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Abstract

We consider a family fu".t; x; !/g, " > 0, of solutions to the equation @u"=@tC
"�u"=2CH.t="; x=";ru"; !/ D 0with the terminal data u".T; x; !/ D U.x/.

Assuming that the dependence of the Hamiltonian H.t; x; p; !/ on time and

space is realized through shifts in a stationary ergodic random medium, and that

H is convex in p and satisfies certain growth and regularity conditions, we show

the almost sure locally uniform convergence, in time and space, of u".t; x; !/

as " ! 0 to the solution u.t; x/ of a deterministic averaged equation @u=@t C
H.ru/ D 0, u.T; x/ D U.x/. The “effective” Hamiltonian H is given by a

variational formula.

1 Introduction

Let .�;F ;P/ be a probability space and ! 2 �. We are interested in the

behavior, as " ! 0, of a family fu".t; x; !/g, " > 0, of solutions to the following

terminal value problem:

@u"

@t
C "

2
�u" CH

�
t

"
;
x

"
;ru"; !

�
D 0; .t; x/ 2 Œ0; T / � R

d ;(1.1)

u".T; x; !/ D U.x/:(1.2)

The Hamiltonian H.t; x; p; !/ is assumed to be convex in p. The dependence of

H on .t; x/ is realized through the shifts in a stationary ergodic random medium

(see the next section for a detailed description). The terminal condition U is a

uniformly continuous nonrandom function. Under some additional assumptions

on H , we obtain a homogenization result; i.e., we show that, with probability 1,

u".t; x; !/ converges locally uniformly in t and x to a nonrandom limit u.t; x/.
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Function u.t; x/ is the unique solution of the Hamilton-Jacobi equation

(1.3)
@u

@t
CH.ru/ D 0; .t; x/ 2 Œ0; T / � R

d ;

with the same terminal value U.x/. We also provide a variational representation

for the effective Hamiltonian H .

Homogenization problems for this type of equation with or without a “viscous”

term were extensively studied in the periodic, quasi, and almost periodic settings.

We mention only several relatively recent papers where one can find further ref-

erences [1, 2, 6, 8, 10, 17]. For a broader view of homogenization methods, see

monographs [3, 4, 5, 9, 13, 19].

One of the standard approaches is based on the construction of so-called cor-

rectors. Roughly speaking, the corrector is the first nontrivial error term in a formal

asymptotic expansion of u" around u. It is obtained as a solution of an auxiliary

“cell” problem. The word cell refers to the fact that in the periodic case the space

variable changes over a torus. The existence of correctors and the uniform conver-

gence of u" to a limit were established for a wide range of first- and second-order

partial differential equations. This method is very robust and does not require the

Hamiltonian to be convex. The most essential assumption on the Hamiltonian is

the coercivity in p:

H.t; x; p; !/ ! 1 as jpj ! 1;

uniformly in t , x, and !.

The extension of homogenization results to the stationary ergodic setting pre-

sented a number of difficulties due to the lack of compactness. It was shown that

correctors (or even approximate correctors) need not exist in general [16]. In the

case when H is convex in p and independent of t , the homogenization can be

proved by using variational methods in combination with some version of the er-

godic theorem (see [14, 18]). A further step was taken in [7], which proves ho-

mogenization for fully nonlinear uniformly elliptic equations whose solutions do

not have a representation formula.

It turns out that the time-space averaging (versus just the space averaging) re-

quires an additional control on u" (see, for example, [12] for periodic Hamilton-

Jacobi equations and [15] for linear equations in stationary ergodic random media).

In this paper we present a method that allows us to obtain time-space homog-

enization results for Hamilton-Jacobi-Bellman equations in a stationary ergodic

setting. It is essential for our approach that H be convex in p.

In the case when

H.t; x; p; !/ D 1

2

dX
iD1

p2i �
dX
iD1

bi .t; x; !/pi �W.t; x; !/;

the homogenization problem for (1.1) is closely related to the quenched large-

deviations principle for a Brownian motion with a random drift b D .b1; b2;
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: : : ; bd / in a random potential W (see [14, 18, 21]). Both the drift and the po-

tential are assumed to be stationary ergodic processes (see Remark 2.1).

The paper is organized as follows: In Section 2 we state the assumptions, for-

mulate the main result, and discuss the idea of the proof. In Section 3 we prove

the lower bound on u". The construction of approximate supersolutions of (1.1)

needed for the upper bound is carried out in Section 4. The proof of the upper

bound on u" is given in Section 5. A generalization of Wiener’s ergodic theorem

used for the upper bound is derived in Section 6. The appendix contains proofs of

two technical lemmas.

Notation. For x; y 2 Rk we denote by hx; yi the standard scalar product of x

and y and by jyj the Euclidean norm of y. Borel �-algebra on RdC1 is denoted by

B. If A is a set in Rk , then jAj denotes the Lebesgue measure of A. B.x; r/ � Rk

is a ball of radius r centered at x. If f 2 L˛, then kf k˛ stands for its norm.

E is the expectation with respect to P . B.t/, t > 0, is the path of the canonical

Brownian motion.

2 Main Result and Preliminary Discussion

Let f�.t;x/ W .t; x/ 2 RdC1g be a group of measure-preserving transformations

acting ergodically on .�;F ;P/. Assume that the map .t; x; !/ 7! �.t;x/! from

RdC1 �� to � is B � F measurable.

Let H.p; !/ W Rd �� ! R be convex in p and satisfy the following assump-

tions:

(H1) For all .p; !/ 2 Rd ��
c1jpj˛ � c2 6 H.p; !/ 6 c3.jpjˇ C 1/

for some positive constants c1; c2; c3 and 1 < ˛ 6 ˇ < 1.

(H2) H.p; �.t;x/!/ is uniformly continuous in .t; x/, uniformly in!, and locally

uniformly in p, i.e., for every l > 0

lim
ı!0

sup
j.t;x/j6ı

sup
jpj6l

sup
!2�

jH.p; �.t;x/!/ �H.p; !/j D 0:

(H3) There exists a positive function �.ı/ ! 0 as ı ! 0 and a constant C > 0

such that for j.t; x/j 6 ı and ! 2 �
H.p; �.t;x/!/ > .1C �.ı//H..1C �.ı//�1p; !/ � C�.ı/:

These assumptions can be equivalently stated in terms of the Lagrangian

(2.1) L.q; !/ D sup
p2Rd

.hp; qi �H.p; !//:

(L1) For all .p; !/ 2 Rd ��
c4jqjˇ 0 � c5 6 L.q; !/ 6 c6.jqj˛0 C 1/
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for some positive of constants c4; c5; c6 and

˛0 D ˛

˛ � 1; ˇ0 D ˇ

ˇ � 1:

(L2) L.q; �.t;x/!/ is uniformly continuous in x, uniformly in !, and locally

uniformly in q.

(L3) There exists a positive function �.ı/ ! 0 as ı ! 0 and a constant C > 0

such that for j.t; x/j 6 ı and ! 2 �
L.q; �.t;x/!/ 6 .1C �.ı//L.q; !/C C�.ı/:

We assume that the terminal data U.x/ is uniformly continuous. Note that such

U can be uniformly approximated by functions that are Lipschitz-continuous, and

by the maximum principle the u" are uniformly approximated as well. So there

is no loss of generality in assuming that there is a constant K such that for all

x; y;2 Rd

(2.2) jU.x/ � U.y/j 6 Kjx � yj:
This makes the proof somewhat simpler.

Remark 2.1. Functions H.t; x; p; !/, b.t; x; !/, and W.t; x; !/, from the intro-

duction, should be understood as H.p; �.t;x/!/, b.�.t;x/!/, and W.�.t;x/!/, re-

spectively.

2.1 The Effective Hamiltonian H

The translation group f�.t;x/ W .t; x/ 2 RdC1g acting on L2.�;F ;P/ will have

infinitesimal generators Dt , ri , i D 1; 2; : : : ; d , in the coordinate directions (see

[13, sec. 7.1 and pp. 231–232]). The space gradient r D .r1;r2; : : : ;rd /, the

divergence div.U1; U2; : : : ; Ud / D r1U1 C r2U2 C � � � rdUd , and the Laplace

operator � D Pd
iD1 r2i are defined in the usual way.

Let us denote by B the space of measurable, essentially bounded maps from �

to Rd and by D the space of bounded probability densitiesˆ W � ! R relative to P

that are bounded away from 0 and have essentially bounded time-space gradients.

Define

(2.3) E D f.b;ˆ/ 2 B � D W DtˆC div.bˆ/ D 1
2
�ˆg:

We shall always assume that the equation in (2.3) is satisfied in the weak sense:

with probability 1 for every G 2 C1
0 .R

dC1/

(2.4)

“
ˆ.�.t;x/!/@tG.t; x/C ˝

.bˆ � 1
2
rˆ/.�.t;x/!/;rG.t; x/

˛
dt dx D 0:

For .b;ˆ/ 2 E set

m.b;ˆ/ D EŒb.!/ˆ.!/�;(2.5)

h.b;ˆ/ D EŒL.b.!/; !/ˆ.!/�:(2.6)
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Define a function L on Rd by

(2.7) L.q/ D inf
bW.b;ˆ/2E
E.bˆ/Dq

h.b;ˆ/:

Observe that L is convex. This is a simple consequence of (2.7) and the fact

that if .bi ; ˆi / 2 E , i D 1; 2, then for every � 2 Œ0; 1�,�
�b1ˆ1 C .1 � �/b2ˆ2
�ˆ1 C .1 � �/ˆ2

; �ˆ1 C .1 � �/ˆ2
�

2 E :

Let H be the convex conjugate of L:

H.p/ D sup
q2Rd

Œhp; qi � L.q/�

D sup
.b;ˆ/2E

Œhp;m.b;ˆ/i � h.b;ˆ/�:(2.8)

The solution u.t; x/ of (1.3), with u.T; x/ D U.x/, is given by the Hopf-Lax-

Oleı̆nik formula

u.t; x/ D sup
q2Rd

h
U.q/ � .T � t /L

�q � x
T � t

�i
(2.9)

D sup
.b;ˆ/2E

ŒU.x C .T � t /m.b;ˆ// � .T � t /h.b;ˆ/�:

The main result of this paper is the following theorem:

THEOREM 2.2 Assume that H.p; !/ satisfies (H1)–(H3) and that the terminal

value U.x/ satisfies (2.2) on Rd . Let u.t; x/ be the unique solution of (1.2)–(1.3)

with H given by (2.8). Then with probability 1, for every l > 0,

lim
"!0

sup
06t6T

sup
jxj6l

ju".t; x; !/ � u.t; x/j D 0:

Remark 2.3. To identify the effective Hamiltonian it is enough to consider the

set of linear terminal data fhp; xi; p 2 Rd g. For each p 2 Rd the terminal

value problem for the averaged equation (1.3) with U.x/ D hp; xi has an obvious

solution u.t; x/ D hp; xi � .T � t /H.p/. In particular, if we let .t; x/ D .0; 0/

and T D 1, then we get H.p/ D u.0; 0/. Therefore if the homogenization result

holds, then

H.p/ D lim
"!0

up" .0; 0; !/ a.s.,

where u
p
" solves (1.1)–(1.2) with U.x/ D hp; xi.
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2.2 Shifts, Rescaling, and Variational Formulae

Our assumptions on the Hamiltonian allow us to use a variational representation

of u".t; x; !/, which can be considered the starting point of our analysis.

Denote by C the space of essentially bounded controls c D c.s; x/. Consider

the diffusion on Rd , with generator

As D 1

2
�C c.s; x/ � r:

For t < T and x 2 Rd , let Qct;x be the measure on C.Œt; T /I Rd / that corresponds

to the diffusion process with the above generator that starts from x at time t . For

each c 2 C and ! 2 � we set

vc.t; x; !/ D EQ
c
t;x

�
U.x.T // �

Z T

t

L.c.s; x.s//; �.s;x.s//!/ds

�
:

Then

v.t; x; !/ D sup
c2C

vc.t; x; !/

is the unique solution on .�1; T � � Rd of

(2.10)
@v

@t
C 1

2
�v CH.rv; �.t;x/!/ D 0

with v.T; x/ D U.x/ (see, for example, [11]).

An easy consequence of uniqueness is the covariant nature of the solution. If

v. � ; � ; !/ is a solution corresponding to ! on Rd � .�1; T �, then vs;y. � ; � ; !/ D
v. � Cs; � Cy; !/ is a solution on .�1; T �s��Rd corresponding to !0 D �.s;y/!

with terminal data vs;y.T � s; � ; !/ D U. � C y/. In particular,

(2.11) v.t; x; !/ D vt;x.0; 0; �.t;x/!/

if we match the terminal time and data.

A simple calculation shows u".t; x; !/ D "v".t="; x="; !/, where v" solves

the unscaled equation (2.10) with the terminal condition

v".T="; x; !/ D U."x/=":

This leads to the following variational formula for the solution to the terminal value

problem (1.1)–(1.2):

(2.12) u".t; x; !/ D

sup
c2C

EQ
c
t=";x="

�
U."x.T="// � "

Z T="

t="

L.c.s; x.s//; �.s;x.s//!/ds

�
:

It is sometimes more convenient to rescale the diffusion by considering the process

y".s/ D "x.s="/, s 2 Œt; T �, with the drift c".s; x/ D c.s="; x="/ 2 C. Below we
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drop the subscript ", since we take a supremum over all drifts in C. After rescaling

the generators become

(2.13) A
"
s D "

2
�C c.s; x/ � r

with controls c 2 C. Writing Q
";c
t;x for the measure associated with A

"
s , we get

(2.14) u".t; x; !/ D

sup
c2C

EQ
";c
t;x

�
U.y.T // �

Z T

t

L.c.s; y.s//; �.s=";y.s/="/!/ds

�
:

Our goal is to show, locally uniform in t and x, the almost sure convergence of

u".t; x; !/ to u.t; x/ given by (2.9).

2.3 Ergodic Theorem and a Lower Bound

Let b 2 B � L1.�I Rd /. Consider a Brownian motion x.t/ on Rd starting

from 0 at time 0 with a random drift b.�.t;x/!/, and denote the corresponding

measure on C.Œ0;1/I Rd / by Q
b;!
0;0 . Then this diffusion can be “lifted” to � as

follows. Pick a starting point !. Define a path !.s/, which starts from ! at time 0,

by !.s/ D �.s;x.s//!, s > 0.

The measure P b;! induced on paths in � corresponds to a Markov process on

� with the generator

Ab D Dt C 1

2
�C b.!/ � r:

If we can find a positive density ˆ on � such that ˆdP is an invariant ergodic

probability measure for Ab , then by the ergodic theorem for every F 2 L1.�;

ˆdP/

lim
t!1

1

t

Z t

0

F.!.s//ds D
Z
�

F.!/ˆ.!/dP

P b;!-a.s. or in L1.P b;!/ for P-a.e. !.

Finding an invariant density for a given drift is a hard problem. We work in

�, which is infinite dimensional, while our diffusion is finite dimensional and is

very degenerate when viewed on�. It is clear, though, that E is not empty, since it

obviously contains pairs .b; 1/, where b is a constant. Moreover, it is easy to show

that if .b;ˆ/ 2 E , then ˆdP is an ergodic invariant measure for Ab , and we can

use the ergodic theorem.

If we view ! in the formula (2.12) for u" as a parameter, we may allow the

controls c to be dependent on ! as well. Let us consider only stationary controls,

i.e., c.t; x; !/ D b.�.t;x/!/, where b is such that .b;ˆ/ 2 E for some ˆ. Setting

.t; x/ D 0, for a.e. ! with respect to P , we obtain almost surely with respect to
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P b;! and in L1.P b;!/

lim
"!0

"

Z T="

0

b.!.s//ds D T

Z
�

b.!/ˆ.!/dP D Tm.b;ˆ/;

lim
"!0

"

Z T="

0

L.b.!.s//; !.s//ds D T

Z
�

L.b.!/; !/ˆdP D T h.b;ˆ/:

Therefore, for the diffusions Q
b;!
0;0 on Rd we obtain, for almost all ! with respect

to P ,

lim
"!0

EQ
b;!
0;0 Œ"jx.T="/ � Tm.b;ˆ/j� D 0;(2.15)

lim
"!0

EQ
b;!
0;0

�
"

ˇ̌̌̌Z T="

0

L.b.�.t;x.t//!;!/dt � T h.b;ˆ/
ˇ̌̌̌�

D 0:(2.16)

It now follows that for each .b;ˆ/ 2 E ,

(2.17) lim inf
"!0

u".0; 0; !/ > U.Tm.b;ˆ// � T h.b;ˆ/ P-a.s.

Notice that, because of (2.9), this establishes an almost sure lower bound at

.0; 0/. The relation (2.11) and the translation invariance of P imply that the lower

bound holds for arbitrary .t; x/ but in probability. More work needs to be done to

obtain an almost sure locally uniform lower bound. The proof is similar to the one

given in Section 4 of [14], and the details are presented in the next section.

Remark (A few words about an upper bound). An upper bound is essentially ob-

tained by comparison with a family of supersolutions of (1.1). The starting point

of the construction is formula (2.8) for the effective Hamiltonian. The main idea is

the same as in [14]. There are some difficulties in the construction due to the lack

of control on the time derivatives. This problem was not present in the case of the

time-independent Hamiltonian.

3 Lower Bound

We begin with an easy estimate on the solution u".t; x; !/ of (1.1) and its ap-

proximations

uk" .t; x; !/
defD sup

c2Ck

EQ
";c
t;x

�
U.y.T //

�
Z T

t

L.c.s; y.s//; �.s=";y.s/="/!/ds

�
;

(3.1)

where y. � / is a diffusion with the generator (2.13) and Ck consists of c 2 C that

are bounded in norm by k.



824 E. KOSYGINA AND S. R. S. VARADHAN

LEMMA 3.1 Assume (L1) and (2.2). Then there are positive constants C1 and C2
such that

ju".t; x; !/ � U.x/j 6 C1.T � t /1=2 C C2jT � t j;
juk" .t; x; !/ � U.x/j 6 C1.T � t /1=2 C C2jT � t j:

PROOF: From the variational formula (2.14), the bounds (L1), and the convex-

ity of jqj˛ for ˛ > 1, it follows that, uniformly in !,

u".t; x; !/ � U.x/ 6 sup
c2C

�
K

�
EQ

";c
t;x

Z T

t

jc.s; x.s//jds
�

C CK"1=2.T � t /1=2

�EQ";ct;x
Z T

t

.c4jc.s; x.s/jˇ 0 � c5/ds
�

6 CK"1=2.T � t /1=2 C .T � t / sup
q2Rd

ŒKjqj � c4jqjˇ 0 C c5�:

For the lower bound we can take c D 0 to get

u".t; x; !/ � U.x/ > �C"1=2.T � t /1=2 � .T � t / sup
!
L.0; !/:

The same proof works for uk" as well. �

In the previous section we established a weak version of the lower bound. We

state it now as a lemma.

LEMMA 3.2 Assuming the regularity condition (2.2) on U , for almost all ! with

respect to P ,

(3.2) lim inf
"!0

Œu".0; 0; !/ � u.0; 0/� > 0:

PROOF: Relation (2.17) states that for each .b;ˆ/ 2 E

lim inf
"!0

Œu".0; 0; !/ � U.Tm.b; '//C T h.b;ˆ/� > 0;

P almost surely. Since the supremum over E is easily reduced to the supremum

over a countable subset of E in the formula (2.9), the assertion (3.2) of the lemma

follows. �

The next lemma strengthens the estimate (3.2).

LEMMA 3.3 Under the conditions of Lemma 3.2, for each � > 0, there is a subset

N� � � such that P.N�/ > 1 � � and

(3.3) lim inf
r!0

lim inf
"!0

inf
!2N�

inf
jyj6r
jt j6r

Œu".t; y; !/ � u.0; 0/� > 0:
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PROOF: It is enough to prove that for almost all ! with respect to P ,

(3.4) lim inf
r!0

lim inf
"!0

inf
jyj6r
jt j6r

Œu".t; y; !/ � u.0; 0/� > 0;

and (3.3) will follow by an application of Egoroff’s theorem.

Consider functions uk" defined by (3.1). Clearly, uk" .t; x; !/ % u".t; x; !/ as

k " 1. Therefore, by Lemma 3.2 it is sufficient to prove that for each k < 1,

(3.5) lim inf
r!0

lim inf
"!0

inf
!

inf
jyj6r
jt j6r

Œu".t; y; !/ � uk" .0; 0; !/� > 0:

We break the proof into two parts. For fixed k,

lim inf
r!0

lim inf
"!0

inf
!

inf
jyj6r

ŒukC1
" .0; y; !/ � uk" .0; 0; !/� > 0;(3.6)

lim inf
r!0

lim inf
"!0

inf
!

inf
jyj6r
jt j6r

ŒukC1
" .t; y; !/ � uk" .0; y; !/� > 0:(3.7)

Step 1. To prove (3.6) we let x. � / be a path of a diffusion with a drift b 2 Ck
starting from 0 at time 0. We shall couple it to y. � /, which starts from y at time 0

as follows: Assume that r < T . Define

y.s/ D
(
y C x.s/ � sy

jyj
; 0 6 s < jyj;

x.s/; jyj 6 s 6 T:

Then y. � / has the drift

c.s; ´/ D
(
b
�
s; ´ � y C sy

jyj

� � y
jyj

if 0 6 s < jyj;
b.s; ´/ if jyj 6 s 6 T;

and c 2 CkC1. Let us denote the coupled measure by Q
";b;c
0;0;y .

Since the two paths are identical after time jyj, they end up at the same place

(if jyj 6 r) and

uk" .0; 0; !/ � ukC1
" .0; y; !/

6 sup
b2Ck

�
EQ

";b;c
0;0;y

Z jyj

0

jL.b.s; x.s//; �.s=";x.s/="/!/jds

CEQ
";b;c
0;0;y

Z jyj

0

jL.c.s; y.s//; �.s=";y.s/="/!/jds
�

6 2jyj sup
!

jqj6kC1

jL.q; !/j:

This proves (3.6).
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Remark 3.4. Observe that by using the same argument as in Step 1 we can show

that for a fixed k

(3.8) lim inf
r!0

lim inf
"!0

inf
!

inf
t6T

inf
jy�´j6r

ŒukC1
" .t; y; !/ � uk" .t; ´; !/� > 0:

Step 2. Now we turn to (3.7). Let us take the case t < 0. Then we can choose

c.s; x/ D 0 until time 0 and then make the optimal choice from CkC1. Therefore

(3.9) ukC1
" .t; y; !/ >

Z
Rd

ukC1
" .0; ´; !/p".t; yI 0; ´/d´ � jt j sup

!
L.0; !/

where p" is the fundamental solution of @
@t

C "
2
�. From Remark 3.4 we can obtain

a uniform lower bound on ukC1
" .0; ´; !/ � uk" .0; y; !/ provided j´j is small. In

addition, we have for fixed r 0 > 0,

lim
r!0

lim sup
"!0

sup
jyj6r
jt j6r

Z
j´j>r 0

p".t; yI 0; ´/d´ D 0:

From the bounds on ukC1
" of Lemma 3.1 and from (2.2), it is clear that

lim
r!0

lim sup
"!0

sup
jyj6r
jt j6r

Z
j´j>r 0

jukC1
" .0; ´; !/jp".t; yI 0; ´/d´ D 0;

which together with (3.9) implies (3.7).

The case when t > 0 is similar. We represent uk" .0; y; !/ by a variational

formula, make the optimal choice of c 2 Ck , and get

ukC1
" .t; y; !/ � uk" .0; y; !/ >Z

Rd

�
ukC1
" .t; y; !/ � uk" .t; ´; !/

�
pc" .0; yI t; ´/d´ � t sup

jqj6k

jL.q; !/j;

where pc" is the fundamental solution of @
@t

C c.t; x/ � r C "
2
�. Using (3.8),

Lemma 3.1, condition (2.2), and properties of pc" with c 2 Ck , we can derive

(3.7). �

Combining the relation (2.11), Lemma 3.3, and the ergodic theorem, we obtain

the almost sure locally uniform lower bound.

THEOREM 3.5 Assume that H.p; !/ satisfies (H1) and (H2) and that the terminal

condition U.x/ is uniformly continuous on Rd . Let u.t; x/ be the unique solution

of (1.2)–(1.3) with H given by (2.8). Then with probability 1, for every l > 0,

lim inf
"!0

inf
06t6T

inf
jxj6l

Œu".t; x; !/ � u.t; x/� > 0:

PROOF: We omit the proof, since it is essentially the same as that for theo-

rem 2.1 in [14]. �
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4 Construction of Approximate Supersolutions

Let H.p; !/ satisfy (H1)–(H3). Fix an arbitrary 	 2 Rd . Our goal is ideally to

construct, for each 	 2 Rd , a supersolution V such that

@tV C 1

2
�V CH.	 C rV; �.t;x/!/ 6 H.	/; .t; x/ 2 R

dC1:

Actually, it is enough to construct approximate supersolutions Vı.t; x; !/, ı 2
.0; ı0/, or even just their space-time gradients with mean 0, such that, for a.e. !,

(4.1) @tVı C 1

2
�Vı CH.	 C rVı ; �.t;x/!/ 6 H.	/C �.ı/; .t; x/ 2 R

dC1;

where �.ı/ > 0, �.ı/ ! 0 as ı ! 0.

The supersolution V is constructed by duality very much like in the time-

independent case. At a purely formal level there is no difference. However, in

terms of the regularity of the supersolution there is considerable difference. One

can only establish the minimal regularity for the supersolution. The inequality (4.1)

and the lower bound of (H1) allow us to control EŒjrV j˛�. The bounds one gets

are local L˛ bounds on rV and an L1 upper bound on @tV C 1
2
�V . The fact that

@tV C 1
2
�V has mean 0 provides a local L1 bound on @tV C 1

2
�V . Convolution

in space by a smoothing kernel will get an estimate on �V , and this will finally

allow us to control Vt �' in L1loc for smooth '. For this one has to work with weak

compactness in L1, which is always delicate.

An upper bound on u" will then be established in the next section using a prob-

abilistic comparison argument and the ergodic theorem, Theorem 5.3.

At first, we introduce some notation. Let us recall that B � L1.�I Rd /. We

define Br D fb 2 B W kbk1 6 rg and

Hr.p; !/ D sup
jqj6r

.hp; qi � L.q; !//:

Clearly Br is compact and convex in Lp.�;P/ in the weak topology for 1 6 p <

1. For each k > 1 we define

Ek D
	
ˆ W k�1

6 ˆ.!/ 6 k;

Z
ˆ.!/dP D 1



;

Dk D
	
ˆ W k�1

6 ˆ.!/ 6 k; jrˆj 6 k2;

Z
ˆ.!/dP D 1



� Ek;

which are again compact convex sets if appropriate weak topologies are imposed.

Observe that E D S
k>0

S
r>0 Er;k , where

Er;k D f.b;ˆ/ 2 Br � Dk W DtˆC div.bˆ/ D 1
2
�ˆg:

If ' is a mollifier on Rd and F 2 L1.�;P/, we can define

(4.2) F '.!/ D
Z
F.�.0;x/!/'.x/dx:
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Then F ' 2 L1.�;P/ and is smooth under space shifts. Notice that if ˆ 2 Ek ,

then ˆ'.!/ 2 Dk provided k is large enough so that kr'k1 6 k.

We start with formula (2.8) for the effective Hamiltonian and use the minimax

theorem to obtain a dual formula.

LEMMA 4.1 There is a sequence of functions fFn.!/g, n > 1, Fn 2 W 1;1.�/,

Fn.�. � ; � /!/ 2 C1.RdC1/ a.s. such that

(4.3) sup
ˆ2Dn

EŒŒDtFn C 1
2
�Fn CHn.	 C rFn; !/�ˆ� 6 H.	/C 1

n
:

PROOF: From (2.8) we have

H.	/ > sup
.b;ˆ/2Er;k

EŒ.h	; b.!/i � L.b.!/; !//ˆ.!/�:

The definition of Er;k contains a constraint. Let Y be a space of nice test functions

(for example, Y could be a class of functions F 2 W 1;1.�/ convoluted with a

mollifier from C0.R
dC1/ to ensure the smoothness under the shifts). Using the fact

that for ˆ 2 Dk

inf
F 2Y

E.ŒDtF C hb;rF i C 1
2
�F �ˆ/

D inf
F 2Y

E.ŒDtF C hb;rF i�ˆ � 1
2
hrF;rˆi/

D
(
0 if DtˆC div.bˆ/ D 1

2
�ˆ in the weak sense;

�1 otherwise;

we can remove the constraint and get the inequality

H.	/ > sup
ˆ2Dk

sup
b2Br

inf
F 2Y

EŒ.DtF C hb; 	 C rF i � L.b; !/C 1
2
�F /ˆ�

D sup
ˆ2Dk

sup
b2Br

inf
F 2Y

EŒ.DtF C hb; 	 C rF i � L.b; !//ˆ � 1
2
hrF;rˆi�:

The set Br is convex and compact in the weak topology while Y is convex. For

fixed ˆ, the functional

EŒ.DtF C hb; 	 C rF i � L.b; !//ˆ � 1
2
hrF;rˆi�

is concave and upper semicontinuous in b in the weak topology and is linear in F .

We can therefore apply Sion’s minimax theorem [20] and interchange the infimum

and the supremum to obtain

H.	/ > sup
ˆ2Dk

inf
F 2Y

sup
b2Br

EŒ.DtF C hb; 	 C rF i � L.b; !//ˆ � 1
2
hrF;rˆi�:

For fixed ˆ and F the supremum over b 2 Br can be taken inside the expectation.

Recalling the definition of Hr.p; !/ we get

H.	/ > sup
ˆ2Dk

inf
F 2Y

EŒ.DtF CHr.	 C rF;!//ˆ � 1
2
hrF;rˆi�:
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Now we would like to use the minimax theorem one more time. The functional

EŒ.DtF CHr.	 C rF;!//ˆ � 1
2
hrF;rˆi�

is convex in F and is a continuous linear functional of ˆ in the weak topology

(requiring the weak convergence of ˆ and rˆ). Therefore, for each k and r

H.	/ > inf
F 2Y

sup
ˆ2Dk

EŒ.DtF C 1
2
�F CHr.	 C rF;!//ˆ�:

This immediately implies the statement of the lemma. �

Let us briefly describe the idea of the next step. We would like to take some

sort of weak limit of Fn and produce an F such that for almost all ! with respect

to P ,

DtF.!/C 1

2
div.rF.!//CH.	 C rF.!/; !/ 6 H.	/:

Unfortunately, F may not exist. Let us first see what estimates one might expect

on F . Taking expectations, one can see that EŒH.	 C rF.!/; !/� and therefore

EŒjrF j˛� can be controlled. With some spatial (in x) mollification, for the con-

volution F ' D F � ', one can get an upper bound on EŒ.DtF
'/C�. Since DtF

should have mean 0, this means one can expect to control EŒjDtF ' j�. At best, we

will be able to produce a limiting family of objects f' ; g such that P-a.s.

(4.4) f'.!/C 1

2
divg'.!/C

Z
H.	 C g.�.0;x/!/; �.0;x/!/'.x/dx 6 H.	/;

where

(4.5) g' D
Z
g.�.0;x/!/'.x/dx; divg' D �

Z
hg.�.0;x/!/;r'.x/idx:

We shall end up with g 2 L˛.�;P/ and a collection f' 2 L1.�;P/, not neces-

sarily smooth with respect to the shifts, which satisfies for almost all ! and each '

the compatibility condition

(4.6)

Z
f'.�.t;x/!/.divG.t; x//dt dx D

Z
hg'.�.t;x/!/;Gt .t; x/idt dx

for G 2 C1
0 .R � Rd I Rd /. We shall lose control of kf'k1 as ' ! ı0 in D0.Rd /.

The details of the above construction are presented in the next theorem.

THEOREM 4.2 Let H satisfy (H1) and (H2). For every 	 2 Rd there is g W
� ! Rd , g 2 L˛.�;P/, and for every r > 0 there is a nonnegative mollifier

' 2 C1
0 .R

d /, '.x/ D 0 outside of B.0; r/, and a function f' 2 L1.�;P/ such

that

(i) EŒf' � D 0, EŒg� D 	 ;

(ii) r � g' D 0 and (4.6) holds, where g' is defined in (4.5);

(iii) inequality (4.4) holds P-a.s.;
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(iv) there is a constant K.'/ > 0, which depends only on ', c1, ˛, and H.	/,

such that

f'.!/C c1

2
jg'.!/j˛ 6 K.'/ P-a.s.

PROOF: Let fn D DtFn and gn D 	CrFn, where fFng, n > 1, is constructed

in Lemma 4.1.

Step 1. The sequence fgng is uniformly integrable (see theorem 5.2 of [14]).

Take a weakly convergent subsequence and call it again fgng. We have gn ! g as

n ! 1 weakly in L1.�;P/ and

EŒHn.gn.!/; !/� 6 H.	/C 1

n
:

Clearly, Hk 6 Hn for k 6 n. Then

EŒHk.gn.!/; !/� 6 H.	/C 1

n
:

Let n ! 1 and use the weak convergence of gn to g and the convexity of Hk to

get EŒHk.g.!/; !/� 6 H.	/. Finally, we let k ! 1 to obtain

EŒH.g.!/; !/� 6 H.	/:

Using the lower bound on H , we conclude that g 2 L˛.�;P/.
Step 2. The only control we have on ffng, n > 1, is inequality (4.3) of Lem-

ma 4.1:

(4.7) sup
ˆ2Dn

E

� �
fn C 1

2
divgn CHn.gn; !/

�
ˆ

�
6 H.	/C 1

n
:

This control is very weak. We mollify fn by convoluting with ' and obtain some

estimates on f
'
n D fn � ', n > 1.

Take a mollifier ' 2 C1
0 .R

d /, '.x/ > 0, and
R
'.x/dx D 1 such that

(4.8)

Z
jr'.x/jdx 6

� Z ˇ̌̌̌r'.x/
'.x/

ˇ̌̌̌˛0

'.x/dx

�1=˛0

D C.'/ < 1

where .˛0/�1 C ˛�1 D 1 and C.'/ is a constant that depends on '. We will

continue to denote any constant that depends only on ' by C.'/, even if it changes

during a step. Our first goal is to establish a uniform bound on EŒjf 'n j�. We rewrite

(4.7) in the form

EŒfnˆ� 6 �E

� �
1

2
divgn CHn.gn; !/

�
ˆ

�
CH.	/C 1

n

valid for all ˆ 2 Dn, or

(4.9) EŒfnˆ
' � 6 �E

� �
1

2
divgn CHn.gn; !/

�
ˆ'

�
CH.	/C 1

n



TIME-SPACE HOMOGENIZATION OF H-J-B EQUATIONS 831

valid forˆ 2 En. We note thatHn has a uniform lower boundHn > �C . Moving

the derivatives to ' as in (4.5), we getˇ̌
EŒ1
2
.divgn/ˆ

' �
ˇ̌

6 C.'/EŒjgnj�kˆk1 6 cC.'/kˆk1;

where c is a uniform bound on EŒjgnj�. Therefore, for all ˆ 2 En there are con-

stants c, C , and C.'/ such that

EŒf 'n ˆ� D EŒf ˆ'n� 6 cC.'/kˆk1 C C CH.	/:

If ˆ > 0 is not normalized but ˆ=EŒˆ� 2 En, then

EŒf 'n ˆ� 6 cC.'/kˆk1 C .C CH.	//EŒˆ�:

Consider functions ˆn, n D 1; 2; : : : , defined by

ˆn.!/ D
(
1
2

if f
'
n .!/ 6 0;

2 if f
'
n .!/ > 0:

Since EŒf
'
n � D 0, we have

EŒf 'n W f 'n > 0� D �EŒf 'n W f 'n 6 0� D 1

2
EŒjf 'n j�:

Also, ˆn=EŒˆn� 2 E4, EŒˆ� 6 kˆk1 6 2, and

EŒf 'n ˆn� D 2EŒf 'n W f 'n > 0�C 1

2
EŒf 'n W f 'n 6 0� D 3

4
EŒjf 'n j�

giving us the bound

(4.10) sup
n>n0.'/

EŒjf 'n j� 6 C.	; '/:

Step 3. We would like to prove the uniform integrability of ff 'n g, but at this

point we can only establish the uniform integrability of the positive parts of ff 'n g,

i.e., the uniform integrability of ff ';Cn g where f
';C
n D maxff 'n ; 0g. This depends

on the uniform integrability of gn established in Step 1. If we truncate jgnj at level

N and write gn D gn;N C .gn � gn;N /, we have for all ˆ 2 Ek

(4.11) �1
2

Ehgn;rˆ'i 6 EŒjgn � gn;N j�krˆ'k1 � 1

2
Ehgn;N ;rˆ'i;

and supn EŒjgn � gn;N j� D ı.N / ! 0 as N ! 1 by uniform integrability.

Moreover,

�1
2

Ehgn;N ;rˆ'i D 1

2
EŒ.div g

'
n;N /ˆ�:

We can estimate

jdivg
'
n;N j D

ˇ̌̌̌Z
hgn;N .�.0;x/!/;r'.x/i dx

ˇ̌̌̌
6 C.'/

�Z
jgn;N .�.0;x/!/j˛'.x/dx

�1=˛
:
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On the other hand, for n > n0.N / large enough,

Hn.gn;N / D H.gn;N / > c1jgn;N j˛ � c2
and

EŒHn.gn.!/; !//ˆ
'.!/� > EŒ.c1jgn;N .!/j˛ � c2/ˆ'.!/�

D c1E

�
ˆ.!/

Z
jgn;N .�.0;x/!/j˛'.x/dx

�
� c2:

Therefore,

� 1

2
Ehgn;N ;rˆ'i � EŒHn.gn.!/; !//ˆ

'.!/�

6
1

2
C.'/E

�
ˆ.!/

� Z
jgn;N .�.0;x/!/j˛'.x/dx

�1=˛�
� c1E

�
ˆ.!/

Z
jgn;N .�.0;x/!/j˛'.x/dx

�
C c2

6 max
x>0

�
1

2
C.'/x � c1x˛

�
C c2 6 C.'/:

Combining the above inequality with (4.9) and (4.11), we conclude that for all

n > n0.N /

EŒf 'n ˆ� 6 ı.N /krˆ'k1 C C.	; '/:

Finally, letting n ! 1 and then N ! 1, we obtain for every k

(4.12) lim sup
n!1

sup
ˆ2Ek

EŒf 'n ˆ� 6 C.	; '/:

Consider functions ˆn;k;` defined by

ˆn;k;`.!/ D
(
1
k

if f
'
n .!/ 6 `;

k if f
'
n .!/ > `:

Then ˆn;k;`=EŒˆn;k;`� 2 Ek2 . Recalling that

EŒf 'n W f 'n > `�C EŒf 'n W f 'n 6 `� D 0;

we have

EŒf 'n ˆk;n;`� D kEŒf 'n W f 'n > `�C 1

k
EŒf 'n W f 'n 6 `�

D
�
k � 1

k

�
EŒf 'n W f 'n > `�;

and by (4.12)

lim sup
n!1

EŒf 'n ˆk;n;`� 6 C.	; '/ lim sup
n!1

�
kP Œf 'n > `�C 1

k
P Œf 'n 6 `�

�
6 C.	; '/ lim sup

n!1

�
k

`
EŒjf 'n j�C 1

k

�
:
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From this and (4.10) we obtain

lim sup
n!1

EŒf 'n W f 'n > `� 6 C.	; '/
k=`C 1=k

k � 1=k :

Since k is arbitrary it is clear that ff ';Cn g is uniformly integrable.

Step 5. Now we have to deal with the negative parts of ff 'n g. The difficulty

is that they may not be uniformly integrable, and we have to find a way to split

f
';�
n D �.f 'n ^ 0/ (possibly just along a subsequence) into uniformly integrable

and “bad” parts, so that the bad part plays no role in the limit. This is done using

the following lemmas.

LEMMA 4.3 Let fhng, n > 1, be a sequence of nonnegative functions and

sup
n

EŒhn� 6 C:

Then there is a subsequence fnj g, j > 1, such that hnj D bhnj C r.hnj /, where

(i) bhnj D hnj 1fhnj6 j̀ g, j̀ ! 1 as j ! 1, and fbhnj g, j > 1, is uniformly

integrable;

(ii) remainder terms r.hnj / converge to 0 in probability as j ! 1.

Properties (i) and (ii) continue to hold if we replace j̀ by any slower-growing

sequence `0
j 6 j̀ such that `0

j ! 1 as j ! 1.

LEMMA 4.4 Let fhng, n > 1, be a sequence of nonnegative functions such that

sup
n

EŒhn� 6 C;

and let  2 C1
0 .R

d / be a nonnegative mollifier. Apply Lemma 4.3 to fh n g. Then

the convergence of the remainder terms r.h
 
nj / to 0 is locally uniform in x, i.e., for

every R > 0 and " > 0

P
˚
! W sup

jxj6R

r.h nj /.�.0;x/!/ > "
� ! 0 as j ! 1:

The proofs of Lemma 4.3 and Lemma 4.4 are elementary and are provided in

the appendix.

Return now to f
'
n . Let ' D '1 � '2, where '1 satisfies (4.8). By Lemma 4.3

we can write (considering every subsequence as a whole sequence)

f '1n D mn � bn;

wheremn D f
'1;C
n � 1f

'1;�
n are uniformly integrable, bn D r.f

'1;�
n /, and bn ! 0

in probability. Taking a convolution with '2 in this decomposition, we get

f 'n D m'2n � b'2n :
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It is not hard to show that m
'2
n , n > 1, are still uniformly integrable. Apply

Lemma 4.4 to b
'2
n and get

b'2n D bb'2n C r.b'2n /;

where bb
'2
n are uniformly integrable and r.b

'2
n / ! 0 in probability locally uni-

formly with respect to the spatial shifts, i.e.,

sup
jxj6R

r.b'2n /.�.0;x/!/ ! 0

in probability as n ! 1. Putting the two decompositions together, we obtain

f 'n D kn � rn;

where kn D m
'2
n � bb

'2
n and rn D r.b

'2
n /. This decomposition is “stable” in the

following sense: further mollification and decomposition of the remainder terms

rn will not contribute any additional uniformly integrable piece.

Step 6. Let g 2 L˛.�I Rd / be a weak limit point of fgng, n > 1. Fix a small

r > 0. Take ' D '1 � '2, where 'i , i D 1; 2, are mollifiers, ' � 0 outside

of B.0; r/, and '1 satisfies (4.8). According to Step 4, the positive part of f
'
n

is uniformly integrable. Decompose the negative part of f
'
n as in Step 5 and let

Qf ' 2 L1.�;P/ be a weak limit point of kn. Then EŒ Qf ' � > 0. It is convenient to

write Qf ' as f' C c where c > 0 is a constant and EŒf' � D 0. We can drop c and

inequality (4.4) will still hold. This gives (iii). It is clear also that f' and g satisfy

(i) and (ii).

To show part (iv) we use (iii) and the lower bound on H to get

(4.13) f'.!/C 1

2
divg'.!/C c1

Z
jg.�.0;x/!/j˛'.x/dx 6 H.	/C c2:

Applying the inequality

jhp; qij 6 "jpj˛ C C"jqj˛0

with p D g.�.0;x/!/; q D .r'1/='1, and " D c1 and recalling that '1 satisfies

(4.8), we obtain

1

2
divg'1.!/C c1

Z
jg.�.0;x/!/j˛'1.x/dx

D c1

Z
jg.�.0;x/!/j˛'1.x/dx � 1

2

Z
hg.�.0;x/!/;r'1.x/i dx

>
1

2

�
c1

Z
jg.�.0;x/!/j˛'1.x/dx � C"ŒC.'1/�˛0

�
:

Convoluting every term of the above inequality with '2, substituting in (4.13), and

applying Hölder’s inequality, we get (iv). �
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COROLLARY 4.5 Let H satisfy (H1)–(H3). For each 	 2 Rd there is a positive

function �.ı/ ! 0 as ı ! 0 and a family of functions .fı ; gı/ W � ! R � Rd ,

fı 2 L1.�;P/, gı 2 L˛.�;P/, ı 2 .0; ı0/, such that

(i) E.fı ; gı/ D .0; 0/, r � gı D 0, and .Dt ;r/ � .fı ; gı/ D 0I
(ii) fı.�. � ; � /!/; gı.�. � ; � /!/ 2 C1.RdC1I RdC1/ for P-a.e. !I

(iii) there is a constant Kı > 0, which depends only on ı, c1, 4˛, and H.	/,

such that for almost every ! with respect to P

fı.�.t;x/!/C c1

2
jgı.�.t;x/!/j˛ 6 Kı for all .t; x/ 2 R

dC1I

(iv) for almost every ! with respect to P

fı.�.t;x/!/C divgı.�.t;x/!/CH.	 C gı.�.t;x/!/; �.t;x/!/ 6 H.	/C �.ı/

on RdC1.

PROOF: Assumption (H3) allows us to replaceZ
H.	 C g.�.0;x/!/; �.0;x/!/'.x/dx

in (4.4) with H.	 C g'.!/; !/ modulo a small error. See lemma 6.3 of [14] for

details. To gain the regularity with respect to space-time shifts, we can mollify one

more time in both t and x and again bring the mollification inside H . �

Now we are ready to construct approximate supersolutions Vı . Set

(4.14) Vı.t; x; !/ D
Z

.0;0/!.t;x/

fı.�.s;x.s//!/ds C hgı.�.s;x.s//!/; dx.s/i;

where x.s/ is any smooth path such that x.0/ D 0 and x.t/ D x. Since .Dt ;r/�
.fı ; gı/ D 0, the integral does not depend on the path. Main properties of Vı are

summarized in the next lemma.

LEMMA 4.6 Let Vı.t; x; !/ be given by (4.14). Then

(i) for almost every ! with respect to P and all t; s 2 R, x; y 2 Rd ,

Vı.0; 0; !/ D 0; Vı.s; y; �.t;x/!/ D Vı.t C s; x C y; !/ � Vı.t; x; !/I
(ii) @tVı.t; x; !/ D fı.�.t;x/!/, rVı.t; x; !/ D gı.�.t;x/!/, and Vı.t; x; !/

satisfies (4.1);

(iii) for all t; s 2 R and x; y 2 Rd

(4.15) kVı.t; x; � / � Vı.s; y; � /k1 6 C.ı/.jt � sj C jx � yj/:
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(iv) There are positive constants C1 D C1.d/ and C2 D C2.ı; c1; ˛;H.	//

such that with probability 1 for all .t; x/ 2 RdC1 and � > 0,

Vı.t; x; !/ 6 C1�
�.dC1/

Z �

0

Z
jyj6s

Vı.t � s; x � y; !/dy ds C C2�;

Vı.t; x; !/ > C1�
�.dC1/

Z �

0

Z
jyj6s

Vı.t C s; x C y; !/dy ds � C2�:

PROOF: Parts (i)–(iii) are immediate from (4.14) and Corollary 4.5. We only

need to prove (iv).

Let ı; t; x; ! be fixed and .s; y/ be an arbitrary vector in R � Rd . Consider

W.s; y/ WD Vı.t C s; x C sy; !/:

Then by part (iii) of Corollary 4.5

@sW.s; y/ D fı C hgı ; yi 6 Kı � c1

2
jgı j˛ C hgı ; yi 6 K1 CK2jyj˛0

:

Integrating we get for s > 0

(4.16) Vı.t C s; x C sy; !/ � Vı.t; x; !/ 6 ŒK1 CK2jyj˛0

�s:

In particular, for s > 0

Vı.t C s; x C y; !/ � Vı.t; x; !/ 6

"
K1 CK2

� jyj
s

�˛0
#
s:

Notice that (4.16) leads to the following a.s. estimates for fixed .t; x/ and � > 0:

Vı.t; x; !/ 6 min
06s6�
jyj61

Vı.t � s; x � sy; !/C .K1 CK2/�

6 C1�
�.dC1/

Z �

0

Z
jyj6s

Vı;".t � s; x � y; !/dy ds C C2�:

The other inequality is obtained in a similar way. �

5 Upper Bound

We start with a lemma (see [14, lemma 4.1] for a proof). Let c 2 C and y".s/,

s 2 Œt; T �, be a sample path of a diffusion with generator A
"
s (see (2.13)), and

(5.1) 
".t/ D
Z T

t

L.c.s; y".s//; �.s=";y".s/="/!/ds:
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LEMMA 5.1 Assume (L1) and (2.2). Then in the variational formula (2.14), the

supremum over C can be replaced with the supremum over the subset C� � C of

controls that satisfy the following condition: there is a C > 0 that depends only on

the constants in (L1) and (2.2) such that

(5.2) sup
x;!

EQ
c;"
t;x j
".t/j 6 C

�
T � t C

p
".T � t / �

:

In particular, for all c 2 C�

(5.3) sup
x;!

EQ
c;"
t;x

� Z T

t

jc.s; y".s//jˇ 0

ds

�
6 C

�
T � t C

p
".T � t / �

:

The following theorem is the main result of this section:

THEOREM 5.2 Assume that H.p; !/ satisfies (H1)–(H3) and that the terminal

condition U.x/ satisfies (2.2). Let u.t; x/ be the unique solution of (1.2)–(1.3)

with H given by (2.8). Then with probability 1 for every ` > 0

lim sup
"!0

inf
06t6T

inf
jxj6`

Œu".t; x; !/ � u.t; x/� > 0:

PROOF: By Lemma 5.1 the supremum in (2.14) can be restricted to controls

c 2 C�. Estimate (5.3) implies that y".T / is uniformly integrable with respect to

fQ";ct;x W jxj 6 `; 0 6 t 6 T; 0 < " 6 1; c 2 C�g. Combining this with (5.2) we

get

(5.4) sup
jxj6`

sup
06t6T

sup
c2C�

sup
0<"61

EQ
";c
x .jy".t/j C j
".t/j/ < 1:

Step 1. Without loss of generality we can assume that .T � t / > r (see Lem-
ma 3.1). Then using the uniform integrability we get that for every ı > 0 there are
M D M.ı/ and A D A.ı; r/ such that

u".t; x; !/ � u.t; x/
D sup
c2C�

EQ
c;"
t;x .f .y".T // � 
".t// � sup

y2Rd

h
f .y/ � .T � t /L

�y � x
T � t

�i
6 sup
c2C�

EQ
c;"
t;x

�
.f .y".T // � 
".t//1jy".T /�xj6M


 C ı

� sup
y2Rd

h
f .y/ � .T � t /L

�y � x
T � t

�i
6 sup
c2C�

EQ
c;"
t;x

��
.T � t /L

�
y".T / � x
T � t

�
� 
".t/

�
1jy".T /�xj6M

�
C ı

D sup
c2C�

EQ
c;"
t;x

�
sup

j� j6A

�h	; .y".T / � x/i � .T � t /H.	/ � 
".t/
�
1jy".T /�xj6M


 C ı

D sup
c2C�

Z
fjy�xj6M g�R

sup
j� j6A

�h	; y � xi � .T � t /H.	/ � 
��".dy; d
/C ı;
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where �" is the distribution of .y".T /; 
".t// on Rd � R under Q
c;"
t;x . Since H is

continuous, the supremum over 	 can be restricted to the set fj	 j 6 A; 	 2 Qg,

where Q is the countable set of points in Rd with rational coordinates. Since
L. � ; !/ is superlinear, the integration can be further restricted to the set f.y; 
/ W
jy � xj 6 M; 
 6 Bg for a sufficiently large B (the proof is similar to that for
lemma 4.1 in [14]). Therefore, to obtain an almost sure, locally uniform upper

bound, it is enough to show that for each 	 2 Rd , `; � > 0, and all large enough
M and B ,

(5.5) lim
"!0

sup
c2C�

sup
jxj6`

sup
06t6T

Q
";c
t;x

˚h	; y".T / � xi � .T � t /H.	/ � 
".t/ > �IAt;x
� D 0;

!-a.s. Here At;x D fjy".T / � xj 6 M; 
".t/ 6 Bg.

Step 2. Since all computations below are valid for all ! 2 �0, P.�0/ D 1, we

fix ! 2 �0 and drop it from the notation. Define

(5.6) Vı;".t; x/ D "Vı.t="; x="/:

By part (ii) of Lemma 4.6, Vı;".t; x/ satisfies

@tVı;" C "

2
�Vı;" CH.	 C rVı;"; �.t=";x="/!/ 6

H.	/C �.ı/; .t; x/ 2 R � R
d :

From Itô’s formula for Vı;".t; x/C h	; xi and the above inequality we get

h	; y".T / � xi � .T � t /H.	/ � 
".t/

6 Vı;".t; x/ � Vı;".T; y".T //

C p
"

Z T

t

hrVı;".s; y".s//C 	; dB.s/i C .T � t /�.ı/:

(5.7)

We also used the fact that hc; pi 6 H.p; !/ C L.c; !/. Therefore, it is enough

to show that for each 	 2 Rd , `; � > 0, all sufficiently large M and B , and small

ı > 0,

(5.8) lim
"!0

sup
c2C�

sup
jxj6`

sup
06t6T

Q
";c
t;x

	p
"

Z T

t

hrVı;".s; y".s//; dB.s/i

C Vı;".t; x/ � Vı;".T; y".T // > �IAt;x



D 0:
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Observe that again by Itô’s formula

Vı;".T; y".T // � Vı;".t; x/ � p
"

Z T

t

hrVı;".s; y".s//; dB.s/i

D
Z T

t

@sVı;".s; y".s//C hrVı;".s; y".s//; c.s; y".s//i

C "

2
�Vı;".s; y".s// ds:

(5.9)

Setting

Fı;".s; y/ D @sVı;".s; y/C hrVı;".s; y/; c.s; y/i C "

2
�Vı;".s; y/;

we conclude from (5.8) and (5.9) that the relation

lim
"!0

sup
c2C�

sup
jxj6`

sup
06t6T

EQ
";c
t;x

�� Z T

t

Fı;".s; y".s//ds

�2
IAt;x

�
D 0

will imply the desired upper bound. The proof follows step 2 of the proof assuming

H4 in [14, theorem 2.2].

To complete the argument, we only need to show that for every ı; a > 0

(5.10) lim
"!0

sup
06t6T
jxj6a

jVı;".t; x; !/j D 0 P-a.s.

Choosing � D ı=" and rescaling the integrals in part (iv) of Lemma 4.6, we get

jVı;".t; x; !/j 6 C1ı
�.dC1/

Z
jsj6ı

Z
jyj6jsj

jVı;".t C s; x C y; !/jdy ds C C2ı:

Therefore,

sup
06t6T
jxj6a

jVı;".t; x; !/j 6 C1ı
�.dC1/

Z
jt j6TCı

Z
jxj6aCı

jVı;".t; x; !/jdx dt C C2ı;

and (5.10) is an immediate consequence of the scaling relation (5.6) and the fol-

lowing ergodic theorem. Note that, in this context, the variable t does not play a

special role, and we only need to apply the ergodic theorem in RdC1. �

THEOREM 5.3 (Ergodic Theorem) Assume that f�x W x 2 Rd g is an ergodic-

measure-preserving action on .�;†;P/. Let f W � ! Rd satisfy the following

conditions:

f 2 L1.�;P/; EŒf � D 0; and r � f D 0;

in the sense that for smooth test functions '

(5.11)

Z
Œfi .�x!/@j'.x/ � fj .�x!/@i'.x/�dx D 0 a.e. P I
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i.e., f is formally a gradient. Define the normalized integral F W Rd ! L1.�;P/

by

F.x; !/ D
Z t

0

hf .�x.s/!/; dx.s/i;

where x.s/ is a smooth path in Rd such that x.0/ D 0 and x.t/ D x. Then for

every bounded set D � Rd

lim
"!0

"

Z
D

jF.x="; !/jdx D 0 a.e. P :

This theorem, which can be viewed as one possible generalization of the usual

Birkhoff ergodic theorem, does not seem to exist in the literature. We will outline

a standard proof in the next section that reduces it to Wiener’s multidimensional

version of Birkhoff’s theorem through a series of steps.

6 Proof of Theorem 5.3

Wiener’s multidimensional ergodic theorem states that if f 2 L1.�;P/ and

EŒf � D 0, then

lim
"!0

Z
D

f .�x="!/dx D 0 a.e. P

for a large class of sets that includes all bounded boxes with sides parallel to the

axes. It is not hard to strengthen it and show that for any continuous function g

on Rd

lim
"!0

Z
D

f .�x="!/g.x/dx D 0 a.e. P :

LEMMA 6.1 If f is as in Theorem 5.3, then

lim
"!0

"

Z
D

F.x="; !/dx D 0 a.e. P ;

where D is the unit cube Œ0; 1�d .

PROOF: We will prove by induction on k that

lim
"!0

"

Z
Dk

F.x="; !/dx1 � � � dxk D 0 a.e. P

where Dk D fx W x 2 D;xj D 0 for j > k C 1g. For k D 1, this means proving

the almost sure convergence

lim
"!0

" sup
06a61

ˇ̌̌̌Z a"�1

0

f1.�ye1!/dy

ˇ̌̌̌
D 0 a.e. P :
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The ergodic theorem will almost yield this except that

lim
`!1

1

`

Z `

0

f1.�ye1!/dy D c.!/

may not be 0. The action of translations in just one coordinate direction may not be

ergodic. The limit c.!/may not be invariant under translations in other coordinate

directions. If it is, then it is a constant and hence 0. Since ffig is a gradient, an

elementary calculation shows thatZ `

0

Œf1.�ye1�x!/ � f1.�ye1!/�dy D
Z

0!x

hf .�´.t/C`e1!/ � f .�´.t/!/; d´.t/i;

which goes to 0 if divided by `, proving thereby that c.�x!/ D c.!/ for all x. The

same argument shows that for 1 6 i 6 k 6 d ,

lim
"!0

Z
Dk

fi .�.x1e1C���Cxkek/=" !/dx1 � � � dxk D 0;

and with a little more work (Riemann sum approximation), for any choice of 1 6

i 6 k 6 d , continuous g on Rk , and box Dk � Rk ,

lim
"!0

Z
Dk

fi .�.x1e1C���Cxkek/=" !/g.x1; : : : ; xk/dx1 � � � dxk D 0:

Now we do the induction on k. Assume that for any box Dk � Rk ,

lim
"!0

"

Z
Dk

F.x1="; : : : ; xk="; 0; : : : ; 0; !/dx1 � � � dxk D 0:

We can integrate by parts and rewrite

"

Z
DkC1

F.x1="; : : : ; xk="; xkC1="; 0; : : : ; 0; !/dx1 � � � dxk dxkC1

as Z
DkC1

fkC1.�.x1e1C���CxkC1ekC1/=" !/.1 � xkC1/dx1 � � � dxk dxkC1

C "

Z
Dk

F.x1="; : : : ; xk="; 0; : : : ; 0/dx1 � � � dxk :

This completes the induction. �

LEMMA 6.2 Assume that f 2 L1.�;P/. Then

lim
"!0

"

Z
D

jF.x="; !/jdx D 0:
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PROOF: Clearly,

"jF.x="; !/ � F.y="; !/j 6 C jx � yj

and F.0; !/ � 0. For fixed !, if F �.x/ is any weak limit point of "F.x="; !/, it

is enough to show that F �.x/ is a constant. Therefore it suffices to show that, for

every smooth  W Rd ! Rd with compact support,

lim
"!0

Z
"F.x="; !/ div .x/dx D 0

a.e. P . We can integrate by parts and reduce it to

lim
"!0

Z
hf .�x="!/;  .x/idx D 0;

which is an easy consequence of Wiener’s multidimensional ergodic theorem. �

LEMMA 6.3 Let f 2 L1.�;P/ with EŒf � D 0 satisfying (5.11). Then

(6.1) lim sup
"!0

"

Z
D

jF.x="; !/jdx 6
1

2
E

� dX
iD1

jfi j
�

a:e: P :

PROOF: Let D D Œ0; 1�d , and F be an integrable function on D whose weak

gradient rF D f 2 L1.DI Rd /. ThenZ
D�D

jF.x/ � F.y/jdx dy

6

dX
iD1

Z
D�D

jF. : : : ; yi�1; xi ; xiC1; : : : / � F. : : : ; yi�1; yi ; xiC1; : : : /jdx dy

D
dX
iD1

Z
D�D

ˇ̌̌̌Z xi

yi

fi . : : : ; yi�1; s; xiC1; : : : /ds

ˇ̌̌̌
dx dy

6 2

dX
iD1

Z
D

s.1 � s/jfi . : : : ; yi�1; s; xiC1; : : : /jdy1 � � � dyi�1 ds dxiC1 � � � dxd

6
1

2

Z
D

dX
iD1

jfi .x/jdx:
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For a.e. !Z
D

"jF.x="; !/jdx

6 "

Z
D

ˇ̌̌̌
F.x="; !/ �

Z
D

F.y="; !/dy

ˇ̌̌̌
dx C "

ˇ̌̌̌ Z
D

F.y="; !/dy

ˇ̌̌̌

6 "

Z
D�D

jF.x="; !/ � F.y="; !/jdx dy C "

ˇ̌̌̌ Z
D

F.y="; !/dy

ˇ̌̌̌

6
1

2

dX
iD1

Z
D

jfi .x="; !/jdx C "

ˇ̌̌̌ Z
D

F.y="; !/dy

ˇ̌̌̌
:

Applying Wiener’s ergodic theorem and Lemma 6.1, we get the result. �

Now we return to the proof of Theorem 5.3.

PROOF: In view of Lemmas 6.1 and 6.2, we only need to approximate gradients

f 2 L1.�;P/ by those in L1.�;P/. The approximation itself has to be done

with some care. We begin with the relation

@

@�
Œ�d'.�x/� D d�d�1'.�x/C �d

X
j

xj

�
@'

@xj

�
.�x/ D 1

�

dX
jD1

@ �j

@xj
.x/;

where  �j .x/ D xj�
d'.�x/ and ' is a mollifier with compact support. This im-

plies that for any �1; �2 > 0 the function �d1'.�1x/��d2'.�2x/ is the divergence

of a nice object. Take �1 D n and �2 D n�1 and define

gn.x/ D nd'.nx/ � n�d'.n�1x/:

Then gn can be written as div .n/ for some smooth function  .n/ W Rd ! Rd .

Let f
.n/
j .!/ D .fj � gn/.!/. Using (5.11) it is easy to check that f .n/ D ff .n/j g,

j D 1; : : : ; d , is a gradient, namely,

f .n/.!/ D rhn.!/ where hn.!/ D �
dX
jD1

.fj �  .n/j /.!/ 2 L1.�;P/:

Moreover, as n ! 1 each f
.n/
j converges in L1.�;P/ to fj because, by the

ergodic theorem, the large-scale average corresponding to �2 tends to 0. Now

it is routine to truncate hn, mollify the truncation, and take gradients to get nice

bounded gradients that approximate f in L1.�;P/. �
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Appendix: Proofs of Technical Lemmas

PROOF OF LEMMA 4.3: For ` D 1; 2; : : : , define h`n D hn1fhn6`g. Then 0 6

h`n 6 `, and we can choose a subsequence fnj g such that, for each `, functions

h`nj 2 L1.�/ converge weakly as j ! 1 to some h`, 0 6 h` 6 `. Notice that

Eh` D lim
j!1

Eh`nj 6 lim inf
j!1

Ehnj 6 C:

Since the sequence fh`g, ` D 1; 2; : : : , is nondecreasing, we can define h.!/ D
lim`!1 h`.!/ a.s. Then lim`!1 Eh` D Eh.

Set

a`j D Eh`nj ; a` D Eh`; and a D Eh:

Then

a`j ! al as j ! 1 and a` % a as ` ! 1;

and we can choose a subsequence f j̀ g, j̀ ! 1 such that a j̀

j ! a as j ! 1. It

is clear that for any slower-growing sequence `0
j 6 j̀ , `0

j ! 1,

a
`0
j

j ! a as j ! 1:

We claim that bhnj D h j̀

nj and r.hnj / D hnj � h j̀

nj satisfy conditions (i) and (ii).

Indeed, for each ` and all j such that j̀ > `Z
bhnj>`

bhnj dP D
Z

h
j̀
nj
>l

h j̀

nj dP

D a j̀

j �
Z

h
j̀
nj

6l

h j̀

nj dP D a j̀

j �
Z
h`nj dP D a j̀

j � a`j :

Thus,

lim
`!1

lim
j!1

Z
bhnj>`

bhnj dP D 0:

Also, for every " 2 .0; 1/,

P.r.hnj / > "/ D P.hnj � h j̀

nj > "/ 6 P.hnj > j̀ / 6
Ehnj

j̀
6
C

j̀
! 0

as j ! 1. This completes the proof of Lemma 4.3. �

The proof of Lemma 4.4 is based on the following observation:
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LEMMA A.1 Let h > 0 be a measurable function and  > 0 be a nice mollifier

on Rd supported on the cube of side a around the origin. Then there is a c > 0,

which depends only on  , such that, for any l > 0 and !,

h .!/ > ` ) jfx 2 R
d W jxj 6 a

p
d; h .�.0;x/!/ > clgj > c:

PROOF OF LEMMA 4.4 ASSUMING LEMMA A.1: For notational convenience

we assume that fnj g is the whole sequence: nj D j . We have

h
 
j D .

c
h /j C r.h

 
j /;

where .ch /j D h
 
j 1

fh
 

j
6lj g

are uniformly integrable, lj ! 1, and r.h
 
j / ! 0 in

probability. We need to show that the last convergence is locally uniform in x.

Fix R > 0 and " > 0 and suppose that r.h
 
j /.�.0;x/!/ > " for some x in the

ball of radius R around the origin. This, in fact, means that h
 
j .�.0;x/!/ > j̀ .

From Lemma A.1 it follows that h
 
j .�0;y!/ > c j̀ for y on a set of measure at

least c in the ball jy � xj 6 a
p
d , where a; c depend only on  . Hence, for a ball

B of radius RC a
p
d around the originZ

B

h
 
j .�.0;x/!/dx > c2 j̀ :

Summarizing the above, we have

P
�
! W sup

jxj6R

r.h
 
j /.�.0;x/!/ > "

�
6 P

�
! W

Z
B

h
 
j .�.0;x/!/dx > c2 j̀

�

6
1

c2 j̀
E

Z
B

h
 
j .�.0;x/!/dx

6
jBj
c2 j̀

Eh
 
j 6

C jBj
c2 j̀

! 0 as j ! 1:

�

PROOF OF LEMMA A.1: We have h .!/ D R
h.�.0;x/!/ .x/dx, where  is

a nice nonnegative mollifier, bounded by A and supported on the cube of side a

around the origin. We consider the cubeKb of size b D a=N such that the cube of

side a can be partitioned into a finite number N d of cubes of side b. We have

 .x/ 6 A

NdX
jD1

1
K
j

b

.x/
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with fKj
b

g being suitable translates of Kb . If h .!/ > `, then for some jZ
h.�.0;y/!/1Kj

b

.y/dy >
`

AN d
:

Since  is nice and
R
 .x/dx D 1, it is easy to find c and N such that for any j

jfx 2 R
d W jxj 6 a

p
d; c1

K
j

b
Cx
. � / 6  . � /gj > c:

We now have a lower bound

h .�.0;x/!/ D
Z
h.�.0;y/!/ .y � x/dy >

c`

AN d

provided  .y � x/ > c1
K
j

b

.y/ or  .y/ > c1
K
j

b
Cx
.y/.

We have shown that there is a positive constant (call it again c) depending only

on  such that, for any ` > 0, if h .!/ > `, then

jfx 2 R
d W jxj 6 a

p
d; h .�.0;x/!/ > c`gj > c:

�
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