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Abstract
The paper studies the behavior of the speci�c entropy for Ginz-burg-Landau type models under the hydrodynamical scaling of timeand space. It is shown that if the initial con�gurations possess amacroscopic pro�le then for any �xed positive macroscopic time thespeci�c microscopic entropy converges to the macroscopic entropy.The latter is de�ned in terms of the solution of the correspondinghydrodynamical equation, which is a non-linear di�usion equation.The above result is equivalent to the following statement: under thehydrodynamical scaling for any positive macroscopic time the speci�cmicroscopic entropy relative to local Gibbs measures converges to zero.

1 The description of the model
Let �N be the one-dimensional periodic integer lattice Z=NZ, N 2 N. Thevariable xi 2 R; i = 1; : : : ; N , attached to a lattice site, represents a chargeat this site. The collection of all charges is a vector x(N) in RN , whichwe call the con�guration. The nearest neighbor charges interact and theAMS 1991 subject classi�cations. Primary 60K35; secondary 82C22.Key words and phrases. Entropy, Ginzburg-Landau model, local Gibbs measures,hydrodynamical scaling limit, hydrodynamical equation.
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con�guration x(N) changes in time. Applying the di�usive scaling of spaceand time, i. e. shrinking the spacing between charges by N and speeding upthe time by N2, we obtain a system of charges located at points i=N; i =1; : : : ; N , of the circle S = R=Z. The evolution of x(N)(t) is described by thefollowing system of stochastic di�erential equations:
dxi(t) = N22 �'0�xi+1(t)�� 2'0�xi(t)�+ '0(xi�1(t))�dt (1)

+N (d�i(t)� d�i+1(t)) ; i 2 �N ;
where �i; i = 1; : : : ; N , are independent Brownian motions and ' 2 C2(R)satis�es the hypotheses (H1)� (H3) listed below.
(H1) R

R
e�'(x)dx = 1:

(H2) R
R
e�j'0(x)j�'(x)dx <1 for any � > 0.

(H3) There exist positive constants C0; C1; C2; R and p 2 [1=2; 1] such that
'00(x) > C0 for all jxj > R; (2)'00(x) 6 C1'(x) + C2 for all x 2 R; (3)j'0(x)j 6 C1(j'(x)jp + 1) for all x 2 R. (4)

For a simple example one can take '(x) = (x2 � log 2�)=2.
The convexity assumption (2) implies the convergence of the integral

(H 03) M(�) def= R
R
e�x�'(x)dx <1 for any � 2 R.

The in�nitesimal generator of the di�usion process x(N)(t) is given by
LN = N22 X

i2�N
� @@xi � @@xi+1

�2 (5)
� N22 X

i2�N ('0(xi)� '0(xi+1))� @@xi � @@xi+1
� :
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The generator LN is formally symmetric with respect to the product measure
d�N(x) = exp(�Xi2�N '(xi))dx1 : : : dxN (6)

on RN which is an invariant but non-ergodic measure for our di�usion. Non-ergodicity follows from the fact that LN is degenerate in the direction ofvector (1; 1; : : : ; 1).For n 2 N and y 2 R let
Xn;y = fx 2 Rk : nX

i=1 xi = nyg: (7)
Denote by LN;y the restriction of LN to the hyperplane XN;y. Then theoperator LN;y is strictly elliptic. The conditional measure

�N;y(�) = �N( � jXi2�N x(N)i = Ny); (8)
supported on XN;y, is invariant and ergodic.The Dirichlet form DN;y corresponding to LN;y is de�ned by the relation
DN;y(f) def= � Z

XN;y fLN;yf d�N;y = N22
Z

XN;y
X
i2�N

� @f@xi � @f@xi+1
�2 d�N;y: (9)

It is non-degenerate for all non-constant f 2 W 1;2(XN;y; �N;y).
Assume that the process x(N)(�) starts from a deterministic con�guration�(N) = (�(N)1 ; : : : ; �(N)N ). Denote by P (N) the measure on the space of continu-ous paths corresponding to the process x(N)(�). Let �tN be the distribution ofcharges in RN at time t > 0. Since the total charge Pi2�N x(N)i is preservedin time, the measure �tN is supported on the hyperplane XN;yN , where

yN = 1N X
i2�N �(N)i :

Restricting �tN to XN;yN we obtain a measure �tN;yN , which is absolutely con-tinuous with respect to �N;yN . Let
f tN;yN def= d�tN;yNd�N;yN :
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The density f tN;yN (up to a normalization constant) is the restriction to XN;yNof the solution to the following Cauchy problem:
@f@t = LNf on (0;+1)� RN

f ��t=0 = ��(N) :
It is a consequence of ellipticity of LN;yN that f tN;yN is a smooth and strictlypositive function on XN;yN for all t > 0.For any t > 0 the microscopic entropy H(�tN;yN j�N;yN ) relative to theinvariant measure is given by

H(�tN;yN j�N;yN ) = Z
XN;yN log�d�tN;yNd�N;yN

� d�tN;yN
= Z
XN;yN f tN;yN log f tN;yNd�N;yN :

Clearly, for our initial data H(�0N;yN j�N;yN ) = +1.
The relative entropy H(�tN;yN j�N;yN ) is decreasing in time: for t > 0
dH(�tN;yN j�N;yN )dt = �N22

Z
XN;yN

1f tN;yN
X
i2�N

�@f tN;yN@xi � @f tN;yN@xi+1
�2 d�N;yN

= �4DN;yN �qf tN;yN� < 0: (10)
It was shown in [4] that if the average N�1Pi2�N '(�(N)i ) is boundeduniformly in N , and ' satis�es (H1), (H2), (H 03), and the inequalities

�C 6 '00(x) 6 C1'(x) + C2; x 2 R; (11)
for some positive constants C, C1, and C2, then

H(�tN;yN j�N;yN ) 6 C(t)N for any t > 0: (12)
Moreover, for any sequence ftNg such that tN ! 0 as N ! 1 and N2tNis bounded away from 0 the corresponding constants C(tN) in (12) are stilluniformly bounded in N .
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We study the behavior of the speci�c entropy N�1H(�tN;yN j�N;yN ) asN !1. We prove that it converges to the macroscopic entropy as N !1(Theorem 2.2). We also discuss the equivalent result about the behaviorof the speci�c entropy relative to local Gibbs measures (Theorem 2.3). Thenecessary de�nitions and the precise formulations of these results are given inSection 2. We obtain a lower bound on N�1H(�tN;yN j�N;yN ) in Section 3. Theproof of the upper bound is given in Section 4 modulo a number of technicallemmas, which we prove in Sections 5 and 6. We show the equivalence ofTheorem 2.2 and Theorem 2.3 in Section 7. Appendices A and B containlimit theorems for densities, which we use throughout the paper, and a lemmafrom convex analysis, which is needed in Section 6.
2 The existence of the scaling limit and mainresults
At �rst we give a de�nition of an asymptotic macroscopic pro�le.
De�nition 2.1. For each N 2 N let �N be a probability measure on RN .
We shall say that the set f�Ng possesses an asymptotic macroscopic pro�lem 2 L1(S) as N ! 1 and denote this by �N � m if for every functionJ 2 C(S) and each � > 0

limN!1
�N�� 2 RN : ���� 1N X

i2�N J
� iN

� �i � ZS J(�)m(�) d����� > �� = 0: (13)
Our main assumption on the initial data is the existence of an asymptoticmacroscopic pro�le, i. e. �0N = ��(N) � m0 (14)for some m0 2 L1(S). In particular,

limN!1

1N X
i2�N �(N)i = Z 1

0 m0(�)d� def= �m: (15)
Then it is known (see Theorem 2.1 below) that for any t > 0

�tN;yN � m(t; �);
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where m(t; �) is the solution of a non-linear di�usion equation with the ini-tial condition m0. We shall formulate this statement more precisely afterintroducing some notation.Let M be de�ned as in (H 03) above. It is easy to check that
� = logM(�) (16)

is a convex analytic function. Its convex conjugate
h(y) = supz2R(yz � logM(z)) (17)

is also analytic and h0�1(�) = M 0(�)M(�) = �0(�): (18)
The following theorem was proven in [4].
Theorem 2.1. Assume that ' satis�es (H1), (H2), (H 03), and (11). Let
the sequence �(N) of deterministic con�gurations satisfy (14) for some m0 2L1(S) and the average N�1Pi2�N '(�(N)i ) be bounded uniformly in N . Letm be a weak solution of the equation

@m@t = 12 @2h0(m)@�2 ; (t; �) 2 (0;1)� S; (19)
with the initial condition m0. Then �tN;yN � m(t; �) locally uniformly in t > 0.

Remark. The above theorem is the extension of the results obtainedearlier in [3] to the case of deterministic initial data. The main ingredient ofthe proof of Theorem 2.1 is the entropy estimate (12).The main result of this paper is the following theorem.
Theorem 2.2. Let the sequence �(N); N = 1; 2; : : :, of deterministic con�g-
urations possess an asymptotic pro�le m0 2 L1(S) as N ! 1 in the sense
of (14). Assume that ' satis�es (H1) � (H3) and that there are constantsC > 0 and �0 > 0 such thatX

i2�N '2p+�0��(N)i �
6 CN; (20)
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where p is given in (H3). Denote the average N�1Pi2�N �(N)i by yN . Then
for any t > 0 the speci�c microscopic entropy converges to the macroscopic
entropy as N !1, namely

limN!1

1N H(�tN;yN j�N;yN ) = ZS h(m(t; �)) d� � h�ZSm(t; �) d�� :
where m(t; �) is the solution of (19) with the initial condition m0.

Remark. Notice that RSm(t; �) d� does not depend on t and is equal to�m (see (15)).To every solutionm of the hydrodynamical equation (19) we can associatea family of local Gibbs measures 
mtN on RN . Let �(t; �) = h0(m(t; �)).Measures 
mtN are de�ned by their densities gmtN with respect to the invariantmeasure �N :
gmtN (x) = d
mtNd�N = 1ZmtN exp� X

i2�N �
�t; iN �xi

�
where ZmtN is the normalization constant: ZmtN = Qi2�N M �� �t; iN ��. Mea-sures 
mtN depend only on the solution m(t; �) and form a convenient set ofreference measures. The conditional measure 
mtN (� jPi2�N x(N)i = Ny) andits density relative to �N;y will be denoted by 
mtN;y(�) and gmtN;y respectively.It is not di�cult to show that for any t > 0


mtN � m(t; �):
If we start the process from the local equilibrium 
m0N then the measure  tN ,which describes the distribution of this process at time t, will diverge from
mtN . But the speci�c entropy 1N H( tN j 
mtN )
approaches zero as N ! 1. This result was proven in [7] as a part of thederivation of the scaling limit for this case.The next theorem shows that even if the process starts very far away fromthe local equilibrium, the speci�c entropy relative to local Gibbs measuresconverges to zero as N ! 1 for any t > 0. Thus, as far as the speci�centropy is concerned, the process with the deterministic initial data in thehydrodynamical scaling limit immediately becomes indistinguishable fromthe one, which started from the local equilibrium.
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Theorem 2.3. Under the assumptions of Theorem 2.2 for any �xed positive
macroscopic time t the speci�c relative entropy

1NH(�tN;yN j 
mtN;yN ) def= 1N
Z

XN;yN f tN;yN log f tN;yNgtN;yN d�N;yN
approaches zero as N !1.

We show (see Lemma 7.1) that
limN!1

1N
Z

XN;yN f tN;yN log gtN;yN d�N;yN = Z 1
0 h(m(t; �)) d� � h( �m):

This implies the equivalence of Theorem 2.2 and Theorem 2.3.We prove Theorem 2.2 by establishing the lower and upper bounds onthe speci�c macroscopic entropy as N !1.
3 Lower bound.
We show that

lim infN!1

1N H(�tN;yN j�N;yN ) > Z 1
0 h(m(t; �)) d� � h( �m): (21)

Lemma 3.1. Let ' satisfy (H1), (H 03). Assume that a sequence of real num-
bers fyNg and probability measures f�Ng satisfy the following conditions:

(a) for each N measure �N is supported on XN;yN (see (7));

(b) H(�N j�N;yN ) 6 CN , where �N;yN is de�ned by (8);

(c) �N � m for some function m such that h �m 2 L1(S).
Then

lim infN!1

1N H(�N j�N;yN ) > ZS h(m(�)) d� � h�ZSm(�) d��:
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Proof. The entropy inequality implies that for every J 2 C(S)
1N H(�N j�N;yN ) > 1N E�N Xi2�N J

� iN �xi�1N logE�N;yN exp� Xi2�N J
� iN �xi�: (22)

Condition (c) means that
1N X

i2�N J
� iN �xi !

Z
S J(�)m(�) d�

as N !1 in probability relative to �N . Next we prove the uniform integra-bility of N�1Pi2�N jxij under �N , which allows us to conclude that
limN!1

1N E�N Xi2�N J
� iN �xi =

Z
S J(�)m(�) d�:

Lemma 3.2. Let ' satisfy (H1) and (H 03). De�ne
AN;R = nx 2 XN;yN : N�1 Xi2�N jxij > Ro:

Then under assumptions (a) and (b) of Lemma 3.1

limR!1

Z
AN;R 1N X

i2�N jxij d�N = 0
uniformly in N .

Proof. It can be shown (see, for example, [6]) that (H 03) implies theexistence of a function ! : [0;1) ! [1;1), which is symmetric, convex andsatis�es lim
jxj!1

jxj!(jxj) = 0 and Z
R
e!(jxj)�'(x) dx <1: (23)
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For any " > 0 and all su�ciently large R we obtainZ
AN;RN�1 Xi2�N jxij d�N 6

6 " ZAN;R !
�N�1 Xi2�N jxij

� d�N 6 " ZAN;R N�1 Xi2�N !(jxij) d�N 6
6 "N�1 log Z

XN;yN exp� Xi2�N !(jxij)
� d�N;yN + "N�1H(�N j�N;yN ) 6 C"

uniformly in N . This follows from (23), Theorem A.1 and condition (b) ofLemma 3.1. Hence
limR!1

Z
AN;R N�1 Xi2�N jxij d�N = 0

uniformly in N .
To compute the limit of the second term in the right-hand side of (22) wenotice at �rst that by assumption (c) we have

limN!1
yN = ZSm(�) d�:

It follows from Theorems A.1 and A.2 that
limN!1

1N logE�N;yN exp� Xi2�N J
� iN �xi� 6
6

Z
S logM�J(�)� d� + h�ZSm(�) d��;

and, therefore,
lim infN!1

1N H(�N j�N;yN ) >
> supJ2C(S)

�Z
S J(�)m(�)� logM�J(�)� d��� h�ZSm(�) d�� =

= ZS h(m(�)) d� � h�ZSm(�) d��;
as claimed.The lower bound (21) follows immediately from (12), Theorem 2.1 andLemma 3.1.
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4 Upper bound.
We have to show that

lim supN!1

1N H(�tN;yN j�N;yN ) 6 ZS h(m(t; �)) d� � h( �m) (24)
The proof depends on a number of lemmas. The precise statements ofthese lemmas are given in appropriate steps below but the proofs are pre-sented in the next two sections.
Step 1. We start with a martingale decomposition.

Lemma 4.1 (Martingale Decomposition). Let (
;G0; P ) be a probability
space and G0 � G1 � : : : � Gk be a decreasing sequence of �-algebras. For
a non-negative random variable X0, such that EX0j logX0j < 1, de�neXi = E (X0j Gi), i = 0; 1; : : : ; k. Then

EX0 logX0 = kX
i=1 E E

�Xi�1 log Xi�1Xi �� Gi
�+ EXk logXk:

The proof is straightforward, and we omit it.We apply the above lemma in the following context. Consider f tN;yN as arandom variable on the probability space (XN;yN ;G0; �N;yN ), where G0 is theBorel �-algebra on XN;yN . Fix a large number l 2 N. Divide the circle S intokN = [N=(2l + 1)] equal parts, which we call \boxes". Each box contains(2l+1) or (2l+2) sites. Let Bi � �N be the set of indexes corresponding tothe i-th box and
�xi = 1jBijXj2Bi xj; i = 1; : : : ; kN

where jBij is the number of elements in Bi. For i = 1; : : : ; kN de�ne
Gi = ��-subalgebra of G0 generated by the averages �x1; �x2; : : : ; �xi and

by xj; j 2 kN[
n=i+1Bn	:
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Let f ti = E�N;yN (f tN;yN j Gi). The dependence of Gi and f ti on N will notbe re
ected in the notation. By Lemma 4.11N H(�tN;yN j�N;yN ) = 1NE�N;yN f tN;yN log f tN;yN
= 1N

kNX
i=1 E�N;yNE�N;yN�f ti�1 log f ti�1f ti ��Gi

�+ 1NE�N;yN f tkN log f tkN :
Since the entropy decreases in time we can average in t and obtain thatfor any t0 2 (0; t)
1N H(�tN;yN j�N;yN ) 6 1N(t� t0)

Z t
t0 H(�sN;yN j�N;yN ) ds

= 1N(t� t0)
Z t
t0

kNX
i=1 E�N;yNE�N;yN�f si�1 log f si�1f si ��Gi� ds

+ 1N(t� t0)
Z t
t0 E�N;yN f skN log f skN ds: (25)

Step 2. We show that the �rst term in the right-hand side of (25) canbe made arbitrarily small as N !1.At �rst we apply a version of the logarithmic Sobolev inequality (seeTheorem 4.1 below) to each term of the sum in the right-hand side of (25).Let n 2 N, y 2 R and Xn;y be de�ned by (7). Denote the Lebesguemeasure on Xn;y by �n;y.
Theorem 4.1. Let ' 2 C2(R) satis�es (H1) and the convexity condition (2).
De�ne the probability measure �n;y on the hyperplane Xn;y by

d�n;y = 1Zn;y e�
lPi=1'(xi)d�n;y;

where Zn;y is the normalization constant. Then for any smooth f : Rn ! R+
such that E�n;yf = 1 we have the inequality

E�n;yf log f 6 C(n;C0; R) Z
Xl;y

n�1X
i=1
�@pf@xi � @pf@xi+1

�2 d�n;y; (26)
where R is de�ned in (2).
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Remark. It is known (see, for example, [1] and [2]) that if '00(x) >C0 > 0 for all x 2 R then C(n;C0; 0) = 4n2=C0. Since we need merely theexistence of some constant C(n;C0; R), we can relax the assumption on 'and require the convexity of ' only for large jxj. (See p. 201-202 of [5] onhow to obtain one logarithmic Sobolev inequality directly from another.)
Let �i def= �N;yN ( � j Gi) and ~�i be the marginal of �i on the i-th box. Thenfi = E�ifN;yN = E~�ifi�1. It is easy to see that ~�i is exactly in the formdescribed in Theorem 4.1 (n = jBij; y = �xi). Let

@j�1;j = � @@xj�1 � @@xj
� :

Setting ~f si = f si�1=f si and applying (26) with f = ~f si we obtain
E~�i ~f si log ~f si 6 C(l; C0; R) Z

Xl;�xi
X

j�1;j2Bi
�@j�1;jq ~f si �2 d~�i

= C(l; C0; R)4f si
Z

Xl;�xi
X

j�1;j2Bi
�@j�1;jf si�1�2f si�1 d~�i: (27)

Moreover,
@j�1;jf si�1 = @j�1;jE�i�1f sN;yN = E�i�1@j�1;jf sN;yN ; j � 1; j 2 Bi: (28)

The term where @j�1;j is applied to �i�1 vanishes because �i�1 depends onlyon the sum of xj; j 2 [kNn=iBn, and @j�1;j applied to this sum is equal to zero.Using (28) and H�older's we �nd thatZ
Xl;�xi

X
j�1;j2Bi

�@j�1;jf si�1�2f si�1 d~�i = Z
Xl;�xi

X
j�1;j2Bi

�E�i�1@j�1;jf sN;yN�2f si�1 d~�i
6

Z
Xl;�xi 4

X
j�1;j2BiE�i�1 �@j�1;jqf sN;yN�2 d~�i

= 4E�i X
j�1;j2Bi

�@j�1;jqf sN;yN�2 : (29)
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From (29), (27), and (25) we obtain
1NH(�tN;yN j�N;yN ) 6 C(l; C0; R)N3(t� t0)

Z t
t0 DN;yN (qf sN;yN ) ds

+ 1N(t� t0)
Z t
t0 E�N;yN f sk log f sk ds;

where the Dirichlet form DN;yN (�) is given by (9).The inequality (10) and the entropy bound (12) imply the following esti-mate on time averages of the Dirichlet form:Z t
t0 DN;yN (qf sN;yN ) ds = H(�t0N;yN j�N;yN )�H(�tN;yN j�N;yN ) 6 C(t0)N:

This allows us to conclude that the �rst term in the right-hand side of (25)converges to zero as N !1.
Step 3. We show that the last term in (25) admits the desired upperbound.Denote by ��skN (��kN ) the joint distribution of averages �x1; �x2; : : : ; �xkNunder �tN;yN (�N;yN respectively). We have d��skN = f skNd��kN , and

E�N;yN f skN log f skN = E�sN;yN log d��skNd�kN � E�sN;yN log d��kNd�kN ;yN ; (30)
where �kN ;yN is the Lebesgue measure on XkN ;yN .In Section 5 we prove
Lemma 4.2. Under the assumptions of Theorem 2.2 for any t > t0 > 0

lim supl!1
lim supN!1

1N(t� t0)
Z t
t0 E�sN;yN log d��skNd�kN ;yN ds 6 0:

To �nish the proof of Theorem 2.2 we only have to deal with the lastterm in (30).For n 2 N de�ne
hn(y) def= � 1n log Z

Xn;y exp �� nX
j=1 '(xj)

� d�n;y:

14



Then
1N log d��kNd�kN ;yN = � 1N

kNX
i=1 jBijhjBij(�xi)

� 1N log Z
XN;yN exp �� X

i2�N '(xi)
� d�N;yN :

By Theorem A.1 we know that
limn!1

hn(y) = h(y) locally uniformly in y;
and, since limN!1 yN = �m, we have that

limN!1
hN(yN) = h( �m):

Therefore, we arrive at the estimate
lim supN!1

1N H(�tN;yN j�N;yN ) 6
lim supN!1

1N(t� t0)
Z t
t0 E�sN;yN kNX

i=1 jBijhjBij(�xi) ds� h( �m) (31)
for any l 2 N and t0 2 (0; t).

Step 4. For j 2 �N de�ne the shift operator Tj on RN and also onfunctions f : RN ! RN by
Tjxi = xi+j; i 2 �N ;

and
Tjf(x) = f(Tjx):

We also set for any n 2 N
�xi;n = 12n+ 1 X

jj�ij6nxj: (32)
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Notice that the left-hand side of (31) does not depend on the way wedivide the circle S into boxes. This observation implies that
lim supN!1

1N H(�tN;yN j�N;yN ) 6 (33)
lim supl!1

lim supN!1

1N(t� t0)
Z t
t0 E�sN;yN 12l + 1

2lX
j=0

kNX
i=1 jBijhjBij(Tj�xi) ds� h( �m):

Remark. If N is divisible by (2l + 1) then, clearly, jBij = 2l + 1 and
1N E�sN;yN 12l + 1

2lX
j=0

kNX
i=1 jBijhjBij(Tj�xi) ds = 1N E�sN;yN Xi2�N h2l+1(�xi;l):

Otherwise there is a di�erence between the left-hand side and right-hand sidein the above expression, which can not be a priori neglected even in the limit(as N ! 1 and then l ! 1), since functions hn are neither bounded noruniformly continuous.Next we obtain an estimate on hn, which is uniform in n.
Lemma 4.3. Let ' 2 C2(R) satisfy (H1), (2), and (4) with p = 1. Then
there is a constant M > 0 such that

jhn(x)j 6M(j'(x)j+ 1); x 2 R;
uniformly in n.

The proof of this lemma is given in Section 6.The next lemma combined with Lemma 4.3 provides us with the uniformintegrability, which we need when passing from the convergence in probability(relative to �sN;yN ) to the convergence in L1(XN;yN ; d�sN;yN ).
Lemma 4.4. Under the assumptions of Theorem 2.2 there is q > 1 and a
constant C such that

E�sN;yN� 1N X
i2�N j'(xi)j

�q
6 C

uniformly in N and locally uniformly in s > 0.
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We postpone the proof of this lemma until Section 6.We use Lemma 4.3 and Lemma 4.4 to justify the following replacements.At �rst we replace the expression under the integral sign in (33) with
E�sN;yN Xi2�N h(�xi;l); (34)

where �xi;l is de�ned by (32) with n = l. Then we substitute the averagesover small macroscopic blocks �xi;"N for the averages over large microscopicblocks �xi;l obtaining
lim supN!1

1N H(�tN;yN j�N;yN ) 6
lim"!0 lim supl!1

lim supN!1

1(t� t0)
Z t
t0 1N E�sN;yN h(�xi;"N) ds� h( �m): (35)

This substitution is based on the following two-block estimate.
Theorem 4.2 (two-block estimate). Under the assumptions of Theo-
rem 2.1 for any t2 > t1 > 0

lim"!0 lim supl!1
lim supN!1

Z t2
t1 E�sN;yN 1N X

i2�N j�xi;l � �xi;"N j ds = 0:
This theorem is an immediate consequence of the entropy estimate (12)and Theorem 4.7 of [3].The existence of the scaling limit implies that for any u 2 S, " > 0, and� > 0

�sN;yNnx 2 XN;yN : ����x[uN];"N � 12"
Z u+"
u�" m(s; �) d���� > �o! 0

as N ! 1. Thus we can replace the expression under the integral sign in(35) with 1N X
i2�N h

� 12"
Z i=N+"
i=N�" m(s; �) d��: (36)

But (36) is the integral sum forZ
S h
� 12"

Z u+"
u�" m(s; �) d�� du:

Then, since h and m are continuous functions, we can pass to the limit as"! 0. Finally we let t0 ! t and obtain the upper bound (24).
17



5 Proof of Lemma 4.2.
For this Lemma we need, in fact, only assumptions (H1); (H 03), the inequality(3) and the entropy estimate (12).For each N and s 2 [t0; t] we introduce a new process x(N)sN (�), which satis-�es (1) up to time sN < s. At time sN we \switch o�" the drift, and then theprocess x(N)sN evolves as a Gaussian di�usion process with constant covariance.For all quantities associated with the new process we keep the same notationas for x(N) but add a subscript sN . In particular, the corresponding measureon the space of continuous paths will be denoted by P (N)sN .We have

1(t� t0)N
Z t
t0 E�sN;yN log d��skNd�kN ;yN ds = 1(t� t0)N

Z t
t0 E�sN;yN log d��skNd�ssN ;kN ds

+ 1(t� t0)N
Z t
t0 E�sN;yN log d�ssN ;kNd�kN ;yN ds: (37)

The idea of the proof is to choose the \switch o�" time sN in such a way thatboth terms in the right-hand side of (37) can be bounded above by quantities,which vanish when we pass to the limit as N ! 1 and then as l ! 1. Itturns out that the optimal choice for sN is given by sN = s� kN=N3, wherekN = [N=(2l + 1)].We rewrite the system (1) using matrix notation.
dx(t) = N2A(N)b(N)(x(t))dt+NG(N)d�(N);

where �(N) is a standard N -dimensional Brownian motion, A(N) = G(N)G(N)�and
G(N) =

0BBBB@
1 �1 0 : : : 00 1 �1 : : : 0: : : : : : : : : : : : : : : : : : : : : :0 0 0 : : : �1�1 0 0 : : : 1

1CCCCA ; b(N)(x) = �12
0BBBB@
'0(x1)'0(x2): : :: : :'0(xN):

1CCCCA (38)

We now give a formal description of x(N)sN . The process x(N)sN is de�ned bythe system
dx(t) = N2A(N)b(N)sN (t; x(t))dt+NG(N)d�(N)(t)

18



where b(N)sN (t; �) = (b(N)(�) if t 6 sN ;0 if t > sN ; (39)
and G(N); b(N)(x) are given by (38). Assume that x(N)sN (0) = �(N).To estimate the �rst term in the right-hand side of (37) we notice thatby the convexity of function x log x and Jensen's inequality

E�sN;yN log d��skNd�ssN ;kN 6 EP (N) log dP (N)
dP (N)sN

����
Fs ;where Fs is the �-algebra up to time s.

Proposition 5.1.

1NEP (N) log dP (N)
dP (N)sN

����
Fs = N8 EP (N)

Z s
sN �'0(xi(�))� '0(xi+1(�))�2 d� (40)

Proof. By Girsanov's formula
logdP (N)sNdP (N) ����

Fs =�Z s
0 (b(N) � b(N)sN ) d�x� N22

Z s
0 hb(N) � b(N)sN ; A(N)(b(N) � b(N)sN )i d�

where �x = x � N2 R s0 A(N)b(N) d� is a P (N)-martingale and h�; �i denotes ascalar product in RN . Since bsN coincides with b up to time sN and vanishesfor all � > sN we obtain
log dP (N)

dP (N)sN
����
Fs =

Z s
sN b(N) d�x+ N22

Z s
sN hb(N); A(N)b(N)i d�

Taking expectation with respect to P (N) in the above equality and using (38)we obtain (40).
Proposition 5.2. Let sN = s� "N > t0=2 and ' satis�es (3). Assume also
that the entropy estimate (12) holds. Then

1(t� t0)EP (N)

Z t
t0
Z s
sN �'0(xi(�))� '0(xi+1(�))�2 d� ds 6 NC(t; t0)"N :
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Proof. Step 1. Applying Itô's formula toX
i2�N '(xi(s))and using (1) we �nd that for any t2 > t1 > 0

12EP (N)

t2Z
t1
X
i2�N

�'0(xi(s))� '0(xi+1(s))�2 ds = (41)
1N2EP (N)

� X
i2�N '(xi(t1))�

X
i2�N '(xi(t2))

�+ EP (N)

t2Z
t1
X
i2�N '00(xi(s)) ds:

Since we assumed that '00(x) 6 C1'(x) + C2, the last term in the aboveequality is bounded by
C1EP (N)

Z t2
t1
X
i2�N '(xi(s)) ds+ C2N(t2 � t1):

Step 2. We show that for any t0 > 0 there is a constant C = C(t0) suchthat for all N and all t > t01NE�tN;yN Xi2�N '(xi) 6 C(t0): (42)
By the entropy inequality and (12) for any � 2 (0; 1)1NE�tN;yN Xi2�N '(xi) 6

1N� logE�N;yN e� Pi2�N '(xi) + 1� C(t0): (43)
By Theorem A.1 the �rst term in the right-hand side of (43) converges to alimit as N !1. The inequality (42) follows.

Step 3. Combining the results of Steps 1 and 2 we conclude that
1(t� t0)EP (N)

Z t
t0
Z s
sN �'0(xi(�))� '0(xi+1(�))�2 d� ds 6

2N2(t� t0)EP (N)

Z t
t0
� X
i2�N '(xi(sN))�

X
i2�N '(xi(s))

� ds+
+NC(t0)"N : (44)
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Notice that
EP (N)

tZ
t0
� X
i2�N '(xi(sN))�

X
i2�N '(xi(s))

� ds =
EP (N)

t0Z
t0�"N

X
i2�N '(xi(s)) ds� EP (N)

tZ
t�"N

X
i2�N '(xi(s)) ds 6 NC(t0)"N ; (45)

where the last inequality follows from Step 2. Relations (44) and (45) implythe statement of Proposition 5.2.
Propositions 5.1 and 5.2 allow us to conclude that for sN = s� "N > t0=21N(t� t0)

Z t
t0 E�sN;yN log d��skNd�ssN ;kN 6 N2C(t; t0)"N :

In particular, for "N = kN=N3, where kN = [N=(2l + 1)], the right-hand sideof the above inequality converges to zero when we let N ! 1 and thenl!1.
We turn now to the last term in (37). After time sN the box averages(�xsN ;1; �xsN ;2; : : : ; �xsN ;kN ) undergo a Gaussian di�usion in RkN with parameters(0; k2NA(kN )), where A(kN ) : RkN ! RkN is given by

A(kN ) =
0BBBB@

2 �1 0 : : : 0 �1�1 2 �1 : : : 0 0: : : : : : : : : : : : : : : : : : : : : : : : : : : :0 0 0 : : : 2 �1�1 0 0 : : : �1 2

1CCCCA :
Let ~A(kN ) be the restriction of A(kN ) to XkN ;yN . Then ~A(kN ) is non-degenerateand1N log d�ssN ;kNd�kN ;yN ( � ) = 1N log ���2�k2N"N�kN�1 det ~A(kN )��1=2�Z

XkN ;yN exp��(x� � )T ~A(kN )�1 (x� � )=�2"N�� d�sNsN ;kN� 6
� kN � 12N log �2�k2N"N�� 12N log det ~A(kN ): (46)

The det ~A(kN ) is equal to the product of non-zero eigenvalues of A(kN ).
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Proposition 5.3. For k = 3; 4; : : : we have

det ~A(k) = 2k�1 k�1Y
j=1(1� cos 2�jk );

limk!1

1k log(det ~A(k)) = 2 log 2 + 4 Z 1
20 log sin(�x) dx:

Proof. Denote 2�j=k by �(k)j . It is easy to check that vectors e(k)j =(ei�(k)j ; : : : ; eik�(k)j ); j = 0; : : : ; k � 1, are independent eigenvectors for A(k)with eigenvalues 2(1� cos�(k)j ) respectively. Taking the product of non-zeroeigenvalues (j = 1; : : : ; k � 1) we obtain the �rst part of the proposition.To prove the second statement notice that
1k log

k�1Y
j=1(1� cos 2�jk ) = k � 1k log 2 + k�1X

i=1 1k log sin2 �jk
= k � 1k log 2 + 4 [ k2 ]X

j=1 1k log sin �jk : (47)
The last sum is the integral sum for the convergent integralZ 1

20 log sin(�x) dx:
Passing to the limit as k !1 concludes the proof.

Let s � sN = kN=N3. Since kN = [N=(2l + 1)], we obtain from (46) andProposition 5.3 that
liml!1

limN!1

�� kN � 12N log �2�k2N"N�� 12N log det ~A(kN )� = 0:
The proof of Lemma 4.2 is complete.
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6 Proofs of Lemma 4.3 and Lemma 4.4.
Proof of Lemma 4.3. It is clear that for any x0 < x00

x00Z
x0 e

�hn(x)dx = Z
nx06Pnj=1 xj6nx00 e

�Pnj=1 '(xj) dnx
>

Z
x06xj6x00j=1;:::;n

e�Pnj=1 '(xj) dnx =
0@ x00Z

x0 e
�'(x)dx

1An

If hn and ' are monotone increasing for x > x0 > 0 then
(x00 � x0) exp(�nhn(x0)) > (x00 � x0)n exp(�n'(x00)) for x0; x00 2 [x0;1);i. e. hn(x0) 6 �(1� 1n) log(x00 � x0) + '(x00), which implies

hn(x) 6 '(x+ 1) for x > x0: (48)
Similarly if hn and ' are monotone decreasing for x < �x0 then

hn(x) 6 '(x� 1) for x < �x0: (49)
Since ' is convex for large jxj and R e�'(x)dx <1 we know that it is mono-tone increasing for large positive x and is monotone decreasing for largenegative x. Moreover,

'0(x) > C0x� C for x > x0 and'0(x) 6 C0x+ C for x < �x0
for some x0 > 0. These inequalities hold also for h0n. Indeed, if x > x0 then

h0n(x) =
R

Xn;x 1nPnj=1 '0(xj) exp��Pnj=1 '(xj)�d�n;xR
Xn;x exp

��Pnj=1 '(xj)�d�n;x > C0x� C:
Similarly, h0n(x) 6 C0x+C for x < �x0. This implies monotonicity of hn forlarge jxj. Using the condition on the derivative of ' we �nd that

j'(x� 1)j 6 C(j'(x)j+ 1) (50)
23



for some constant C > 0. The statement of the lemma now follows from(48) - (50) by noticing that hn are bounded below uniformly in n. Thelast observation is a consequence of monotonicity of hn for large jxj andTheorem A.1.
Proof of Lemma 4.4. Let q = minf2; 1 + �0=2pg. Without loss ofgenerality we can assume that ' > 0. Let

H(q)N (s) = Z
XN;yN f sN;yN ��log f sN;yN ��q d�N;yN :

By Lemma B.1 we have
E�sN;yN

� 1N X
i2�N '(xi)

�q
6
CqN q + 4N q logq �1 + E�N;yN ePi2�N '(xi)�

+ 2N qH(q)N (s): (51)
The second term in the right-hand side of (51) is clearly bounded since1N logE�N;yN ePi2�N '(xi)
converges to a limit as N ! 1. Thus we have reduced the problem toproving that for our choice of q

H(q)N (s) 6 CqN q (52)
locally uniformly in s > 0.The proof of (52) is similar to the proof of (12) given in [4]. Even thoughthe function xj log xjq is convex only for x > exp(1� q) it will not a�ect ourconsiderations. There exists a smooth convex function K(x) such that

xj log xjq 6 K(x) 6 B + xj log xjq; x > 0 (53)
for some B > O. We havedds

Z
XN;yN K(f sN;yN ) d�N;yN = Z

XN;yN K 0(f sN;yN )LNf sN;yN d�N;yN
= � Z

XN;yN K 00(f sN;yN ) Xi2�N
�@f sN;yN@xi � @f sN;yN@xi+1

�2 d�N;yN 6 0
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and, therefore, if (52) holds for some s0 > 0 with Cq = Cq(s0) then it holdsfor all s > s0 with Cq 6 Cq(s0) + B. In the next step we argue that if welet s0 depend on N in such a way that s0(N)! 0 as N !1 and s0(N)N2is bounded below by some � > 0 then the sequence H(q)N (s0(N))=N q remainsbounded by a constant C = C(�). This will �nish the proof of (52).
Step 2. Let sN = �N�2, � > 0, and de�ne a non-speeded processz(N)(�) = x(N)(sN). Then z(N)(�) satis�es the system
dzi(�) = 12 ('0(zi�1)� 2'(zi) + '(zi+1)) d� + d�i(�)� d�i+1(�); (54)

with initial conditions zi(0) = �(N)i ; i 2 �N .By abuse of notation we write f �N;yN , ��N;yN , H(q)N (�) instead of f sNN;yN , �sNN;yN ,H(q)N (sN).We need to show that
H(q)N (�) = Z

XN;yN f �N;yN j log f �N;yN jq d�N;yN 6 C(�)N q
uniformly inN . This is done by \comparison" of z(N) with a Gaussian processw(N) which solves

dw(N)i (�) = d�(N)i (�)� d�(N)i+1(�); i 2 �N ;
with the same initial data.Denote by r�N;yN the density of the �nite dimensional distribution ofw(N)(�) with respect to �N;yN . ThenZ
XN;yN f �N;yN j log f �N;yN jq d�N;yN 6

6

Z
ff�N;yN>1g

f �N;yN ���� log�f �N;yNr�N;yN � r�N;yN�����q d�N;yN + max06x61xj log xjq:
It is evident that for any 0 < x 6 y; xy > 1

0 6 log(xy) 6 2 log y:
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We haveZ
ff�N;yN>1g

f �N;yN ���� log�f �N;yNr�N;yN � r�N;yN�����q d�N;yN 6
6 2q Z

ff�N;yN>1g
f �N;yN�max� log f �N;yNr�N;yN ; log r�N;yN

��q d�N;yN
6 2q� Z

XN;yN f �N;yN ���� log f �N;yNr�N;yN
����q d�N;yN + Z

fr�N;yN>1g
f �N;yN logq r�N;yN d�N;yN�:

The �rst term of the sum above will be estimated by Girsanov's formula. Atthis point our assumption (20) on the initial data comes into play. The factthat r�N;yN is known explicitly will allow us to obtain a bound on the secondterm. The following two propositions complete the proof of Lemma 4.4.
Proposition 6.1. Assume that f�(N)g satis�es (20) where p is de�ned in(H3). Then

i) E��N;yN Pi2�N j'(z(N)i )j2pq 6 C(T )N for all � 2 [0; T ]; T <1;

ii)
R

XN;yN f �N;yN ���� log f �N;yNr�N;yN
����q d�N;yN 6 C(�)N q for any � > 0.

Proposition 6.2. For any � > 0 there is a constant C(�) such thatZ
r�N;yN>1

f �N;yN logq r�N;yN d�N;yN 6 C(�)N q:
Proof of Proposition 6.1. To simplify the notation we drop the su-perscript in z(N).
i) First we prove a slightly more general statement. Let  (x) be anysmooth convex function which satis�es the inequality

 00(x) 6 C1 (x) + C2: (55)
By Itô's formula d (zi) =  00(zi) d� +  0(zi) dzi:
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Taking summation over i, integrating from 0 to � , applying (54) and com-puting the expectation we obtain
EPN Xi2�N  (zi(�)) =

X
i2�N  (�(N)i ) + �Z

0 EPN 00(zi(s)) ds
� 12

�Z
0 EPN Xi2�N

� 0(zi+1(s))�  0(zi(s))��'0(zi+1(s))� '0(zi(s))� ds
6
X
i2�N  (�(N)i ) + C2N� + C1 �Z

0 EPN Xi2�N  (zi(s)) ds:
In the last inequality we used convexity of ' and  and the condition (55).An application of the Gronwall inequality yields

E��N;yN Xi2�N  (zi) 6
 X

i2�N  (�(N)i ) +N(1� e�C� )! eC� : (56)
In our case we can take  (x) essentially to be equal to j'(x)j2pq modifying thelatter on a �nite interval as necessary. Then (56) implies that for � 2 [0; T ]

E��N;yN Xi2�N j'(zi)j2pq 6 C(T )N:

ii) We show that R
XN;yN K�f�N;yNr�N;yN

�r�N;yN d�N;yN 6 C(�)N q where K satis-
�es (53). This immediately implies ii). By convexity of KZ

XN;yN K�f �N;yNr�N;yN
�r�N;yN d�N;yN 6 EQNK� dPNdQN

�
F�
����

6 B + EPN �� log dPNdQN
����
F�
��q:

where QN is the measure on continuous paths associated with w(N). In the
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same way as in the proof of Proposition 5.1 we obtain
EPN ���� log dPNdQN

���
F�
����q =

= EPN ����
�Z

0 b(N)(z(s)) d�z(s) + 12
Z �
0 hb(N)(z); A(N)b(N)(z)i(s) ds����q

6 2q�1����EPN �Z
0 b(N)(z(s)) d�z(s)����q + C(�)EPN �Z

0 hb(N)(z); A(N)b(N)(z)iq(s) ds
with �z(s) = z(s)� �R0 A(N)b(N)(z(s)) ds.

From the inequality aq 6 C(q)(a2 + 1), where q 2 [1; 2], a > 0, and Itô'sisometry we �nd that
EPN ���� log dPNdQN

���
F�
����q 6 ~C(q)�EPN �Z

0 hb(N)(z); A(N)b(N)(z)i(s) ds+ 1�

+ C(�)EPN �Z
0 hb(N)(z(s)); A(N)b(N)(z(s))iq ds

< ~C(q; �)�EPN �Z
0 hb(N)(z); A(N)b(N)(z)iq(s) ds+ 1�:

Notice that by (38) and (4)
hb(N)(z); A(N)b(N)(z)i = 12 Xi2�N

�'0(zi+1)� '0(zi)�2
6 4C21� Xi2�N j'(zi)j2p +N�:
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Therefore by the H�older inequality and part i)
EPN �Z

0 hb(N)(z(s)); A(N)b(N)(z(s))iq ds
6 C�N q�1EPN �Z

0
X
i2�N j'(zi(s))j2pq ds+N q� 6 C(�)N q

This completes the proof of Proposition 6.1.
Proof of Proposition 6.2. Let ~A(N) be the restriction of A(N) to XN;yN .Then by the de�nition of r�N;yN for any z such that r�N;yN (z) > 1 we obtain

0 6 1N log r�N;yN (z) = � 1N log d�N;yNd�N;yN (z)+1N log ��(2��)N�1 det ~A(N)�� 1
2 exp�� 12� 
z � �(N); � ~A(N)��1�z � �(N)����

6 �N � 12N log(2��)� 12N log (det ~A(N))+1N X
i2�N '(zi) +

1N log Z
XN;yN e�Pi2�N '(xi)d�N;yN :

The �rst term in the right-hand side is evidently bounded. The second andthe fourth terms have �nite limits as N ! 1 by Proposition 5.3 (withk = N) and Theorem A.1 respectively. The third term is the only one whichdepends on z. We conclude that1N q Z
r�N;yN>1

f �N;yN logq r�N;yN d�N;yN 6 C(�) + 2q�1N q Z
XN;yN

�� Xi2�N '(zi)
��q d��N;yN

6 C(�) + 2q�1N q Z
XN;yN N q� 1

2p � Xi2�N j'(zi)j2pq
� 1
2pd��N;yN

= C(�) + 2q�1�E��N;yN 1N X
i2�N j'(zi)j2pq

� 1
2p
6 ~C(�)

by part i) of Proposition 6.1.
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7 Proof of Theorem 2.3.
Lemma 7.1. Under conditions of Theorem 2.2

limN!1

1N
Z

XN;yN f tN;yN log gtN;yN d�N;yN = Z 1
0 h(m(t; �)) d� � h( �m)

where �m is de�ned by (15).

Proof. Let m(t; �) be the solution of (19) with initial condition m0 and�(t; �) = h0(m(t; �)). Denote �( iN ; �) by �iN . Recall that yN = 1N Pi2�N �(N)i .The density gtN;yN of a local Gibbs measure 
mtN with respect to the invariantmeasure �N;yN is easily computed:
gtN;yN (x) =

exp(Pi2�N �iNxi) R
XN;yN exp(�Pi2�N '(xi)) d�N;yNR

XN;yN exp(Pi2�N �iNxi �Pi2�N '(xi)) d�N;yN ; x 2 XN;yN :
Hence1N

Z
XN;yN log gtN;yN d�tN;yN = 1N

Z
XN;yN

X
i2�N �iNxi d�tN;yN

� 1N log Z
XN;yN exp� Xi2�N �iNxi �

X
i2�N '(xi)

� d�N;yN
+ 1N log Z

XN;yN exp�� X
i2�N '(xi)

�d�N;yN :
By Theorem A.1 and Theorem A.2 we obtain

limN!1

1N log Z
XN;yN exp�� X

i2�N '(xi)
� d�N;yN = �h( �m);

limN!1

1N log Z
XN;yN exp� Xi2�N �iNxi �

X
i2�N '(xi)

� d�N;yN
= �Z 1

0 logM(�(t; �)) d�:
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The last equality follows from (18), (59) and the de�nition of �. By theexistence of the scaling limit (2.1) and Lemma 3.2 we have that
limN!1

E�tN;yN
���� 1N X

i2�N �iNxi �
Z 1
0 �(t; �)m(t; �) d����� = 0: (57)

This completes the proof of Lemma 7.1:
limN!1

1N
Z

XN;yN log gtN;yN d�tN;yN = Z 1
0 ��m� logM(�)�(t; �) d� � h( �m)

= Z 1
0 h(m(t; �)) d� � h( �m):

A Limit theorems for densities.
Let ' satisfy (H1), (H2), and (H 03) and functions M , �, h be de�ned by((H 03)), (16), (17) respectively.The following theorem was proven in [3]:
Theorem A.1. Let 'N be the density of 1N Pi2�N Xi, where X1; : : : ; XN are
independent identically distributed random variables with the common densitye�'(x). Then

limN!1

1N log'N(x) =� h(x);
limN!1

1N '0N(x)'N(x) =� h0(x)
uniformly on compact x-intervals.We prove a generalization of this theorem to the series of independentrandom variables X1N ; X2N ; : : : ; XNN , which are not identically distributedbut whose distributions vary slightly with i. More precisely, �x a function� 2 C([0; 1]). Denote �(i=N) by �iN , the sup-norm of � by k�k, and the setf� 2 C([0:1]) : k�k 6 Rg by B�R. Assume that X iN has the density

a(x; �iN) = 1M(�iN) exp(�iNx� '(x)) (58)
with respect to the Lebesgue measure, i = 1; 2; : : : ; N and N 2 N.
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Theorem A.2. Let X1N ; X2N ; : : : ; XNN be de�ned as above and a�N be the
density of

Pi2�N X iN=N . Then

limN!1

1N log a�N(x) = �I�(x)
uniformly on any set of the form fjxj 6 R1g�B�R2 ; R1; R2 < 1. The rate
function I� is given by the relation

I�(x) = supz
�zx� Z 1

0 logM(�(�) + z)M(�(�)) d�� : (59)
The proof of this theorem is based on the local limit theorem, which wenow formulate. De�ne for any s 2 R

b(y; s) = 1M(s) exp �s(y + �0(s))� '(y + �0(s))�: (60)
Then it is easy to check thatZ b(y; s)dy = 1; Z yb(y; s)dy = 0Z y2b(y; s)dy = M 00(s)M(s) �

�M 0(s)M(s)
�2 = �00(s):

Theorem A.3. Let Y 1N ; : : : ; Y NN be independent random variables and the
density of Y iN with respect to the Lebesgue measure is given by (60), i =1; 2; : : : ; N . Let b�N be the density of

Pi2�N Y iN=pN . Then for any non-

negative integer k the functions b�N belong to Ck(R) for all N > N0(k�k; k)
and limN!1

dkdyk b�N(y) = 1p2��(�) dkdyk e�y2=2�2(�)
uniformly on R�B�R; R <1. Here �2(�) = R 10 �00(�(�))d�.The proof of Theorem A.3 is similar to the proof of Lemma 3.3 of [3], andis omitted.

Proof of Theorem A.2. From (58) and (60) we see that X iN has thesame distribution as Y iN + �0(�iN). This implies the equivalence in law
1N X

i2�N X iN � 1pN
 1pN X

i2�N Y iN
!+ 1N X

i2�N �0(�iN);
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from which we obtain that
a�N(x) = pNb�N�pN�x� 1N X

i2�N �0(�iN)
��:

By Theorem A.3 we have
limN!1

1N log a�N
 1N X

i2�N �0(�iN)
! = limN!1

1N �logpN + log b�N(0)� = 0: (61)
Let z0 = z0(y) be the point where the supremum in (59) is attained and~�(�) = �(�)+z0. Introduce a new set of random variables ~X iN ; i = 1; : : : ; N ,with densities ~a(x; ~�iN) = 1M(~�iN) exp

�~�iNx� '(x)� :
Then by (61) the density a~�N of the average Pi2�N ~X iN=N satis�es

limN!1

1N log a~�N
 1N X

i2�N �0(~�iN)
! = 0: (62)

Since a(x; �iN) = ~a(x; ~�iN)e�z0xM(~�iN)=M(�iN); using the properties of convo-lution we can compute that
a�N(x) = a~�N(x)e�z0xN NY

i=1
�M(~�iN)=M(�iN)�:

From the last equation we obtain
1N log a�N

 1N X
i2�N �0(~�iN)

! = 1N log a~�N
 1N X

i2�N �0(~�iN)
!

� z0N X
i2�N �0(~�iN) +

1N X
i2�N log

M(~�iN)M(�iN) : (63)
By our choice of z0(x) we �nd1N X

i2�N �0(~�iN) =
1N X

i2�N
M 0(�iN + z0)M(�iN + z0) �!Z 1

0 M 0(�(�) + z0)M(�(�) + z0) d� = x as N !1: (64)
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The statement of the theorem follows now from (62), (63), (64), andLemma A.1 below.
Lemma A.1. Let I�N(y) = � 1N log a�N(y)
where a�N de�ned as in Theorem A.2. Then for any y1; y2 2 fjyj 6 Rg

jI�N(y1)� I�N(y2)j 6 C(R; k�k)jy1 � y2j:
Proof. We have

I�N(y) = � 1N log Z
XN;y

NY
i=1

exp ��iNxi � '(xi)�M(�iN) d�N;y (65)
Computing the derivative we �ndddyI�N(y) = � 1N X

i2�N �iN + 1N
Z

XN;y
X
i2�N '0(xi)d��N;y(x): (66)

where the measure d��N;y(x) is given by
d��N;y(x)d�N;y = exp �Pi2�N (�iNxi � '(xi))�R

XN;y exp
�Pi2�N (�iNxi � '(xi))� d�N;y :

The �rst term of (66) is bounded by k�k. To estimate the second termwe apply Jensen's inequality: for any � > 0Z
XN;y

X
i2�N j'0(xi)jd��N;y(x) 6

1�N log Z
XN;y e

� Pi2�N j'0(xi)j d��N;y(x)

6
1�N log

R
XN;y exp

�Pi2�N (�j'0(xi)j+ k�kjxij � '(xi))�d�N;yR
XN;y exp

��Pi2�N (k�kjxij+ '(xi))�d�N;y
Let

'�;�(x) = ��j'0(x)j � k�kjxj+ '(x) + logC�;�'�(x) = k�kjxj+ '(x) + logC�;
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where the constants C�;� and C� are chosen to turn exp(�'�;�) and exp(�'�)into probability densities. Now we apply Theorem A.1 twice with ' replacedby '�;� and '� to see that
limN!1

1�N log Z
XN;y e

� Pi2�N j'0(xi)jd��N;y(x) =
1� log C�;�C� + 1� (h�(y)� h�;�(y))

uniformly on compact y-intervals. Rate functions h�;� and h� are de�ned asin (17) with a suitable choice of index for '. They are bounded on boundedy-intervals. This concludes the proof.
B One lemma from convex analysis.
Lemma B.1. Let � be a probability measure on Rn and f and g be non-
negative �-measurable functions. Assume also that

R g d� = 1. Then for anyq 2 [1; 2]Z f qg d� 6 Cq + 22q�2 logq �Z ef d�+ 1�+ 2q�1 Z j log gjqg d�;
where Cq is a positive constant.

Proof. The statement of the lemma is a consequence of the convexity ofthe function F (u) = eu� � u� for u > 0; � = 1=q 2 [1=2; 1] : (67)We write Z f qg d� = Z
f> log g f

qg d�+ Z
f< log g f

qg d� 6
Z

f> log g f
qg d�+ Z

f< log g j log gj
qg d�: (68)

Then we estimate the �rst term in the right-hand side of the above in-equality.Z
f> log g f

qg d� 6 2q�1 Z (f � log g)q+g d�+ 2q�1 Z
f> log g j log gj

qg d�: (69)
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By Jensen's inequality for function (67) we have
exp�Z (f � log g)q+g d��1=q � �Z (f � log g)q+g d��1=q

6Z (exp (f � log g)+ � (f � log g)+) g d�: (70)
Since u 6 (q=e)eu=q for any q > 0 and u > 0, we obtain from (70)
exp�Z (f � log g)q+g d��1=q

6

6
qe
�Z e(f�log g)+g d��1=q + Z e(f�log g)+g d�

= qe
� Z
f>log g e

f d�+ Z
f<log g g d�

�1=q + Z
f<log g e

f d�+ Z
f<log g g d�

6
qe
�Z ef d�+ 1�1=q + Z ef d�+ 1: (71)

Applying the function logq(�) to both sides of (71) and taking into accountthe inequality cu+ uq 6 (c+ 1)uq for u > 1, we conclude thatZ (f � log g)q+g d� 6 logq ��qe + 1��Z ef d�+ 1��: (72)
Relations (68), (69) and (72) imply the statement of the lemma.
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