iEAN 0
In the last inequality we used convexity of ¢ and ¢ and the condition (3.13).
An application of the Gronwall inequality yields

1% D e(w) < (Z ™M)+ N1~ e_CT)> e, (3.14)

iEAN iEAN
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In our case we can take 1)(z) essentially to be equal to |p(x)[**? modifying
the latter on a finite interval as necessary. Then from (3.14) we obtain for
7€0,T]

Ev. Y le(z)P" < C(T)N.

1€EAN

i) We show that [ K(fg’zg)r}\,vw dpn yy < C(T)N? where K sat-
TN (YN) N

isfies (3.11). This immediately implies 7). By convexity of K

IN dPy
K YN N7 d R N g
/ (TJTVM TNyy WNyy < EQy Qv ) .

TN (YN)

dPy
dQn

< B+ Ep,|log

‘q
Fr
where )y is the measure on continuous paths associated with w®™). In the

same way as in the proof of Proposition 2.3 we obtain

dPy
dQn

= Ep, /b(N)(z(s)) dz(s) + 3 /OT(b(N)(z), A(N)b(N)(z)>(s) ds

EPN| log ’q
-

(B (2), AN (2))4(s) ds

g2w1&%/MM@@»&@)

_l’_
Q
2
S
>
o

with z(s) = z(s) — [AMbM(2(s))ds. From the inequality
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2 2
a? < =a?+ (— — 1), q € [1,2], and Itd’s isometry we find that

q q
P 24 f 2
Epy|log 3@1 ” < ;EPN /(b(N)(Z),A(N)b(N)(z)>(s) ds + 2771 (& — 1)
2

+ C(1)Ep, /(b(N)(z(s)),A(N)b(N)(z(s))>q ds

(), AN = 5 3 (¢ euwn) = ¢/ (20)
<ACH( X o) + ).
1€EAN

Therefore by the Holder inequality and part )

T

Ep, / (O™ (2(s)), AN (=(s))? ds

0

1€EAN

< O(N B, [ 3 lota) s + 87 < O
0
This completes the proof. n

Proof of Proposition 3.2. Let A®™) be the restriction of AM) to

7n(yn). Then by the definition of rf;, = for any 2 such that 75, (2) > 1 we
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obtain

1 T
0< NlongyN(z) =

1 SN 1 o
— log | ((277)V " det A(N)) 2 exp ( — —(z—nNT AN) 1 (2 — 77(]\/))ﬂ

N 2T

1 d

N dO’N

_ 1 _
< — SN log(27T) — N log(det AM)
1 & 1 S ()
+ N Zl QO(ZZ) + N log / e =1 dO’N
= TN (yn)

The first term in the right hand side is evidently bounded. The second
and the fourth terms have finite limits as N — oo by Proposition 2.5 (with
k = N) and Theorem A.2 respectively. The third term is the only one which
depends on z. We conclude that

1 T q,.T 2(1*1 q T
m fN,yN log TN,yN dluNJ/N < C(T) + N4 ‘ Z <10(2’/l)| dVN,nN
TNyn 2L anlyn) AN

21-1 -1 2oa\ = o

<o+ Ty [ NTECE e Rak,,

TN (yn) 1EhN

q—1 1 2pq Z ~

=C(1) +2 EVJTV,”NN Z lp(z)] < (1)

1€EAN
by part i) of Proposition 3.1. ]
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Appendix A

Limit theorems for densities

This appendix contains limit theorems concerning probability densities for
sums of independent but not identically distributed random variables. More
precisely, let f(x,7) : X — R be a probability distribution with the state
space X for each v € R and be a continuous function of v. For any continuous

function X on [0, 1] denote by M its value at the point i=1,2,.,N.

e
We consider independent random variables X%, N = 1,2,...,i=1,...,N
such that the distribution of each X% is given by f(-,\y). We prove large

deviation theorems for Bernoulli case and some continuous densities.

A.1 Discrete case

Let X\ be as above. Define

s
14O
Then m € C([0,1];(0,1)). Let X%, N € N, 7 =1,..., N, be independent

random variables for which P{X% = 1} = m},, P{Xy =0} =1—m,.

m(f) 6 €10,1], my=m(L£), i=1,...,N. (A1)
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Theorem A.1. Let ny, N € N, be an integer between 0 and N inclusively

and Nlim nWN =y for some y € [0,1]. Consider

N
PN(nN) déf P{ ZX}V = nN}.
=1

Then
. 1
Jim N log Py (nn) = —Ra(y)
where
1 1
Ray) = sup (yz - [o0@+ 20+ [o0r0) d@),
S
0 0

p(A\) = log(1 + ¢e*).

1
Remark. If y = m = [ m(0)df then Ry(m) = 0.

Proof. Let ¢}, be the characteristic function of X}3. Then

Ui (€) = e“miy + (1 — miy)

and )
1 . .
Py(ny) = 5= [ ™ Y (§) d€.
N\IUN 271_0/ zg\, N

Denote the function under the integral sign by Fy(&). It is periodic with
period 27, analytic and has N zeroes on the line Re{ = 7. For £ € {—7 <

Re¢ < 7} we can represent Fy (&) as eV Vun(© where yy = %% and

N
NN 1 Y i€, i (
Snyn (€) —Zﬁf + I Z (e*miy + (1 —mYy))
1 Nz:l | 1 N |
=wynit > o€+ Ay) — N > (M) (A.2)



is an analytic function which converges as N — oo to

SnylE) = iy + / p(i€ + \(6)) do — / p(N(6)) o

locally uniformly in £ € {—7 < Re{ < 7}.

We apply the saddle-point method and show that the main contribution
to Py(ny) comes from a small neighborhood of a single critical point of
Snyy away from the line Re{ = w. On that line the function Fx(£) may
have zeroes and thus Sy, = % log Fy may not be well defined.

The critical points of Sy, are the roots of the equation

1 N ) 1 N €i£+)\§\,
E— /(. )\2 E—— [
UN =N ; P+ Ay) N ; 1+ ety

Since yy is real, the imaginary part of the right hand side should be zero
for any root &) of the above equation. This implies that Re&lY = 0 (we
consider only ¢ € {—m < Re& < m}). But for purely imaginary &, & = i3,
the function p/(i + \y) = p/'(Ay — 3) is monotone decreasing from 1 to 0
as (3 increases from —oo to +o0o and therefore for any yy € (0,1) the above
equation has a single root & = i3}, BY € R. This is certainly the case
when y € (0,1) and N is large. If y = 0 or y = 1 then the critical point &)
might be at +ioco or —ioco respectively. But since the limit of Sy, (i3) as
B — +o0, f € R, is finite the proof for these cases goes along the same lines
as for y € (0,1) and is omitted. We assume now that y € (0, 1).

It is easy to check that the restriction of the real part of Sy,, to the
imaginary axis attains its absolute minimum at &) and the restriction to
any interval {i3 +t, t € (—m,m)}, where § € R is fixed, attains its absolute

maximum at ¢3. Let 0y = dN~° where 0 > 0 is small and ¢ € (%, %) We
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have

f(])v+6]\] fé\]+2ﬂ'7(sN
2 2w
0 =N o' +ON

It is a standard computation (see, for example, [2] p.92-93) that

as N — oo
eNSNny(g(I)V)

Il -
V2N Sk, (6)

Denote the saddle point of Sy, by &. Then & — & and Sy, (&) —

(14 O(N'=%)) (A.3)

Sxy(&) = —Rx(y) together with all its derivatives as N — oo. Notice also
that by convexity of p and (A.2) the second derivatives S%, (£)) abd S (&)
are negative.

To estimate I, we set z = ¢’ and RY = ¢4 € R then

I =— / Zml H (zmly + (1 —mly)) dz

icA
CR{)V \Csy e

where Cry is the circle of radius RY around zero and Cjs, is its arc
{RYe®, =6y < &€ < én}. Let a € (0,3) be such that m(f) € [a,1 — g

for all ¢ € [0, 1]. For any 2 € Cry \ Cs, we obtain

[zmiy + (1= miy)* <

S(Révmﬁ\,Jr(l—mﬁV))Q(l— Rymiy (1 —miy)( cost))

(Révmﬁv +(1— m§\,))2
< (RYmiy + (1= miy))* (1 — A6%)

where A is a positive constant which does not depend on N. Therefore for
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our choice of sequence 0y

L] < (RY)™ (1-A5%)* T[] (RYmiy + (1 - miy))

€A N

— NS (8D O (734N (A4)

as N — oo.
From (A.3) and (A.4) we find that
NSNy (60 )
i (1+O(N'™))
\/ —2wNSY . (€0)

which immediately implies the statement of the theorem. O]

A.2 Continuous case

In this section we formulate and prove theorems which generalize the results
presented in Section 3 of [7].

Let ¢ satisfy (Hy), (H}), (Hs) and functions M, p, h be defined by (2.1),
(2.14), (2.15) respectively. At first, we state two results from [7].

Lemma A.1 ([7]). Let f(x) be a probability density on R satisfying the
following conditions: [xf(x)dx = 0, [2%f(z)dx = o2, [a'f(x)dz < K
and [ |f'(z)|de < K. Then there is a number 6 = 6(K) depending only on
K such that

< (L+ €270 forall €€R.

‘ / &% f(z)dx
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N
Theorem A.2 ([7]). Let oy be the density of% > X, where Xq,..., Xy are
i=1

independent identically distributed random variables with a common density

e ?@)  Then
li ! 1 = h
Jim logyn(z) = —h(z),
.1 py(e) /
lim — = —h'(z
N—oo NQON(ZE) ( )

uniformly on compact x-intervals.

Let F' be a locally Lipschitz continuous function on R and for some K > 0

satisfy
Co = / e?F@=2@) gy < o0 for all a € [0, K). (A.5)
R

Define p, () = —aF (2)+¢(x)+log Cy. Then e~#=(*) is a probability density
on R and the integral

M, (M) :/e’\x_“’a(’”)dx
R

converges for all A € R and « € [0, K). Indeed, by Holder inequality for any

e > 0 which satisfies the inequality (1 + ¢)a < K we have

c. / Ar—pa(@) g / o=@ 0P () T e(@) g <
R R

s e
(/ e(1+5)aF(w)<p(x)dx> e </ elJarE)‘xW(x)dx> Tte .
R R

If a = 0 we always omit the subscript and write simply ¢, M etc. which

agrees with our previous notation.

Let doy(x) be Lebesgue measure on the hyperplane my(y) = {z € RV :
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N
> x; = Ny} and dun,(x) be given by the density
i=1

exp (— Zé 90(33z'))
FN{y) exp (— ;ijl gp(xi)) dJN(x).

Lemma A.2. Let F € Lip,,.(R) and satisfies (A.5) for some K > 0 and

dpny () _
dO’N(ﬂf)

/ |F'(2)|e?F@=¢@dy < 00 for all o € [0, K). (A.6)
R
Then

1

A}im ~ log / ea(F(I1)+A..+F(LEN))dMN’y =log Cy + h(y) — ha(y)
N ()

where hqo(y) = sup (zy — log M, (z)). The convergence is locally uniform in

y and a € [0, K).

Proof. This statement is an easy consequence of Theorem A.2. We have

1
N log / ea(F(m1)+..4+F(:cN))d'u _
TN ()
1 > gala) 1 > plr)
logCa—i—Nlog / = ldaN—Nlog / e & Ydoy.
7N (y) 7N (y)

The straightforward application of Theorem A.2 to the third term gives h(y).
The conditions (A.5) and (A.6) allow us to use the same theorem with ¢
replaced by ¢, for the second term as well. O

Let A be a continuous function on [0,1]. Recall that \§, = )\(ﬁ) We
denote by ||A|| the sup-norm of A: ||A|| = maxgepo,1 |A(#)], and by By the set
{Aec(0,1]): |IAll < R}
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Define for any s € R

ofo.5) = 77 0 (sl + 7/ (5) = ol + /(9)- (A7)
Then
/a(m, s)dz =1, za(x,s)dx =0 (A.8)
xzax s x:MH<S) o M/(S) 2: //8
[ ateone =555 - 7] =0 )
and
/ da(jj Vo < K = K(s) (A.10)
Notice also that
/epxa(:v, s)dx = e_pp/(s)% < C(s,p) (A.11)

Theorem A.3 (Local limit theorem). Let X}, ..., XY be independent
random variables, each X% having the density a(x, %) with respect to Le-
N

besgue measure. Let a;\v(') be the density of % ZX}V Then for any non-

negative integer k the functions aN ) belong to Ck( ) for all N > No(||All, k)

and
dk AC) 1 dk 22
li =—————¢ 2°0 A2
Nl—I};o dxF “N (LU) 271'0()\) dxk ¢ ( )
uniformly on R x By, R < oo. Here 0?()\) = 01 p"(A(8))do.

Proof. Denote by ¥4 () the characteristic function of X%. Then

@) =5 [ ¢ Z%HwN%

We show that
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) Hw;v(\/g_ﬁ) — e 28N a5 N = o0;

(ii) for any k > 0 and large enough [ the sup is bounded

N>

¢ HwN(jN)

by an integrable function of £ uniformly on any By, R < oco.

Then by the dominated convergence theorem and properties of Fouriér trans-

form we conclude that

lim d—a’\(')(x) = d—ki e’mge’g"zo‘)ﬂdg = —1 d_ke 2032@)
NEeedrt T dat 2 Vara()) det
as claimed.

To prove the convergence (i) we expand ¢%® in Taylor series and use (A.8)

and (A.9). We find

RS 52 i 53 :
INR) = Ty [ male s )d’”+3'N3/2 Blalale, Xo)da
& ;
= 1 onrl 6N3/2 Bulelalz, Ay

where 6; = 6;(y), |61] < 1. The third moment of X% is bounded uniformly
in N. Thus

et Soen 1 S -0 (1))

Since log(1 + 2) = 2z + 0|z]* with |§] < 1 for |z]| < 1/2 we obtain for all large
N that
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For the second part we notice that the properties (A.8), (A.9), (A.10),
(A.11) allow us to apply Lemma A.1. Hence there exists § > 0 which depends
only on ||A]| such that

kI[wN( )| < N>l|§!’“(1+|5|2) <|§|’“(1+|€|2>

For large enough [ the last function is integrable. This concludes the proof.

sup
N>I

O
Theorem A.4 (Large deviations). Let Yy, ... Y be independent random
variables, each Yy having the density
. 1 )
by, \y) = - ANY — A13
(9:X%) = 3700y &P vy = #(v) (A-13)

N
with respect to Lebesgue measure. Let b}\\,(') be the density of % ST Y. Define
i=1
L M)+ 2)
O(y) = —/ log ——————=dbf ;. A.14
(y) = sup {zy 108 @) (A.14)
Then
lim Nlogb ( ) = —1"0(y)

N—o0
uniformly on any set of the form {|y| < R} X BRQ, Ri,Ry, < 0.
Proof.
Step 1. From (A.7) and (A.13) we see that Y = X§ + p/(\y) and

1
v e (e s

i=1 i=1

N
Thus b;\\;')(y) \/Na)]i,(’)(\/ﬁ[y - % > ' (A§)]). By Theorem A.3 we have

1 1 iy — 1 Oy =
Jvlgnooﬁlogb <NZIO(>\N>>J\P N(log\/_+logaN (O)>f().



Step 2. Let zo = zo(y) be the point where the supremum in (A.14) is
attained and \(0) = A(0) + z. Introduce a new set of random variables

Vi, i=1,...,N, with densities

b(y, Niy) =

15‘N) exp (Xivy - w(y)) :

=2

Then by Step 1 the density bi\v(') of the average % Z Nji} satisfies

N
1 Y
]\}1_120 Nlogb <N ;_1 p (AN)> =0. (A.15)

Since b(y, \yy) = b(y, Niy)e Y M (Xi,) /M (Ny) using the properties of convo-
lution we can compute that b3 (y) = b\ (y)e==0vN [T (M(Ny)/M(AL)).

From the last equation we obtain e
< logt? (% 3 p’(im) =~ logt (% 3 p’(ﬁm)
i—1 i=1
—zo% Zilp/(:\ﬁv) + % Zil log Aﬁ(i]v) (A.16)
By our choice of zy(y) we find
%ip’(iﬁv) = Z . AlNijoo -
i=1
/ Mlé;\ ) ij;))) dd =yas N —o00. (A.17)

The statement of the theorem follows now from (A.15), (A.16), (A.17) and

Lemma A.3 below.

Lemma A.3. Let

: 1 .
() = — 5 log by ()
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where b’]\\,(') defined as in Theorem A.4. Then for any y1,y2 € {|y| < R}
@) = IV (w2)] < C(R D = 1.
Proof. We have

PO(y) = ~ log / 1= (i — (1)) don () (A.18)

Computing the derivative we find
d N
Ln0) = z Ny / S n)din) (A.19)
Y =1
TN (y

where the measure d,uf‘v(;; (x) is given by

Ve o (0 - o)

dﬂN,y Z i=1
don(z)

J e (04— o(a) ) don(e)

7N (y) i=1
The first term of (A.19) is bounded by ||A||. To estimate the second term

we apply Jensen’s inequality: for any § > 0

1 52\%’(%”
/Z\gp x; \duNy x) < Nlog / e =1 duN(;(:c)

7~ (y)
N

[ exp (3 @019/l + Al = () )dorw ()

7N (y) i=1

J oo (= X (Ml + p(2)) )don()

TN (Y) i=1

]
S5N 0g -

Let
psa(z) = =0l (z)| = [ Mll[z] + ¢(z) + log Cj 5
oa(@) = [[Allz] + ¢(z) +log Cy,
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where the constants Cs , and C) are chosen to turn exp(—;s ) and exp(—p)
into probability densities. Now we apply Theorem A.2 twice with ¢ replaced
by @5 and ¢, to see that
X ’
Jm sty [ 5T aw) —

N (y)

1 C(s,)\

5 log N + % (haly) — hsa(y))

uniformly on compact y-intervals. Rate functions hs, and hy are defined as
in (2.15) with a suitable choice of index for ¢. They are bounded on bounded

y-intervals. This concludes the proof. O]
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Appendix B

One lemma from convex

analysis

Lemma B.1. Let f, g be non-negative continuous functions and p be a
probability measure on R™.  Assume also that [gdu = 1. Then for any
pell2

/f”gdu < 210gp[0p(/efdu+1)] +6/gllogg!”du
where C, <14 or—1,

Proof. Denote 110 by c. Then « € [3,1]. The statement of the lemma is

mainly a consequence of convexity of the function
F(u) =" —u® for u > 0.
Step 1. Jensen’s inequality implies that

F / (f — logg)lgdp) < / F((f — log g)")g du
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where (y); = max{y,0}. Substituting a formula for F' and using the fact

that u? < e* for u > 0 and p € [1,2] we obtain

1 <exp (/ (f - logg)ﬁgdu) '

< / el dp+ / gdu+</(f—10gg)ﬁgdu>;

f>logg f<logg
1
< / el du + / gdp+ ( / el du + / gdu )?
f>logg f<logg f>logyg f<logg
=N+ (B.1)

B =

where A = ([ eldu+ [ gdp)
f2logyg f<logyg
last terms of (B.1) we see that

> 0. Looking at the first and the

N4 A—1>0. (B.2)

This implies that A is bounded away from 0 and thus there is a constant
C' = C(p) such that A\ < CAP. It is easy to see that the only positive root
of the left hand side of (B.2) is greater or equal than 3. Therefore C' < 2°~1

and

N+ A< (1427 D)AP = C AP

From the above estimate and (B.1) we find

< Gy / el du + / gdu ).

f>logg f<logg

3=

eXp(/(f—logg)’igdﬂ)

After applying the function log?” u to both sides of the above inequality we
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arrive at

/(f—logg)ingSIng{Cp( / el du + / gdu)}

f>logg f<logg
< log” [C’p( / el du+1 )] (B.3)
fzlogg

Step 2. We estimate the left hand side of (B.3) from below using the
fact that |a — b[? > ||a| — |b]|P? > |a|? + [b]P — 2|a|2|b|>. The latter can be
easily proved by squaring the inequality

2
2

(1—:5)%21—:15 for0<z<1

and setting © = |%’ On the set {f > log g} we have

(f —logg)? = |f —loggl? > f" + |logg|” — 2f%|log g|?

which implies that

| rrodus [(r-oggrgau+z [ riliosgltgan

f>logg f>logg

and therefore

/fpgduz / fPgdu+ / fPgdu

f>logg f<logyg

SlogP[Cp( / efdu+1)]+2 / f5|logg|§gdu+/|logg|pgdu

f>logg f>logg
< log” [Cp( / 6fdu+1)} +2 </|10gg|”gdu) (/f”gdu)
f>logg

+ / | log g|Pg dpu.
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This is a quadratic inequality in § = ( [ frg du)% of the type
< +208+06% B,7,020

where v = log? Co( [ efdu+1)] and é= ([ logg]pgdu)%. It gives us
f>logyg
a bound

f<o+V20%+77,

. By the Holder inequality 3% < 2%+ 66%. Substituting back the expressions

for 3, v and § we obtain the statement of the lemma. O
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