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Abstract

The paper studies the behavior of the specific entropy for Ginz-
burg-Landau type models under the hydrodynamical scaling of time
and space. It is shown that if the initial configurations possess a
macroscopic profile then for any fixed positive macroscopic time the
specific microscopic entropy converges to the macroscopic entropy.
The latter is defined in terms of the solution of the corresponding
hydrodynamical equation, which is a non-linear diffusion equation.
The above result is equivalent to the following statement: under the
hydrodynamical scaling for any positive macroscopic time the specific
microscopic entropy relative to local Gibbs measures converges to zero.

1 The description of the model

Let Ay be the one-dimensional periodic integer lattice Z/NZ, N € N. The
variable x; € R, 1 =1,..., N, attached to a lattice site, represents a charge
at this site. The collection of all charges is a vector (™ in RY, which
we call the configuration. The nearest neighbor charges interact and the
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configuration (™) changes in time. Applying the diffusive scaling of space
and time, i. e. shrinking the spacing between charges by N and speeding up
the time by N2, we obtain a system of charges located at points i/N, i =
1,..., N, of the circle S = R/Z. The evolution of z(¥)() is described by the
following system of stochastic differential equations:

(1) = (i (1) = 20 (0(0) + ¢/ (1)) )

2
£ N (dBi(t) — dBia (1)), i€ A,

where 3;, i = 1,..., N, are independent Brownian motions and ¢ € C*(R)
satisfies the hypotheses (Hy) — (Hj3) listed below.

(H)) [e?@dy =1,
R

(Hy) [ecld'@=¢@)dy < oo for any a > 0.
R

(H3) There exist positive constants Cy, Cy, Cy, R and p € [1/2,1] such that

O"'(x) = Cy for all |x| > R; (2)
" (x) < Cro(z) + Cy for all z € R; (3)
| (2)] < Ci(Jp(z)P + 1) for all z € R. (4)

For a simple example one can take ¢(z) = (z* — log 2m) /2.
The convexity assumption (2) implies the convergence of the integral

(H)) M(\) < [er*#@dy < 0o for any A € R.
R

The infinitesimal generator of the diffusion process (") (¢) is given by

N2 d o\’
LN N 7 Z ((‘%Z _all?i_;,_l) (5)
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The generator Ly is formally symmetric with respect to the product measure
duy(x) = exp(— Z o(x;))dey ... dxy (6)
i€AN

on RY which is an invariant but non-ergodic measure for our diffusion. Non-
ergodicity follows from the fact that Ly is degenerate in the direction of
vector (1,1,...,1).

Forn € Nand y € R let

X,y = {r € R¥: Zazz =ny}. (7)
i=1

Denote by Ly, the restriction of Ly to the hyperplane Xy ,. Then the
operator Ly, is strictly elliptic. The conditional measure

() = (-] D ™ = Ny), ®)

supported on Xy ,, is invariant and ergodic.
The Dirichlet form Dy, corresponding to Ly, is defined by the relation

def _ N of  of \’
DN7y(f) - / f£N7yf d/vLN,y — 9 / ;: <8IZ 3ZE¢+1> d,umy- (9)
Xny SOV

XNy

It is non-degenerate for all non-constant f € WH%(Xy,, tny)-

Assume that the process z(")(-) starts from a deterministic configuration

) = (ngN), e ,n](év)). Denote by P(") the measure on the space of continu-

ous paths corresponding to the process z*)(-). Let v/4 be the distribution of
charges in RY at time ¢ > 0. Since the total charge ZieAN xEN) is preserved

in time, the measure v% is supported on the hyperplane Xy, ., where

Yn = % Z m(N)-

1€EAN

t

vy Which is absolutely con-

Restricting v4 to Xy,, we obtain a measure v
tinuous with respect to piy,, . Let

d_ef dl/t

ft p NyYN
NYN d//I/N,yN



The density fy . (up to a normalization constant) is the restriction to Xy,
of the solution to the following Cauchy problem:

%zENf on (0,+00) x RY

f‘t:o - 577“‘”‘

It is a consequence of ellipticity of Ly, that fﬁuyw is a smooth and strictly
positive function on Xy, for all £ > 0.

For any ¢ > 0 the microscopic entropy H(vj . |finyy) relative to the
invariant measure is given by

H (Vt | ) _ 1 de\UyN d t
NYN Hnyn) = 0g dMN VvaN
YN

N,y N

Xny
Clearly, for our initial data H(y&w | gy ) = 00

The relative entropy H (v}, |ty yy) is decreasing in time: for £ > 0

2
dt > ) T S\ On O N

N,yn

= 4Dy, (, /f;fV’yN> < 0. (10)

It was shown in [4] that if the average N~'37, \ o(n™) is bounded

i

uniformly in N, and ¢ satisfies (H,), (Hz), (H), and the inequalities

—C <) < Crp(r) + Oz, zER, (11)
for some positive constants C', C;, and C5, then
H(vy o ltivyy) <C@E)N  for any t > 0. (12)

Moreover, for any sequence {ty} such that ty — 0 as N — oo and N?ty
is bounded away from 0 the corresponding constants C'(¢y) in (12) are still
uniformly bounded in N.



We study the behavior of the specific entropy N~ H(vy , | finyy) as
N — oco. We prove that it converges to the macroscopic entropy as N — oo
(Theorem 2.2). We also discuss the equivalent result about the behavior
of the specific entropy relative to local Gibbs measures (Theorem 2.3). The
necessary definitions and the precise formulations of these results are given in
Section 2. We obtain a lower bound on N™"H (v}, , |jiny,y ) in Section 3. The
proof of the upper bound is given in Section 4 modulo a number of technical
lemmas, which we prove in Sections 5 and 6. We show the equivalence of
Theorem 2.2 and Theorem 2.3 in Section 7. Appendices A and B contain
limit theorems for densities, which we use throughout the paper, and a lemma
from convex analysis, which is needed in Section 6.

2 The existence of the scaling limit and main
results

At first we give a definition of an asymptotic macroscopic profile.

Definition 2.1. For each N € N let vy be a probability measure on RY.
We shall say that the set {vy} possesses an asymptotic macroscopic profile
m € LY(S) as N — oo and denote this by vy ~ m if for every function
J e C(S) and each § > 0

Jim VN{n € Ry : ‘% Mg (%) n; —/SJ(H)m(H) df

1€EAN

> 6} =0. (13)

Our main assumption on the initial data is the existence of an asymptotic
macroscopic profile, i. e.
V](\), = (Sn(N) ~ My (14)

for some my € L'(S). In particular,
.1 () ! def _
lim — Z n = me(0)dd = m. (15)
0

N—oco N ;
1EAN

Then it is known (see Theorem 2.1 below) that for any ¢ > 0



where m(t, ) is the solution of a non-linear diffusion equation with the ini-
tial condition mg. We shall formulate this statement more precisely after
introducing some notation.

Let M be defined as in (H}) above. It is easy to check that

p =log M(}) (16)

is a convex analytic function. Its convex conjugate

h(y) = Szlelﬂg(yz — log M (2)) (17)
is also analytic and /
B0 = 3 = 7O (18)

The following theorem was proven in [4].

Theorem 2.1. Assume that ¢ satisfies (H,), (Ha), (Hj), and (11). Let
the sequence n\") of deterministic configurations satisfy (14) for some mqy €

L'(S) and the average N~y .\ gp(nZ(N)) be bounded uniformly in N. Let

m be a weak solution of the equation
om _ 10*h'(m)
o 2 062

(t,0) € (0,00) x S, (19)

with the initial condition mg. Then vl . ~ m(t,-) locally uniformly int > 0.

Remark. The above theorem is the extension of the results obtained
earlier in [3] to the case of deterministic initial data. The main ingredient of
the proof of Theorem 2.1 is the entropy estimate (12).

The main result of this paper is the following theorem.

Theorem 2.2. Let the sequence n™), N =1,2,..., of deterministic config-
urations possess an asymptotic profile mg € L'(S) as N — oc in the sense
of (14). Assume that ¢ satisfies (Hy) — (H3) and that there are constants
C > 0 and 6y > 0 such that

D"t (™) < ON, (20)

1EAN



where p is given in (Hs). Denote the average N™" Y iehy nZ(N) by yx. Then

for any t > 0 the specific microscopic entropy converges to the macroscopic
entropy as N — oo, namely

1 ¢ B
im0 L) = [ it 0) a0 0 ( [ mie.0)as).

where m(t, 8) is the solution of (19) with the initial condition my.

Remark. Notice that fs m(t, ) df does not depend on ¢ and is equal to
m (see (15)).

To every solution m of the hydrodynamical equation (19) we can associate
a family of local Gibbs measures 77 on RY. Let A(t,0) = h'(mf(t,0)).
Measures vyt are defined by their densities gy’ with respect to the invariant
measure fiy:

dym '
o) = 5 = e (5 a(ty))

where Zy is the normalization constant: Zy* = [[;c,, M (A(t,%)). Mea-
sures vt depend only on the solution m(t,#) and form a convenient set of

reference measures. The conditional measure (- > ;cp V) = Ny) and

its density relative to uy, will be denoted by 'yﬁty() and gﬁfy respectively.
It is not difficult to show that for any ¢ > 0

%Tvnt ~ m(tv )

If we start the process from the local equilibrium 47 then the measure v,
which describes the distribution of this process at time ¢, will diverge from
~7t. But the specific entropy

~HO )
approaches zero as N — oo. This result was proven in [7] as a part of the
derivation of the scaling limit for this case.

The next theorem shows that even if the process starts very far away from
the local equilibrium, the specific entropy relative to local Gibbs measures
converges to zero as N — oo for any ¢ > 0. Thus, as far as the specific
entropy is concerned, the process with the deterministic initial data in the
hydrodynamical scaling limit immediately becomes indistinguishable from
the one, which started from the local equilibrium.

7



Theorem 2.3. Under the assumptions of Theorem 2.2 for any fixed positive
macroscopic time t the specific relative entropy

1 me oy det 1
NH(V;:V,Z/N NZN - / fNyN log

XN N

d My
7yN

approaches zero as N — o0.

We show (see Lemma 7.1) that

N—xo

1 1 s
lim N / fzfr,yzv log ng,yN d/’l’N:yN = / h(m(t’ 0)) df — h(m)
0

XN,yz\r

This implies the equivalence of Theorem 2.2 and Theorem 2.3.
We prove Theorem 2.2 by establishing the lower and upper bounds on
the specific macroscopic entropy as N — oo.

3 Lower bound.

We show that

1
liminf () > / h(m(t,60)) 6 — h(im). (21)
0

N—x

Lemma 3.1. Let ¢ satisfy (Hy), (H}). Assume that a sequence of real num-
bers {yx} and probability measures {vy} satisfy the following conditions:

(a) for each N measure vy is supported on Xy, (see (7));
(b) H(vy | pinyy) < CN, where piy,, is defined by (8);
(c) vy ~ m for some function m such that hom € L'(S).

Then

N—o0

nminf%ﬂ(y,vw,w) > /Sh(m(ﬁ))de—h(/sm(e) ).



Proof. The entropy inequality implies that for every J € C(S)
1 1 1
§ s ) 2 5 B D2 T (55 )
i€EAN
1 l
N log By, €XP ( Z J(ﬁ)xl) (22)
1EAN
Condition (c¢) means that
v (5 )m /
’L AN

as N — oo in probability relative to vy. Next we prove the uniform integra-
bility of N=' 3., - |zi| under vy, which allows us to conclude that

ngnoo ~ B > J( ) /S J(6)m(9) db.
i€EAN
Lemma 3.2. Let ¢ satisfy (Hy) and (H}). Define
Anp = {yc € Xyyy ¢ N7! Z |z;| > R}.
iEAN

Then under assumptions (a) and (b) of Lemma 3.1

lim / |z;| dvy = 0

R—o0 ANR lg;v N
uniformly in N.

Proof. It can be shown (see, for example, [6]) that (H}) implies the
existence of a function w : [0,00) — [1,00), which is symmetric, convex and
satisfies

lim 2 =0 and /e w(lzh=e@) dp < 0. (23)
R

jal—o00 w(|z])



For any € > 0 and all sufficiently large R we obtain

/ Nt Z |z;| dvy <
ANR

1EAN

< 5/ cu(N’1 Z \xz|) dvy < 6/ N! Z w(|z;]) dvy <
ANR AN.R

1€EAN 1EAN

< eNllog / exp ( Z w(|xz|)) Aty gy +ENTH vy | pin gy ) < Ce

iEA
XN,yN 1EAN

uniformly in N. This follows from (23), Theorem A.1 and condition (b) of

Lemma 3.1. Hence
lim / Nt |z;| dvy =0

uniformly in V. O]

To compute the limit of the second term in the right-hand side of (22) we
notice at first that by assumption (¢) we have

A}l_I}{l)oyN = /Sm(H) de.

It follows from Theorems A.1 and A.2 that
i 1 1
Jim log By, exp ( Z Iy )m) <
1€EAN
< /1ogM(J(0)) d9+h(/m(0) de),
s s
and, therefore,

o]
lim inf N H(vy | pngy) =

N—x

> sup (/Sj(e)m(e) —10gM(J(9))d0> —h(/sm(e) d9) -

Jea(s)
= [ om0y do = v [ m(o)ao),
as claimed. -

The lower bound (21) follows immediately from (12), Theorem 2.1 and
Lemma 3.1.
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4 Upper bound.

We have to show that

i sup - (0, [ ) < / Bm(t,0)d0 — h(m)  (24)
—00 S

The proof depends on a number of lemmas. The precise statements of
these lemmas are given in appropriate steps below but the proofs are pre-
sented in the next two sections.

Step 1. We start with a martingale decomposition.

Lemma 4.1 (Martingale Decomposition). Let (2, Gy, P) be a probability
space and Gy D Gy D ... D G be a decreasing sequence of o-algebras. For
a non-negative random variable Xy, such that EXy|log Xo| < oo, define
X, =F(Xo|Gi),i=0,1,..., k. Then

Xioa
X;

k
EXylogXg=Y» EE (X“ log | gZ) + E X, log X}
i=1

The proof is straightforward, and we omit it.

We apply the above lemma in the following context. Consider ffV’yN as a
random variable on the probability space (Xny,, Go, thn 4y ), Where Gy is the
Borel o-algebra on Xy ,, . Fix a large number [ € N. Divide the circle S into
ky = [N/(2l + 1)] equal parts, which we call “boxes”. Each box contains
(20 +1) or (21 +2) sites. Let B; C Ay be the set of indexes corresponding to
the -th box and

1 :
fi:®2$]‘, Z:L...,kN

JEB;
where |B;| is the number of elements in B;. For i =1,...,ky define
g, = {a—subalgebra of Gy generated by the averages 7i,Zs,...,%; and
kn
by z;, j € |J Ba}.
n=i+1

11



Let fi = Euy, (fiyy1Gi). The dependence of G; and f} on N will not
be reflected in the notation. By Lemma 4.1

1 1
N H(Vy o |1 yn) = NENN,yN Fvn 108 Fry
1 ky ?5 ) 1
- ¢ ¢
- N ZEMN,yN Elin oy ( i—1 log fi ‘ gi) + ﬁE“N,yN Jry 108 fr -
1=1 z

Since the entropy decreases in time we can average in ¢ and obtain that
for any to € (0,1)

1 t 1 t ,
N HWn gy [vgy) < m/to H (13 gy | 1in gy ) ds
1 t kn
~ N(t—t) Bpuv B ( 1 ) d
N(t_to) /;0 ; HNyny THN,yN 1—1 Og ‘g S

1 t
— [ E s 1 . ds. (25
5 J, S oy 0

Step 2. We show that the first term in the right-hand side of (25) can
be made arbitrarily small as N — oo.

At first we apply a version of the logarithmic Sobolev inequality (see
Theorem 4.1 below) to each term of the sum in the right-hand side of (25).

Let n € N, y € R and X, be defined by (7). Denote the Lebesgue
measure on X, , by o0, .

Theorem 4.1. Let ¢ € C*(R) satisfies (H,) and the convexity condition (2).
Define the probability measure p,, on the hyperplane X, , by

1 =% el
Zny

)

d:un,y = dan,y7

where Zy, , is the normalization constant. Then for any smooth f : R" — R,
such that E,,,  f =1 we have the inequality

8 2
Eﬂn,yflogf g n 007 /Z ( ax;f 8%\/z> d,un,y? (26)

where R is defined in (2).

12



Remark. It is known (see, for example, [1] and [2]) that if ¢"(z) >
Cy > 0 for all z € R then C(n,Cy,0) = 4n*/Cy. Since we need merely the
existence of some constant C(n,Cy, R), we can relax the assumption on ¢
and require the convexity of ¢ only for large |z|. (See p. 201-202 of [5] on
how to obtain one logarithmic Sobolev inequality directly from another.)

Let p; of Py yy (+1Gi) and fi; be the marginal of y; on the i-th box. Then

fi = Eufvyn = Ep fic1. It is easy to see that fi; is exactly in the form
described in Theorem 4.1 (n = |B;|, y = Z;). Let

0 0
o= (a5 m)

Setting f7 = f&,/f7 and applying (26) with f = f# we obtain

2
Ey folog f* < C(1, Co, R / 3 <]1]ﬁ> dji;

. j—1j5€B;
l,aci

l O[), / Z ] 1]f ) d,uz (27)

~ j—15€eB;
l,a:i
IVloreover,

i 15fi=0j 1580 fxyn = Buiii0515fxyy: J—1,7€Bi.  (28)

The term where 0;_; ; is applied to y; ; vanishes because p; 1 depends only
on the sum of x;, j € UZZZ-B”, and 0;_1 ; applied to this sum is equal to zero.
Using (28) and Hoélder’s we find that

[ 5, O s |y etk

X135, J—1,j€B; X1z, J—1,j€B;
/ Z Ezl(jlnj\/fNyN) d/'LZ
- J—1,j€B;
2
=B, Y (9rafi) - (29
Jj—1jeB;

13



From (29), (27), and (25) we obtain

1 C(Z7CO>R) ! s
NH(Z/JtV,yN | fvgy) < m /to DN,yN(\/ fN,yN) ds

1

t
—_ F | cd
+ N(t —10) /to uN,nyk og [y ds,

where the Dirichlet form Dy, (-) is given by (9).
The inequality (10) and the entropy bound (12) imply the following esti-
mate on time averages of the Dirichlet form:

¢
/ DNﬂJN(\/ fIL\g/,yN) ds = H(vao,yN ’:uNﬁUN) - H(Vf\f,yN ’/J’vaN) < C(to)N.
to

This allows us to conclude that the first term in the right-hand side of (25)
converges to zero as N — o0.

Step 3. We show that the last term in (25) admits the desired upper
bound.

Denote by 7 (fixy) the joint distribution of averages Zi,Ta, ..., Tk,

under vy (fyyy Tespectively). We have dog = f{ dfix,, and

55

s S dl/k dﬂk
E“N,yzv fk?N log f"?N - El’lsv,yw log dOk]:, a EV?V”V‘N log dUkNJZ/N , (30)

where oy, is the Lebesgue measure on Xj -
In Section 5 we prove

Lemma 4.2. Under the assumptions of Theorem 2.2 for anyt > tq >0

li li 1 /t E | dDIiN ds <0
1111 su 1msup ———— s O S U
Hoop N—>oop N(t—to) Js, &

To finish the proof of Theorem 2.2 we only have to deal with the last
term in (30).
For n € N define

14



Then

1 dji 1 &
—1 &Z__E B;| hip. (7
N ®dope,. N & |Bil s, (1)

— —1og/ exp go(xl)) Aox -
X

Nyn 1EAN

By Theorem A.1 we know that

lim h,(y) = h(y) locally uniformly in ,

n—oo

and, since limy_, yy = m, we have that
lim hy(yy) = h(m).
N—oo

Therefore, we arrive at the estimate

i 1
lim sup N H(VfwyN by ) <

N—oo

. 1 ' ol ] ]
imsup o /t By 2 Bilhys (2:) ds — h(m) (31)

N—o0

for any [ € N and ¢, € (0,1).
Step 4. For j € Ay define the shift operator 7; on RY and also on
functions f : RY — RY by
T‘jxi = iy, 1€ AN7
and
T f(x) = [(Tjx).

We also set for any n € N

1
Fin = g 2
T = o > = (32)

li—il<n

15



Notice that the left-hand side of (31) does not depend on the way we
divide the circle S into boxes. This observation implies that

- 1
h]gl LSp H(vy, livyy) < (33)

2l kn

. . 1 ! 1 _ _
lim sup lim sup NiE—t) /to B o T Z Z |Bilhy; (T;7;) ds — h(m).

l—o0 N—o0 =0 i=1

Remark. If N is divisible by (2/ + 1) then, clearly, |B;| = 2/ + 1 and

2l kn

1 1 _ 1 _

N Pt 37 2 2 Bl (T ds = 5 B, D B ()
= 1= 7 N

Otherwise there is a difference between the left-hand side and right-hand side
in the above expression, which can not be a priori neglected even in the limit
(as N — oo and then [ — ©0), since functions h, are neither bounded nor
uniformly continuous.

Next we obtain an estimate on h,,, which is uniform in n.

Lemma 4.3. Let ¢ € C*(R) satisfy (H1), (2), and (4) with p = 1. Then
there is a constant M > 0 such that

()| < M(lp(x)| +1),  z€R,
uniformly in n.

The proof of this lemma is given in Section 6.
The next lemma combined with Lemma 4.3 provides us with the uniform
integrability, which we need when passing from the convergence in probability

(relative to vy, ) to the convergence in L' (X, dvy , ).

Lemma 4.4. Under the assumptions of Theorem 2.2 there is ¢ > 1 and a
constant C' such that

B (3 X le))' <

1€EAN

uniformly in N and locally uniformly in s > 0.

16



We postpone the proof of this lemma until Section 6.
We use Lemma 4.3 and Lemma 4.4 to justify the following replacements.
At first we replace the expression under the integral sign in (33) with

Ey, > h(E), (34)
1€EAN
where Z,; is defined by (32) with n = [. Then we substitute the averages
over small macroscopic blocks Z; .y for the averages over large microscopic
blocks z;; obtaining

. I
limsup <= H (v ivyn) <

L li I 1 "1
1m lim sup lim sup - s
e—0 =00 N—0o (t — t()) to N VN’yN

WZ;.n)ds — h(m). (35)

This substitution is based on the following two-block estimate.

Theorem 4.2 (two-block estimate). Under the assumptions of Theo-
rem 2.1 for any to >t > 0

to
2 1
lim lim sup lim su E,, — Tig — Tien|ds = 0.
=0 l%oop N—>oop /t; “Non N Z;\[ | bl Z’€N|
This theorem is an immediate consequence of the entropy estimate (12)
and Theorem 4.7 of [3].
The existence of the scaling limit implies that for any v € S, ¢ > 0, and

0>0
1

u+te
yfv,yN{x € Xyyy ‘J_E[uN},gN — %/ m(s,0) d@‘ > 5} —0

as N — oco. Thus we can replace the expression under the integral sign in
(35) with
i/N+e

% Zggv h(%5 /i/N_E m(s, ) d@). (36)

But (36) is the integral sum for

/Sh(zl—g/uigm(s,e) dH) du.

Then, since h and m are continuous functions, we can pass to the limit as
e — 0. Finally we let t; — ¢ and obtain the upper bound (24).

17



5 Proof of Lemma 4.2.

For this Lemma we need, in fact, only assumptions (Hy), (H}), the inequality
(3) and the entropy estimate (12).

For each N and s € [t, t] we introduce a new process :L"g]]f,)(), which satis-

fies (1) up to time sy < s. At time sy we “switch off” the drift, and then the
process x&%’ evolves as a Gaussian diffusion process with constant covariance.
For all quantities associated with the new process we keep the same notation

as for ) but add a subscript s,. In particular, the corresponding measure

on the space of continuous paths will be denoted by Ps(f\\,[).

We have
—/ vs log iy d——/ s lgd_s ds
(t—to)N Ny Aok y yn (t —to)N Ny dvg, ka
+m / Vs, 108 Zazzf’;z ds. (37)

The idea of the proof is to choose the “switch off” time sy in such a way that
both terms in the right-hand side of (37) can be bounded above by quantities,
which vanish when we pass to the limit as N — oo and then as [ — oo. It
turns out that the optimal choice for sy is given by sy = s — ky/N3, where
ky = [N/(21 4+ 1)].
We rewrite the system (1) using matrix notation.
dz(t) = N2 AWM (z(t))dt + NG dp™)

where ) is a standard N-dimensional Brownian motion, A®) = GMG®™)
and

1 -1 0 0 @' (1)
0 1 -1 0 1 ¢’ (x2)
GM = ... ;o VW) = —2 (38)
0 0 0 .. -1 =
-1 0 0 ... 1 o' (xN)-

We now give a formal description of :rgx) The process xgx) is defined by

the system
dz(t) = N2AMYN (¢, x(t))dt + NGMds™ (1)

18



where

M) if t < sy,
GRS M g
N

and G| 6™ (z) are given by (38). Assume that :L"g]]f,)(O) = n(),
To estimate the first term in the right-hand side of (37) we notice that
by the convexity of function xlogx and Jensen’s inequality

dw; dp™)
N.yn dyEN . dPS(]C’) 7

where F; is the o-algebra up to time s.

Proposition 5.1.

1 dP™) N s 9
—FEpw log —— :—E()/ O (z:(1)) — @ (i1 (7)) dr 40
wEplos ooy | = g e SN( (z:(7)) = &' (w1 (7)) (40)

Proof. By Girsanov’s formula

dpPy)
log (]:[)
dP™ |,
S _ N2 ]
_ /0 (00 — b)) dz — - /0 (B — B0, A (B p)) dr

where z = © — N2 [ AMy™ dr is a P(™M-martingale and (-,-) denotes a
scalar product in RY. Since b, coincides with b up to time sy and vanishes
for all 7 > sy we obtain

AP

S N2 s
— = / o) dx + — / (O™ AP gr
F. SN 2 SN

log
P

8

Taking expectation with respect to P*) in the above equality and using (38)
we obtain (40). O

Proposition 5.2. Let sy, = s — ey > to/2 and ¢ satisfies (3). Assume also
that the entropy estimate (12) holds. Then

(t_l—to)EPWJ /t / S (&' (24(7)) = @' (@101 (1))) dr ds < NC(t, tg)e .
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Proof. Step 1. Applying It6’s formula to
Z o(zi(s))
i€EAN

and using (1) we find that for any t3 > ¢; > 0

to

3B [ 30 (¢ (o)) = ¢ ain () ds = (41)

2 .
t1 ZEAN

B (3 e@i(t) = X olat)) + Bpon / T oaits

i€EAN iI€EAN t IEAN

Since we assumed that ¢"(z) < Cyp(z) + Cy, the last term in the above
equality is bounded by

ClEP(N) / Z I‘Z dS + 02 (tg - tl)

1 1€EAN

Step 2. We show that for any ¢y > 0 there is a constant C' = C(¢,) such
that for all N and all ¢ > ¢,

1
N E > () < Clto). (42)
i€Ay
By the entropy inequality and (12) for any § € (0,1)
1 1 5 ien wlz) | L
ﬁE}/}t\],yN g\: gp(l‘z) N(S log EHN yNe EAN + g C(to) (43)
i€AN

By Theorem A.1 the first term in the right-hand side of (43) converges to a
limit as N — oo. The inequality (42) follows.
Step 3. Combining the results of Steps 1 and 2 we conclude that

(t — to EP(N) / / ‘Pl(ziﬂ(T)))Q drds <
TR [0 (Z Pt~ 3 ) ot

+NC(to)ey. (44)
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Notice that
t

Bron [ (3 elasn) = 3 la(s)) ds =

to 1EAN 1EAN

Fpow, / S lwi(s)) ds — Fpow / S () ds < NC(to)ex, (45)

i€EAN 1EAN

to—enN t—en

where the last inequality follows from Step 2. Relations (44) and (45) imply
the statement of Proposition 5.2. O

Propositions 5.1 and 5.2 allow us to conclude that for sy = s —ey > /2

! /tE 1 Wiy < N?C(t, tp)
S s og —— to)en-
N(t—to) Sy, Vv & dvi kx .

In particular, for ey = ky/N?, where ky = [N/(2] + 1)], the right-hand side
of the above inequality converges to zero when we let N — oo and then
[ — .

We turn now to the last term in (37). After time s, the box averages

(Zsy 1, Tsy.2y- 5Ly ky) undergo a Gaussian diffusion in R¥¥ with parameters
, NJ), where NI N — R*N 18 given by
0, k2 A®N)Y where AKN) . RF R*V is given b
2 -1 0 ... 0 -1
-1 2 -1 ... 0 O
AbN) =
0 0 O 2 -1
-1 o o0 ... =1 2

Let A®~) be the restriction of A®~) to Xy, .. Then A®¥) is non-degenerate
and

1 dv; 1 - - ~1/2
— log —SN:kN (+)= Nlog [((QWkisN)kN " det A(kN)) X

[ e (A e | <

kN_l
2N

The det A®~) is equal to the product of non-zero eigenvalues of A*N),

1 ~
log (2mk%ey) — N log det A%®~) - (46)
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Proposition 5.3. For k = 3,4,... we have

k—1 .
~ 21y

th<’“>_—2’“—1||1— =,

e jl( cos — );

X

1 N :
lim —log(det A®)) = 21log 2 + 4/ log sin(mz) dz.
k—oo k 0

k) _

Proof. Denote 27j/k by agk). It is easy to check that vectors e;
(k) ()
(e ,...,e"*5 ), j =0,...,k — 1, are independent eigenvectors for A®*)

with eigenvalues 2(1 — cos ag-k)) respectively. Taking the product of non-zero
eigenvalues (j = 1,...,k — 1) we obtain the first part of the proposition.
To prove the second statement notice that

k—1 k-1

1 27 k—1 1 '
Elogjl:[l(l — cos %) = log 2 + Zz:; Elogsin2 %
=— 10g2+4;ElogSin?. (47)
The last sum is the integral sum for the convergent integral
%
/ log sin(7x) dz.
0
Passing to the limit as £ — oo concludes the proof. O

Let s — sy = ky/N?. Since ky = [N/(2l + 1)], we obtain from (46) and
Proposition 5.3 that

1 1 .
lim lim (— kNZN log (27rk:]2VaN) — ﬁlog det A(kN)> =0.

=50 N—o©o

The proof of Lemma 4.2 is complete.
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6 Proofs of Lemma 4.3 and Lemma 4.4.

Proof of Lemma 4.3. It is clear that for any 2’ < z”

/ o—hn(@) gy — / o T ple) gn

If h,, and ¢ are monotone increasing for x > x5 > 0 then

(2" — 2"y exp(—nh,(z") = (2" — 2" )" exp(—np(z")) for 2’ 2" € (10, 0),
iLoe. hy(e) < —(1— 2)log(a” — z') + ¢(«"), which implies

hn(z) < (x4 1) for x > . (48)
Similarly if h,, and ¢ are monotone decreasing for x < —x; then
hn(z) < oz — 1) for v < —x. (49)

Since ¢ is convex for large |z] and [ e #@dx < 0o we know that it is mono-
tone increasing for large positive z and is monotone decreasing for large
negative x. Moreover,

o'(x) = Cox — C for x > 29 and
QOl(ilf) < Col' +C for z < —Xy

for some zy > 0. These inequalities hold also for A,. Indeed, if z > xy then
Xf w 2 ¢ (5) exp ( — 2 w(%))dom
hl (:E) — n,T
f exp ( - Zj:l So(zj))do_n,m

n
Xn,fc

> Co.% - C.

Similarly, h! (z) < Coz + C for x < —zy. This implies monotonicity of h,, for
large |z|. Using the condition on the derivative of ¢ we find that

oz £1)| < Cle(@)| + 1) (50)
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for some constant C' > 0. The statement of the lemma now follows from
(48) - (50) by noticing that h, are bounded below uniformly in n. The
last observation is a consequence of monotonicity of h, for large |z| and
Theorem A.1. O

Proof of Lemma 4.4. Let q = min{2,1 + d9/2p}. Without loss of
generality we can assume that ¢ > 0. Let

B = [ T 08 S| din

XN,'yN

By Lemma B.1 we have

c, 4 e
I/N N < Z 90 ) ) T ‘|‘ N_ lOg (1 + EHN,yN 6216/\1\’ #l )>

IEAN

+ %H(q)(s). (51)

The second term in the right-hand side of (51) is clearly bounded since

1 .
AT IOg EMN,yN eZieAN ol

N

converges to a limit as N — oo. Thus we have reduced the problem to
proving that for our choice of ¢

HP(5) < CyN* (52)

locally uniformly in s > 0.

The proof of (52) is similar to the proof of (12) given in [4]. Even though
the function z|log x| is convex only for x > exp(1 — ¢) it will not affect our
considerations. There exists a smooth convex function K (z) such that

zllogz|! < K(z) < B+z|logz|!, >0 (53)
for some B > O. We have

/ K(f,) ditn gy = / KT xSy i

XN YN XN YN

OFs O Fs 2
/ K/l fN,yN ( -];;yzv - fN,ZJN) d,uN,yN < 0
IEAN ¢

0Ty 1
XNyn
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and, therefore, if (52) holds for some sy > 0 with C, = Cy(s¢) then it holds
for all s > s¢ with C; < C,(so) + B. In the next step we argue that if we
let 5o depend on N in such a way that so(N) — 0 as N — co and so(N)N?

is bounded below by some 7 > 0 then the sequence HI(\?)(SO(N))/N‘] remains
bounded by a constant C' = C(7). This will finish the proof of (52).

Step 2. Let sy = 7N72, 7 > 0, and define a non-speeded process
2N (1) = 2™ (sy). Then 2" (7) satisfies the system

dz(7) = % (#'(2i1) = 20(2:) + 9(zi11)) dT + dBi(7) = dBiya (1), (54)

with initial conditions z;(0) = nl(N), i€ Ay.
By abuse of notation we write f7 ., v% -, H](\',J) (1) instead of 17, . VA%, s
H(q)
N (sn)-

We need to show that
HOW) = [ £, 1108 55" iy < COIN
XNy

uniformly in N. This is done by “comparison” of (") with a Gaussian process
w™) which solves

dw{™(r) = dp™ (r) —dBd)(r), i€ An,

with the same initial data.

Denote by ry - the density of the finite dimensional distribution of

w™ () with respect to fiy,,. Then

/ f17\;7yN‘lng]7\;,yN’q d:uN7yN <

XN,yN
fT
N, YN T
log ( R )
T N, YN

NYN

q
d + max z|log z|?.
HNyn <ol ’ 8 ’

AN

NYN

< [ x

(T 21}
It is evident that for any 0 < x <y, zy > 1

0 < log(zy) < 2logy.
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We have

q

f;\;’yN dMNayN g

fT

N YN T
NYN

(Fom 21}

T q
< 2¢ / Frun (max { log jjf’yN Jogrl o }) dpin gy

NYN
(o 21

T fT ! T T
S > < / fN7yN 10g T]TV’yN dMMyN + / fN,yN logq "'nyn dluNny .
Nan o (1% 1)

The first term of the sum above will be estimated by Girsanov’s formula. At
this point our assumption (20) on the initial data comes into play. The fact
that r3 - is known explicitly will allow us to obtain a bound on the second
term. The following two propositions complete the proof of Lemma 4.4.

Proposition 6.1. Assume that {n™} satisfies (20) where p is defined in
(Hs). Then

i) By, Sieny ()P SCON - for all 7 € [0.T], T < oo

g
logm Aty yy < C(T)NT  for any T > 0.
T ’

XN,yN

NYN

Proposition 6.2. For any 7 > 0 there is a constant C(1) such that

fugy 108775 gy < C(T)NY.
r}r\,’yNzl

Proof of Proposition 6.1. To simplify the notation we drop the su-
perscript in z(V).

i) First we prove a slightly more general statement. Let ¢(z) be any
smooth convex function which satisfies the inequality

By It6’s formula

dp(z;) = ¢ (z;) dT + ' (2) dz;.
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Taking summation over i, integrating from 0 to 7, applying (54) and com-
puting the expectation we obtain

T

By 3 0(a(r) = 3 o) + / Epyt" ((s)) ds

0 1€EAN
<D vm™) + GNr+ Oy / Epy Y $(z(s)) ds.
1€EAN 0 IEAN

In the last inequality we used convexity of ¢ and ¢ and the condition (55).
An application of the Gronwall inequality yields

By, D (@) < (Z vy + N(1 - e‘“)) T (56)
i€EAN PEAN

In our case we can take 1)(z) essentially to be equal to |¢(z)|??? modifying the
latter on a finite interval as necessary. Then (56) implies that for 7 € [0, T

By, Y le(z)[ < C(T)N.

1€EAN

NYN

i) We show that [ K(ff’”")ﬂ dpin yy < C(T)N9 where K satis-
XN,'yN NN

fies (53). This immediately implies 7). By convexity of K

fx ) ( dPy )
K IN Ny d < Eg K| —
/ ( TL,yN NYN Hnyn QN dQN .

N,yn

dPy

dQn

<B—|—EPN‘1og ‘q

F

where @y is the measure on continuous paths associated with w®). In the
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same way as in the proof of Proposition 5.1 we obtain

q

d Py

EPN log CZCQ—N

Fr

T

= Ep, /b(N)(z(s)) dz(s) + % /07<b(N)(z),A(N)b(N)(z)>(s) ds

0

q

T

<201\ By [ 49(a(s)) dat)

OB, / (B (2), A (2))9(s) ds

with 2(s) = 2(s) — [ AMBN (2(s)) ds.

From the inequality a? < C(q)(a* + 1), where ¢ € [1,2], a > 0, and Tt0’s
isometry we find that

T

< C(q) (EPN / (™) (2), AMPN (2))(s) ds + 1>

q

dPy

Ep,|log d0On

+C(T)EPN/<b(N)(Z(S)),A(N)b(N)(Z(S))>q ds

0
’

< C(q,7)(Epy /(b(N)(z), AWM (2))(s) ds + 1).

Notice that by (38) and (4)

B (), AW () = 5 D7 (i) = ¢/ (1))
<ACH( Y fe(z) + N).
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Therefore by the Holder inequality and part i)

T

Epy /<b(N)(Z(8))7A(N)b(N)(Z(S))Y’dS

0

< C(Nq—lEpN/ > le(zils) P ds + N4> < C(T)N?
0 ZEAN
This completes the proof of Proposition 6.1. m

Proof of Proposition 6.2. Let A®) be the restriction of A™ to Xy,
Then by the definition of r7, , = for any z such that 73 = (z) > 1 we obtain

_ Lo g

0 o8 (2) = —37log 2 2+

1 _ < — L 1 SN\ —

N log | ((277)" " det A(N)) ? exp ( - §<Z — ™, (A(N)) 1(2 - 77(N))>)]
N -1

1 .
log(277) — ﬂ log (det AM))4

¥ X et yplos [ e Bt

ZEAN

< -
2N

XN,yN

The first term in the right-hand side is evidently bounded. The second and
the fourth terms have finite limits as N — oo by Proposition 5.3 (with
k = N) and Theorem A.1 respectively. The third term is the only one which
depends on z. We conclude that

q 2071 q

S| Ny iGAN
2q ! L
< / NSl
XN YN ZEAN
1
2p ~
=C<T>+2q1( o 2 o) < 0
1€EAN
by part i) of Proposition 6.1. O]
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7 Proof of Theorem 2.3.

Lemma 7.1. Under conditions of Theorem 2.2

1 ' ;
]\}gréo N / f]i’,yN IOg gfv,yN d:uNny = A h(m(t7 0)) do — h(m)

XN,!/N

where m is defined by (15).

Proof. Let m(t,6) be the solution of (19) with initial condition mg and
t,60) = B (m(t,0)). Denote A(%,0) by Ai. Recall that yy = £ 5%, (™.
The density ng’yN of a local Gibbs measure ' with respect to the invariant
measure fiy,, is easily computed:

exp(Picay Ati) [ exp(=Lieny ¢(i) doy gy

gjv yN(:E) = N,y]'v ; T E XN;?JN'
7 f eXp(ZieAN Ayxi — ZieAN 0(x;)) doy yy
XNy
Hence
1 t t 1 i t
XN,yN XN,yN ZEAN
1 i
_Nlog / exp ( Z Ay — Z gp(xﬂ) doy 4y
XNy ieAy ieAn
1
—i—Nlog / exp ( - Z gp(xi))daN,yN.
XN,yN ZEAN

By Theorem A.1 and Theorem A.2 we obtain

R B

XN,yN PE€EAN
.1 ;
]\}lm Nlog / exp ( Z Ay — Z (p(xz)) doy 4y
e . i€ i€An
N,yn

=— /1 log M (\(¢,0)) d6.
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The last equality follows from (18), (59) and the definition of A. By the
existence of the scaling limit (2.1) and Lemma 3.2 we have that

¥ 3 - [Acomeow] =0 60

1€EA N

llm E

v
N—oco Nan

This completes the proof of Lemma 7.1:

N—oo

1 1
lim / log g, v, = / (A — log M(X))(t,60) do — h(m)
0

XN,yN

- /01 h(m(t, 0)) do — h(m).

A Limit theorems for densities.

Let ¢ satisfy (H), (Hz), and (Hj) and functions M, p, h be defined by
((H})), (16), (17) respectively.

The following theorem was proven in [3]:
Theorem A.1. Let oy be the density of % ZZEAN X;, where Xq,..., Xy are

independent identically distributed random variables with the common density
e %) Then

1
lim = logpy(z) = = h(z),

N—o0
. Py (z) :
im — - _
Noo N on(x) ()

uniformly on compact x-intervals.

We prove a generalization of this theorem to the series of independent
random variables X%, X2, ..., XY which are not identically distributed
but whose distributions vary slightly with ¢. More precisely, fix a function
A € C([0,1]). Denote A(i/N) by A%, the sup-norm of A by ||A||, and the set
{Ae C([0.1]) : ||| < R} by By. Assume that X has the density

ole.X,) = g7y e = (o) (58)

with respect to the Lebesgue measure, 1 =1,2,..., N and N € N.
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Theorem A.2. Let XL, X2, ..., XY be defined as above and a) be the
density of 3 .cp . Xu/N. Then

1
lim Nloga (z) = —1(x)

N—x

uniformly on any set of the form {|x] < Ri} x By, Ri,Ry < oo. The rate
function I* is given by the relation

Ao Lo M) +2)
I'(z) —sgp{zx—/o logmdﬁ}. (59)

The proof of this theorem is based on the local limit theorem, which we
now formulate. Define for any s € R

b5) = 37755 0 (504 7)) = ol -+ (3)). (60)

Then it is easy to check that

/b(y, s)dy =1, /yb(y, s)dy = 0
M"(s) (M)
2h dy = — = p"(s).
/y (y, s)dy M(s) M (s) p"(s)
Theorem A.3. Let Y.,...,YY be independent random variables and the
density of Y with respect to the Lebesque measure is given by (60), i =
1,2,...,N. Let b} be the density of D iy Yi/\/N. Then for any non-
negative integer k the functions b}, belong to C*(R) for all N = Ny(||)\||, k)
and

k k
@ vy LA ey
N-oo dyk 2ro(N) dy*
uniformly on R x By, R < oo. Here o*(\) = 01 p"(\(0))do.

The proof of Theorem A.3 is similar to the proof of Lemma 3.3 of [3], and
is omitted.

Proof of Theorem A.2. From (58) and (60) we see that X' has the
same distribution as Y7 + p/(\% ). This implies the equivalence in law

LS xie ( z) LS o0,

ZEAN ZEAN
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from which we obtain that
() \/_b)‘( (:L’——Zp)\’ ))
1EAN
By Theorem A.3 we have

1 1 ; .1 A
l1m —loga) (N Z p’()\N)> = NIE%ON (log\/ﬁ—l—long(O)) =0. (61)

N—oo N
i€AN

_ Let 29 = z(y) be the point where the supremum in (59) is attained and
A(0) = A(0) + 2. Introduce a new set of random variables X?, , i =1,..., N,
with densities

alz, M) = —
(2, Av) = G0
Then by (61) the density a) of the average >

exp (Sﬁvx - go(x)) :

ieay X4 /N satisfies

1 1 ey _
A}Lmooﬁloga (N Z p (/\N)> =0. (62)

1€EAN

Since a(z, \,) = a(z, Ay )e 7 M (X)) /M ()\,,), using the properties of convo-
lution we can compute that

WA (2) = ) _WH M3)/M().

From the last equation we obtain

1 a1 Iy _ 1 i1 10y
NlogaN (N Z P (/\N)> = NlogaN (N Z p (/\N)>

iEAN iEAN
_x Z log M) (63)
N M)
’LGAN ZEAN
By our choice of zy(z) we find
1 e 1 MI()\Z —|—Zo)
- Ny = — 2\ Ay T %)
N.ZP(N) NZ M(/\Z +ZO)—>
ZEAN ZEAN
L MI(N(0) +
MN0) + ))dﬁ—xasN—M)o (64)
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The statement of the theorem follows now from (62), (63), (64), and
Lemma A.1 below.

Lemma A.1. Let 1

I(y) = —Nlogaﬁ(y)

where ay, defined as in Theorem A.2. en for any y1,y2 € {|y| <
h A defined n Th A.2. Then f {ly| < R}

113 (1) — Tn(w2)| < C(R, | A)|yr — val.
Proof. We have

) =——log/ Hp b >(i))d% (65)

XNy

Computing the derivative we find

% :_—ZAUF—/ > Paidpy (@) (66)

1EAN XN,y 1€AN
where the measure dyy () is given by

Ay (@) _ oD (Tien, Ko = ()
doy I oexp (Yien, Mo — (1)) doy

XNy

The first term of (66) is bounded by ||A||. To estimate the second term
we apply Jensen’s inequality: for any 6 > 0

/ Z ’9‘9 Z; ‘d:uNy ) (SN lOg / 6ZieAN‘(p(Ii)|d/vL§7y(x)

i€EAN XN,y

I exb (Sien, O1/@)l + NIl = 9(w)) )dorv,

1 XNy
S 5w loe
S exp (= Sieny (Nl + o)) ) dory,
XN,y
Let
porle) = =0l ()] = IAlllal + ¢ (2) + log Ci
prw) = [\llal +p(e) +log Cy,
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where the constants Cj, and C) are chosen to turn exp(—s,») and exp(—p,)
into probability densities. Now we apply Theorem A.1 twice with ¢ replaced
by @5 and ¢, to see that

1 e
Z&Enooﬁlog / e Lieay 19 (%)\dug’y(x) —

XNy

1 05,)\

5 log <. + % (ha(y) — hox(y))

uniformly on compact y-intervals. Rate functions hs, and hy are defined as
in (17) with a suitable choice of index for ¢. They are bounded on bounded
y-intervals. This concludes the proof. O]

B One lemma from convex analysis.

Lemma B.1. Let u be a probability measure on R™ and f and g be non-
negative pu-measurable functions. Assume also that fgdu = 1. Then for any
q € [1,2]

/fqu,u < C, + 2% % log! (/ef dp + 1) + 2071 / |log g|?g dp,

where Cy is a positive constant.

Proof. The statement of the lemma is a consequence of the convexity of
the function

(23

F(u)=¢€¢" —u® foru>0, a=1/qe[1/2,1]. (67)
We write
[radu=[ rodus [ rigdu<
f=logg f<logg
/ flgdp+ / | log g|g dp. (68)
fzlogg f<logg

Then we estimate the first term in the right-hand side of the above in-
equality.

/ flgdp < 2"1/(f—logg)igd/wr?l1 / |log g|?gdp.  (69)
f2>logg f>logyg
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By Jensen’s inequality for function (67) we have

exp (/ (f —logg)iyg du) " (/ (f —logg)ig du) " <
/(exp (f —logg)y — (f —logg)y)gdu. (70)

Since u < (g/e)e*? for any ¢ > 0 and u > 0, we obtain from (70)

1/q
eXp( / (f —logg)ig du) <

1/q
<7 ( / U8+ du> + / elI78g dp
e
q 1/q
:E< / el du+ / gdu) + / el du+ / gdu

f2logg f<logg f<logyg f<logyg

1/q
gg(/efd,u+1> +/efdu+1. (71)

Applying the function log?(-) to both sides of (71) and taking into account
the inequality cu 4+ u? < (¢ + 1) uf for u > 1, we conclude that

/(f—logg)igduélogq<(g+1) (/efdu+1) ) (72)

Relations (68), (69) and (72) imply the statement of the lemma. O
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